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WREGRESSION BY MINIMUM SUM OF ABSOLUTE ERRORS:
A NOTE ON PERFECT MULTICOLLINEARITY

By Rolando A. Danao*

1. Introduction

(‘onsider the multiple linear regression model

y=xBte
’ 'rc v is the regressand, x = [xy, X,, .. ., x; ] the vector of regres-
= (B 52, ..., B, 1" the vector of unknown coefficients, and

‘.Imuling B is by least squares, i.e., by minimizing the sum of

" ured errors (MSSE). Another method is that of minimizing the
of absolute errors (MSAE), ie., the MSAE estimate of f is
Iuined by minimizing Z; 1€ 1. Although MSAE estimation was
yosted as far back as [888 by Edgeworth (Bowley, 1928), its
¢ has been limited because of computational difficulties. It was
ily in the 1950s that articles appeared (Charnes et al., 1955;
Wigner, 1959) showing that the MSAE estimator can be obtained as
slution to a linear programming problem.

The MSAE regression problem is stated as follows:
n
' Minimize 15:1 le, |

k
S xl?-ﬁ]+e'.=yl., izl sy
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where X, is the ith observation on the jth regressor. To transf o
~ this into the standard form of the linear programming problem,

introduce the positive and negative parts of a variable v of arbitri
sign by letting ;

pr = .max{O, v}
v~ = max{0, v}
Then
vy = v*. — v
lv|=»* + »7,
and | pt > 0,v” >0.

Thus, the MSAE problem can be restated as follows:

MSAE-LPI: l _
Minimize Z  lepte)
gy il ) I -l
i ;'El xy B —B) t € —€ =y, i=1, 2,
Bi’ B}T,‘ € €; :0.
If we set

u =[1, I,..., 1] (ann—vector) .
= 8B |
F=16,6....61
Pt S
i OO

r

Nl I:Y.l’ Yz,f--sY"]
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p— -
X11 X2 ... Xq,
M= X21 X992 ... x:k
X X HE (b
nl “n2 nk
o 4

2. The Problem of Perfect Multicollinearity
it : ; _
~ Any linear programming subroutine can solve MSAE-LP2. Na-

Mli and Wellington (1977) developed a procedure that is based on an

ificient dual simplex algorithm. The authors, however, remark that

\inlike the MSSE regression line, the calculations for the MSAE reg-

lon line are not affected by linear dependencies among the regres-

variables.” This statement is inaccurate. The presence of linear
pendencies among regressor variables results in multiple estimates

il  under MSAE estimation; in fact, there are an infinite number of

Wlimates. Furthermore, a similar situation also holds under MSSE

Mllmation when the regressor variables are linearly dependent.

The presence of linear dependencies among the regressor
tlubles is called the problem of extreme or perfect multicollinear-
Iy, The normal equations under MSSE estimation of (1) is given by

X' XByssg= X'y

, _' tlect multicollinearityﬁ makes XX a singular matrix which makes
i Impossible to obtain LI since the ordinary inverse of X “Xdoes

ot exist. However, the normal equation (2) is always consistent
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(Graybill, 1969) and a solution (in fact, an infinite set of solutiol
for ;9 mussg ©an be obtained by using the generalized inverse of X
The general solution is given by

(3) BAMSSE= (X' XEX y+[1—(X"XE (X' X)]|z

where (X°XF is the generalized inverse of X'X, I is the ident|
matrix, and z is an arbitrary vector (Graybill, 1969).

We now show that in the presence of perfect multicollinear!!
the estimate of B under MSAE estimation is not unique, i.e., MSAl
LP2 has an infinite number of optimal solutions. It is clear tl
MSAE-LP2 has a feasible solution given by

6):=ﬁ;=0’ J=l’2’ ’k’
6Ty
ity >0
e;"_" 0
e;=0
ifyi =10,
il

Moreover, the objective function is bounded below by zero; henj_l
MSAE-LP2 has an optimal solution.

For expositional convenience, consider the case where a colu !
of X is scalar multiple of another column. Let 8, and 8, be the ¢
efficients of the linearly dependent regressors X and Xx,, respectiy
ly. Then in MSAE-LP2, the variables 87, By:B3,B;  have zgf
coefficients in the objective function ‘while the columns associalf
with them are pairwise linearly dependent. Suppose that 6?' is in .:':
basis of the optimal solution obtained by the simplex algorithi
Then B, 65, B,  cannot be in the basis since this would violal
linear independence of the basis vectors. The portion of the opti il
tableau (in canonical form) corresponding to these variables wo !
look like the following: |
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10 by is the optimal value of the objective function. The column
Wlor associated with Bi is the unit vector since B} is in the basis.

other column vectors follow from the fact that they are scalar
Itiples of the vector associated with §}. Note that B3 is a non-
Jilu variable whose objective function coefficient is zero in the opti-
Ml tubleau. This implies that the optimal solution is not unique
.I 0 4 necessary and sufficient condition for the uniqueness of an
limal solution is that the objective function coefficients of the
Whasic variables in the optimal tableau are positive (Simmonard,
li6). Another optimal solution can be obtained by pivoting on
Il @ > 0) or on-a (if @ < 0). This would put f, or 3 in the
My, replacing Bi which now becomes zero. The new optimal

|_ g - -~
Wlon has B, =0, B, =‘EL (if > 0) orﬁf—-%;—v(if a < 0).

e the set of optimal solutions is convex, it follows that there
I8 un infinite number of optimal solutions.

tarks: (1) The general case is proved in a similar manner. If
X < k, then in the optimal solution, not all of the B’s will
jir as basic variables since this would violate the linear inde-
Wiidence of the basis vectors. Suppose that Y, B st B ]

|Iltan.-. B = B;orp;) arein the optimal basis. This implies that
Issociated regressors x;, x,, . . - X, are linearly independent.
' litdover, there is a nonbasic variable B§ whose associated regressor

v o linear combination OF X5l 305 1L, - ky. One can show that
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the column associated with ﬂE in the optimal tableau is a lineul
combination of the columns associated with g%, . . ., By with |

zero objective function coefficient. This shows the existence of
nonbasic variable with a zero objective function coefficient in |
optimal tableau which implies nonuniqueness of the optin
solution. i

(2) In effect, MSAE estimation in the presence of per ¢
multicollinearity will choose a maximal set of linearly indepd
dent regressors (whose number equals the rank of X) and drops t
other regressors from the equation by setting their coefficie
equal to zero. This is also one of the remedies resorted to by 1
searchers when confronted with perfect multicollinearity und

MSSE estimation.

Example Consider the following data set:

y Xy X2
1 1 2
3 2 4
2 3 6
3 4 8
4 5 10

and the regression model
Y =ibo i+ Bixy + Baxs + € .

Note that x, = 2x,. Using the standard simplex algorithm oni
MSAE-LP2 of this model, we obtain the optimal tableau shown
Figure 1.
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The optimal solution corresponding to this optimal tableau

given by

where the ﬁj’s are the MSAE regression coefficients and the ?:‘_-i's i
the residuals. Another optimal solution can be obtained by pivotii

g
on the element 7 (enclosed in a rectangle) thus putting B} into
basis and removing f; from the basis. This other optimal solutio

given by

resulting in another set of MSAE estimates. Convex combinati)
of these two optimal solutions are also optimal solutions.
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