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A NOTE ON DECOMPOSITIONS OF THE GINI RATIO
BY FAMILY AND BY TYPE OF INCOME

By
Mahar Mangahas and Eduardo Gamboa*
Clarifying the Decompositions

It has recently been demonstrated that the Gini measure of
income inequality is decomposable when data are available (a) for
income recipients or families classified into mutually exclusive sets or
sectors (Mangahas, 1974), or (b) for income classified into mutually
exclusive sources (Fei and Ranis, 1974). The purpose of this note is
to clarify the relationship between the two decomposition formulae
and to present the results of the application of the latter formula to
Philippine income distribution data for 1971. Some results on the
application of the first formula have been published earlier (Manga-
has, 1975).

The Gini ratio may be written
(1) L=1—(1/m)f (2C—1) Xf
=1—(1/m) £’Pf

where m is overall mean income, f is a vector of proportions of
families found in the various income classes, X is a diagonal matrix
with typical element equal to mean income in a corresponding
Income class, and C is a matrix with ones on and below the diagonal
ind zeros elsewhere. If there are K income classes, then fis K X 1
ind C,I, Xand Pareall K X K.

The details on the decomposition by families are found in the
ippendix to this paper. Briefly, if the data are available for families
vlassified into sectors, then for the itP sector (i=1,...,R)onecan
tlefine f; and m; and hence Li=1—(1/my) f:Pf;, the Gini measure of
Income inequality within the i*? sector. The Gini-difference between

* Associate Professor of Economics, and Graduate Student, U.P. School of
Keonomics, respectively.

97



two sectors i and j is defined as

a positive-definite quadratic form which vanishes only when income
distributions (not merely mean incomes) in sets i and j are identical,
National and sectoral income inequality are then related by

-

| |

where 0 is the proportional share of sector j in total income and ¢; |
the proportional share of sector j in total families. The first ter
which is the within-section inequality component, is an incom
weighted average of the sectoral Gini ratios. The second term, whi ol
is the between-sector inequality component, is a weighted sum of &
possible pair-wise Gini differences. Since P is positive definite, thet
are no negative terms in decomposition (2). 1.

Fei and Ranis have considered the case where data are cle_.F
posed as to type of income, as opposed to type of income recipier
For example, the former decomposition might pertain to wages @l
rents, whereas the latter would pertain to workers and rentiers_-.;
will be seen later, the difficulties of relating the two arise whi
workers earn some rents in addition to their wages, and/or renti
earn some wages in addition to their rents.) \

An alternative derivation of the Fei-Ranis decomposition
follows. The Gini ratio can also be written'

8) L=1—2f (v} +vi1)

where f; is the proportion of families in the k" income class (|
the k' element of the vector f), and Vi is the cumulative prope
of families up to and including income class k. The income clast
=1, ..., K proceed from poorest to richest; this is an impor !
specification, since the Gini ratio is computed only after the dé ¢
ordered as to size of income.

Now let o be a type of income, such as wages, and Yy
proportion of all income which is of type a and in income clas

ler, equation (1) of the Appendix.
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Then Vi the proportion of all income in income class k, is

=X
On the other hand, the cumulative income proportion Vi is
k k
Yk=2 yp=Z = )
k™ p=1 Th Sy o Tha

k
- {2 Yho) =2 ¥ia

Substituting this into (3) gives

L=1-2f Cy¥ +3y*
© K5 Tka ayk~1,cx)
o L)

It is important to recognize that, for given «, the set Vke 18 not
necessarily ordered accordmg to income. For instance, the average
wage income per family in k = 2 may be smaller than the average
wage income per family in k = 1, though, of course, average income
of all types must be greater in k = 2. The Gini formula can
nevertheless be applied on such unordered data, and Fei-Ranis term
the result a pseudo-Gini ratio. In particular, the pseudo-Gini ratio for
income type o would be

* *
O O

where 6, = E Yka, the proportional share of type « in all income,

standardizes the income shares to the total income of type a. Then
we have

o 1 *
Gy =1 _ai fx Oka + Yi—1,0) >

0o 1— Go:) = E fk (yltoz + yit—l,cx)

Combining this with (4) gives
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(8) L=1—20q (1= Gq) =204 Gy

since Z 6, = 1. Thus the national Gini ratio can also be expressed as

o
an income-weighted average of the pseudo-Gini ratios corresponding
to the income types. ;

Now let L, be the Gini ratio for set o; this ratio is computed
only after the data are properly ordered. Fei-Ranis then define a
Gini-error

Eu=Ls=Gy ;
which is necessarily non-negative.? Then (5) becomes
(6) L=Z60, L —Z6
2 06 Ly 2 08

Fei-Ranis call the first term of this decomposition the “inequality
effect” and the second term the “correlation effect.”® If we now
compare decompositions (6) and (2), at first glance there would
seem to be an inconsistency. The first terms appear identical; but the
second term of (2) is supposed to be non-negative whereas the
second term of (6) is supposed to be non-positive. Actually, there i
no inconsistency, since decomposing according to j is substantially
different from decomposing according to c.

Example. Consider a society of 10 families, identified a, b, ¢, i
., j. There are two types of income, wages and rents. Five famili@
earn no rental income, and are classified as workers. The other five
have no wage income, and are classified as rentiers.

2 The proof of this is diagrammatical, The Lorenz curve, shaped like a bow, |
drawn from cumulative relative frequencies of families and of income, given thi
the relative frequencies are ordered from poorest group to richest group. Thi
ordering, out of all possible orderings, results in the fattest possible bow. Th
pseudo-Gini ratio corresponds to an arbitrary ordering, which cannot produce
bow fatter than the Lorenz curve. Not only will the bow be typically thinner, |
may even extend, wholly or partially, above the 45° line of perfect equallty
thus producing a negative pseudo-Gini ratio. '

31f, for instance, wage income is very closely correlated to total inco

then the size orderings of wage income and total income may be identical, |
which case L, = G, and E, vanish. E

100



Wage Rental Total

Family Income Income Income
a 1 0 1
b 2 0 2
c 3 0 3 Workers
d 4 0 4
e 5 0 5
f 0 2 2
g 0 4 4
h 0 6 6 Rentiers
i 0 8 8
j 0 10 10

Total

Income 15 30 45

Mean wage income 1.5 Share of wages 1/3

Mean worker income 3.0 Share of workers 1/3

Mean rental income 3.0 Share of rents 2/8

Mean rentier income 6.0 Share of rentiers 2/3

Overall mean income 4.5

Gini ratios: Across wages .63333
Across workers .26664
Across rents .63333
Across rentiers .26664

The reason wage income and rental income are more unequal
than workers income and rentiers income is that the former set
includes zero income whereas the latter does not. In this simple case,
there is a straightforward relationship between the two types of Gini
ratios. Define the no-income income class as k = 0, and the
proportion of families in that class as f,. Then the Gini ratio for all
families, with or without income, is

k k
(7) Ly,=1— % fi(y¥+y*_ HN=1—2 f(yf+vyf_q)
A Mo S | pog B Vit

where y’("] = yf‘l =0 by convention. For families with positive incomes
only the Gini ratio is
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‘ k
(8) Lg=1— k§1 (f/ A —1g)) (Ylt T ylt—l) .
k
Note that Z fy /(1 —£y) =1. Then
k=1

fie

Ly—Lp= X —2%——f Vg + ¥i—1)
A "B oy 1—f 'k k" Yk—1
"N % fi vy + vE—1)

1—f; k=1 Kk 1

£
e o e .
“1—1,1 7 La) ;

(Lp—Lp A—1fy)=f, (1—L,) s
(9) La=f,+{ 1)Ly
[n our numerical example, this is verified:

L, =0.5+ 0.5 (.2666) = .6333

In the computation of the overall Gini ratio, families are ra '
according to income, starting with the poorest:

Total
Families Income Wages Rentals of Wages

.0667
.2000

- T DR A0 TR

S 00U W

CoOOUMOBRWONK

cCommorOONMOO
3

et
[y

L=.3312 Gy =—0.14002  Gp =.56662
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In this example, the overall Gini ratio is L. = .3312. The relative
and cumulative frequencies needed to compute it are not shown.*
Note that when total income from all types is ordered, corresponding
wage income and rental income are not. The cumulative frequencies
from these unordered income components are on the right side of
the table. The pseudo-Ginis are computed from them. Note that the
pseudo-Gini for wages is negative. When weighted by factor shares,
the pseudo-Ginis give the overall Gini:

(1/3) (—0.14002) + (2/3) (.66662) =.3311

However, the Gini ratios for wages and for rents are both .6333,
implying a Gini-error of .3021 = .6333 — .3312. On the other hand,
the Gini ratios for workers and rentiers are both .2666, implying a
between-group inequality of .0646 = .3312 — .2666. Since this is
equal to

Gini-difference
) ( relativeto )
the mean

(proportion

(proportion
workers

rentiers

)

then the Gini difference relative to the mean is 0.2584 = 4(.0646).

The Philippine Case: Decomposition of the Gini Ratio by Type of
Income

The purpose of decomposing numerical measures of income
Inequality is to highlight explanatory components which are ex-
cluded in computing aggregate measures. The theoretical framework
ndopted in the decomposition analysis defines the set of components
nnd provides the context within which the otherwise sterile
mathematical manipulations of the decomposition are interpreted.

In the following analysis, the national Gini ratio is decomposed
in an attempt to explain the structure of the distribution of family
Income in terms of the unequal effects of the various factor incomes
that make up total family income. These effects are consequences of
the distribution of factor ownership among families and of the
prevailing factor prices. The factor incomes considered in this paper
iire wages, entrepreneurial income, rents, and other types of income
which will be explained later.

e 9
*The formula used hereis L=.9 —.2 2 y]’:, which is applicable when data
are in deciles. 1
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Given an initial distribution of family income across incom
classes, the first step in the analysis is to divide the total fam
income in each income class into mutually exclusive and exhaustit
component factor incomes. Next, the means of all incomes, total a1
factor components, are computed for each income class. The rank
of factor component means may be positively or negative
correlated with the ranking of total income (all sources) means.
the rank correlation between the factor income means and the fami
income means is positive, the factor adds to overall inequalif
whereas if negative, it subtracts from it. The degree of correlati
and the relative share of the factor income in the total family incon
account for the direction and magnitude of the factor’s final effe¢

The various sources of family income defined in the Bureau
Census and Statistics (BCS) Survey of Households Bulletin, Fami|
Income and Expenditure (FIES), 1971, series no. 34, can |
classified under four major factor income groups:

1. Wages — income derived from work; includes agricultural ar
non-agricultural wages and salaries.

2. Entrepreneurial Income — income derived from work such
operating family enterprises or self-employment. Th.lp
cludes all income from trading, manufacturing, transpg
other enterprises, practice of profession or trade, farmi
(including livestock and poultry raising), fishing, forests
and hunting,

3. Rents — a non-work source of income which includes i
in the form of rent received for lands, for buildings or ro:
and for other properties, rental value of owner-occu
houses, share of crops, livestock and poultry raised by oth
Also included are interest earned and dividends received fi
investments,

4. Others — a catchall group for sources not menﬁ‘
previously. This includes production of articles from ©
use, profit from sale of stocks and bonds, pension, retiren
benefits, back pay and proceeds from insurance, gl
support, assistance and relief, winnings from gambli
sweepstakes and lotteries, inheritance, and other sources,
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Although one can conceptually combine groups (2) and (3) as
Property Income, the distinction between work and non-work
sources is maintained in this analysis. Group (4), which includes
transfer payments and non-recurrent incomes, accounts for the
smallest share of total family income. Using this grouping scheme,
four sets of decompositions are presented, one for each of the
following sectors: (1) National, (2) Manila and Suburbs, (3) Other
Urban, and (4) Rural. Tables 1 to 4 show the distribution of families
and incomes in absolute terms by sector whereas Tables 5 to 8 show
the same distributions in per cent units. The factor income means by
income class and by sector are shown in Tables 9 to 12.

Note that computations of the Gini ratio which are based on
grouped income data tend to be under estimates because they ignore
the possibility of income inequality within an income class. In other
words, the families belonging to the same income class are assumed
to be earning identical amounts of Wages, Entrepreneurial Income,
etc., which are taken to be equal to the means of the corresponding
factor incomes for that class.

The results of the sectoral decompositions are presented in
Tables 13 to 16. The factor-Gini, which measures the inequality in
the distribution of a particular factor income, is computed after
rearranging the factor income in a monotonic nondecreasing order.
The pseudo-Gini, however, is computed using the original factor
income distribution derived from the given monotonic nondecreasing
order across income classes of fotal family income. In the latter case,
therefore, if the factor income and total family income have a rank
correlation of + 1.0, the pseudo-Gini will be equal to the factor-Gini.
The Gini Error, on the other hand, is the difference between the two
Gini ratios in case the rank correlation is other than + 1.0.

Using factor income shares in the total income as weights, the
weighted sum of factor-Gini ratios less the weighted sum of the Gini
lirrors gives the overall Gini ratio, which, as shown in the first part of
this paper, is also equal to the weighted sum of the pseudo-Gini
ratios. For a particular factor income, the weighted Gini Error is the
reduction in the inequality contribution of that factor and can be
construed, therefore, as its contribution to overall equality. The
Correlation Effect is this contribution expressed as a percentage of
the overall Gini ratio.
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The problem is to determine in what manner factor incoms
ultimately affect overall inequality. Numerically, this is equivalent #
computing for that part of the overall Gini ratio attributable to eas
factor income. Given our formulation of the overall Gini ratio as th
weighted sum of the pseudo-Gini ratios, only two things need tol
considered: (a) the factor income share in total income, and (b) ¢
factor income pseudo-Gini. The relative contribution of each fact
is called the Factor Inequality Weight, which is the weighte
pseudo-Gini expressed as a percentage of the overall Gini ratio.

The factor shares (item (1) in Tables 13 to 16) indicate tha
Wages account for the largest share of total family income in 1
sectors except Rural. The range is from 55.8 per cent in Manila an
Suburbs to 35.1 per cent in the Rural sector (where it is surpass
only by Entrepreneurial Income at 48.9 per cent). Entrepreneurl
Income ranks second in magnitude in all sectors, except Rural whe
it ranks first; and Rents and Other Income rank third and fourth |
all sectors.

The factor pseudo-Gini ratios, however, have different
positions. In all sectors except Manila and Suburbs, Other I
posted the highest ratio followed in decreasing order by Wages, Re
and Entrepreneurial income. Reflecting a higher concentration'
property owners in the upper income groups, Manila and Suburbs h
the highest pseudo-Gini ratios for Rents and Entrepreneurial incom
and the lowest ratio for Wages.

In terms of relative contribution to overall inequality, U
following order of decreasing magnitude holds for all sectors: Wa
Entrepreneurial Income, Rents, and Other Income. Appar
factor share in total income is the major determinant since rela
differences in factor shares are much greater than those in
pseudo-Gini ratios.

The decomposition analysis presented provides a methot
which component inequalities can be identified and measured, It
be used in evaluating alternative factor-specific redistribution p
aimed at reducing the measured overall inequality. Another
portant application is in intertemporal comparisons where |
analysis can be used in monitoring the effects of econol
development insofar as it influences income distribution throl
differential growth rates in factor ownership and prices.

106



$€ 'ON selsg

IL6I ‘24njipuadxXsy puv awoou] A,

upapng spjoyasnoy fo Laaung
SO1JSIJE)S pUR SNSU3)) JO neaing  :30Inog

88G6LLT €60¥692 €83EEL8 T8ELOS0T S8C¥ILEC L¥€9 TVILOL
996%5¢  8BLTILS LL6ES8 00TLEL 122eeLSE 18 aaoqe pue 00002 VI
P6VPLT  T9T90T T109€1€ 086529 98230221 L 66661 23 000°T €T
9184996  €LIS6% TLOELL S0TL8YT  89III8G V8% 666FT 03 000°0T 3T
E0LG6T  6L8SIZC 0%06LS 8869201  09SLTIOZ 923 6666 ©1000‘8 1T
GeT99T 200892 09T¥18 ¥€69€ST  TS269LE e0¥ 666°L 010009 1]
LLSBOT  0SG¥S91 €€0869 6LETS8 6EVECLT 91¢ 666°G ©1000°G 6
PEV0ZT  Z90L0% TOGTLL Z8IVI0OT  6LBEIIG SLY 6667 ©3 0007 8
6LV60T  ¥980%% 0G¥L90T %eT6IET  SLBIELT v6L 666€ ©3000°€ L
6€60L 8016321 8391694 860LZ9 ELLBTVI LTS 666C ©3009°C 9
6LYSL €989ET LLESYO Ge9vIg TGETLET 119 66¥%‘C ©1000°C g
16219 LyvEPL S0890L ¥2aeg6e L90¥0ET 8¥L 666'T ©100S8‘T ¥
00€87% 6T69TT L6S96LS 6LTGTE 66996 LL 6671 ©3000°'T €
8L00E 23o6L8 96TOLE GE206 TE¥8LS 89L 666 03009 4
LL8L GLOEE LT1TE9 OL8IT 6€60TT 144 006G *epuf) T

SUNI4AI'TIHd

000d 000d 000d 000d 000d 000 sse[) SWodU]
awoauy sjuay awoou] safepm auwroou]  seIfiurej jo
BP0 reunauaxdaxyuy 1oL IaquInN
TL6T

T HTIVL

107



EI6ST¥ 869029 00899L 616282  0€9980% ggs TVIOL
0¥6%ET  1613S€ TL8993 S800%2 L80%66 92 aA0qE pue 00002 VT
199%¥% T6%0€ 11688 99GLE3% 6L916E €¢ 666'6T 03 000'ST €T
LZ08L LO88L SISTOT 61619% 89G08L ¥9 66671 03 000°0T 3T
LOVPY 09gLe 89129 LESL8E GOLIEY 8% 6666 ©3 000°8 IT
£0gse 613527V 6€4989 g R LOL6LY oL 666°'L 01 000°9 01
80158 089€2 LOLZE 6E€6971 veEe8Ie o¥ 666G 07000°s 6
T6€T128 8E6672 86E9€ €E6ELT 099%9% LS 6667 03000 8
PEIVI LELLT €9L0g e1sv1e LVYILLE 08 666°¢ 03 000‘¢ L
TE€S G9SL 03981 09796 E€LBEET S¥ 6662 01 00S°C 9
80€9 9992 6LLET €9209 900€8 9€ 6672 30007 g
(44 19¢¢ 1898 80%2% eLVLE |4 666°T ©0100S‘T 4
6692 SEIT L8ST G919 €89TT 6 667‘T 03 000°T €
ey 0% Lge GGag VILE b} 666 03009 4
T0T 000 |54 9L 8T¢ T 00¢ Iepufn) T
SEYNINS ANV VIINVIA

000d 000d 000d 000d 000d 000 sse[) awoou]

auroouy sjuey awoouf safem awiodu]  sol[iurej jo

BYO reunsuaadazjuy rejoL Jaquunp

¢ ATdvL

108



¥€ 'ON seueg

IL61 ‘24nppuadxy pup awoouj Apun.y

utpafing sproyasnog fo Loaung
SOIYSIJB}S PUE SNSUIY) JO NeaIng  :90INOS

Ge0169 0297¥8 OLTO981 FVIV6E8E 6ECGSETL 88ET TVIOL
80980T V6EVETL 749623 L8BELIE EPLVES 66 aaoqe pue 000°0% ¥1
LZ269 LO%¥V TS000T G9916¢ LOES0S 6G 666°6T 22 000°GT €T
98L90T 892011 809TLE 8G02L9 02LO9TI 96 666F1 01 00001 2T
86%99 921601 GBEVIC GE6E6E TP6ELL L8 6666 010008 1T
08¥%cS 0G9ST1T 0G8LVE G6899¢ G¥81IL6 (474" 666°L ©°3 000°9 o1
LLB9V ¥8¢€9 E99LYT GV18%¢ 996458¢ 80T 666 ©3 000°G 6
7L9VE 69%99 LL8PST 168TGE TO6LLS 0€1 666F ©°3000% 8
L0683 801E8 €C8T1496T IPGSIV 6L922L 01% 666°'€ 03000°¢ L
¥8E¥E TIL6% 8¥¥LL ¥8EC6L LG8EEE (44N 666Z ©°300S°Z 9
00843 99gS¢ T99SL £€908ST 068682 8¢1 66%'C 010002 q
98681 L08S% g£82EL CLI¥8 8TS861 eIt 666°'T ©°300S°T 14
89921 g9z91 VL6TT TI%6¥ 8TGECT 86 66%'T ©031000°T g
1908 L808 8LVES 29021 889GY g9 666 01 009G 4
6L6 8¢9¢ 8L2S I112 96601 Gg 00¢ 12pun T
NVEH( YHHLO

000d 000d 000d 000d 000d 000 Sse[) swoouy

awoouy sjuay awoou] sadem awoouy sor[Iurej jo

PY10 reunauardaijuyg ®eoL IaquuInpN

£ A TIdV.L

109



SO17S11R)S PUR SNSUSY) JO NEaIng  :30INog

0T89LL 0226221 8082019 8LOGBETY 91¥e6¥Cl 25744 TVIOL
800021 T0L8S L639SE ¥8E08T 068S¥L 9% anoqe pue 00008 ¥1
8TI¥19 80L0E 821¥Cl 966901 08282t 61 66661 01 000°¢T €T
G968EL TGSE0T 0¥50¥¢ ¥evese 08TOLS L 66671 01 000°0T 3T
91996 TT069 712108 990S¥¢E L6BTI8 16 6666 ©1000°'8 1T
88LETY S0SL6 T6GL0S 990689 OF9LIET G61 666°L 010009 0T
Gg89Le LZI8L 66ELCY 82649LE 621616 891 666G 03 000°S 6
96659 60991T g9z18¢ 6¥eLIS 6TE08C1 88% 6667 010007 8
¢T1099 60LOFT 08L0¥78 879689 67TILELT G0g 666 01000 L
ISLOE 79626 G¥L86Y ¥2c688 7L6096 TG¢ 6662 01 009°C 9
LL6TV 9%6L6 L69LSS GE8T0¢S GG7666 LYV 66%°Z ©°1000°C g
GGOTY 027911 LGLEZY ¥%698% 9L0890T gq19 666°T 01 009°T ¥
8¥cEe 18086 qg9ges 682991 £611E8 999 66%'T 01 000°T g
0TSLS 79g6L eVOLVE GGISL 620629 00L 666 03 009 4
1889 ¥¥7E£0% LZ8g9 eL96 GZL66 %62 00¢ 19puf] T
Tvdanyg

000d 000d 000d 000d 000d 000 SSE[) 9WOooU]
auIoou] sjuey awoou] sagem auroouj SoI[Iurej jo

BYO reumoauazdarjuy ®oL, IaqunN

TL6T

110



0°00T 0°00T 0°00T 0°00I 0°00T 0001 TVLOL

0°0¢ ¥'1e 86 c'L 80T €1 aAoqe pue 00002 ¥T
86 6°'¢ 9'¢ 09 1¢ TT 66661 °3 000°'ST €T
AN 0'IT 6'8 G¥lL 6'1L L8 66671 23 000°0T 32T
01T 0’8 99 - 86 G8 9°¢ 6666 ©3000°8 It
€'6 ¥'6 €'6 SPI L'IT ¥'9 666°L ©10009 OT
9 T'9 69 '8 €L 0°g 666G 03 000°‘S 6
89 L'L 88 96 68 A 6667 ©1000F% 8
G9 6’8 GGl 9°C1L g1l a4 666°C ©3 000°C L
(14 8¥ 89 09 09 '8 666°C 0100582 9
(4 0'q 7L 6’V 8¢ 9°6 66%Z ©°1000C q
Ve €'q '8 L8 g'g 8'TIT 666°T ©0100S‘T ¥
L'e g 4 99 1'% v GGl 66%‘T 01000°‘T g
LT €'e (A4 6 ¥e |4 666 91 00S (4
ia 6’ 8" T G’ (A 009 13puf) T

SUNIAdITIHd
% 9% % % 9, % SSB[) aWodu]

auwoouj sjuay awoouj sodem auwIoduf soIIurey Jo

L™/YI0 reunsusideryuy e10L JaquInN

TL6T

S TdVL

111



02¢ L'99 678 G'01 ¥'¥e 67 aaoqe pue 00002 ¥I
80T 6% 91T 00T 9'6 ey 66661 03 000°'ST €T
88T L'31 | i 54 €02 T'6T A4 66671 23 000°0T 2T
L'0T 09 1’8 921 9'0T 6 6666 010008 IT
9'8 89 9L 0er LIX ger 666°L 910009 OT
09 8'¢ 0¢ 79 €' 9L 666G 23000 6
A 6'¢ 9'y 9L %9 60T 6667 01000 8
Ve 6'2 0¥ ¥'6 89 ¥'q1 666°€ ©°1000°¢ L
g1 ) 8 (14 A% 0e 9'8 6662 1008 9
QT ¥ 81 92 02 69 667G 91000 9
01 ¥ T 01 6 0% 666‘T °100S‘T ¥ &
T A4 4 g g LT 6671 ©1000‘T € ™
i 5 0 T a 6 666 01009 4
0 0 0 0 0 4 00G Iapup) I

SEYNINS ANV VIINVIN

% % % % % % SSe[) awodu]
aumoouy E.ﬁ@mm aumoouy sofe M uwIoduy sol[iure] jo
BYIO Hmﬂﬁoﬁmhamhaﬂm ejoL IaquInn
1L6T

9 H'T9V.L



0°00T 0°00T 0°00T 0001 0°00T 0°00T TVLOL
S'LT 8°QT g2l 96 LTI 1% aAoqe pue 000°0% V1
LT gq ¥'a 9L i 1'2 66661 01 000°'GT €T
08T 1'e1 LT ¥LT €91 69 666 %1 21 000°0T 2T
96 621 g1 - gor1 80T €9 6666 ©°10008 TII
6'8 L'ST e'e1 ¥l 9'eT 0T 666°L ©10009 0T
6'L gL 6'L 98 z'8 8'L 666G 01000C 6
6'S 6°L £'8 78 'S €6 6667 01000F 8
67 86 S'0T 801 101 16T 666°€ 01000°C L
8'G G'g G'¥ 0°¢g L'y 88 666 90082 9
¥y 4 ¥ 0% 'y %6 66¥'Z 210007 ¢ @
9'C 1'¢ 6°¢ 2% 8% 1'8 666°T 0100S‘T ¥ -
% 6T v'% o ! 'L 66%‘'T °3000'T ¢
g 01 21 g 9 {24 666 93009 4
g g g 0 % 9% 00G 1apun) 1

NVEdN 94HLIO

% % % % % % SSB[D awoou]
mﬂuooch sjuay =100 (o) aujy sofe M uwIooujy mmmmaﬂm Jo
HO&HO Hﬁﬁwﬂwanmm._unm [e10], HBESZ
1L6T

L HATdV.L



¥q1 Z’L 8'q 9 ?A0qQE 03 000°02 ¥I

6'L g% 0% ¥ 9'% ¥ 66661 93 000°GT €1

S'6 78 9'g 0 oL L'T 666V 03 000°0T 3T

731 9°g 6V 6°L g9 0% 6666 010008 TII

g6 6°L e'8 LyT G0T ey 666°L 010009 OI

6% 79 oL 9'8 'L 8'¢ 666G 03000 6

7’8 g6 Q6 811 201 g9 6667 010007 8

g8 g1t 0vT L'ST 0vI P11 666'c 03000 L

0¥V gL 2’8 L'L L'L 6°L 6662 01008 9

A 08 16 69 08 10T 66%'c 21000 S

¥'s g6 0T g9 g8 6°e1 666'T ©1008‘T ¥

4 08 L'8 8¢ 99 0°ST 66%‘'T ©°1000‘T ¢ -
q'e g9 L'S ) 7 8'S1 666  ©3 009 A -l
6 i 01 4 8 99 00¢ Tapun) 1

vany
% % % % % % SSE[) awodu]

mﬁOUGH Bbc.m Oﬁooﬁm mwm.w.g auwoouy mwmmnam uo

Y0 reunauaxdarjuy ®oL IaquInp

TL6T

8 H'IdV.L



288‘¥ SIT'L 7301 LIL‘S GGLTIE 3Aoqe pue 000°0% ¥1

89%% S6¥°‘1 L%V 918‘8 98T‘LT 666°61 01 000°ST €T

€60°T 192'1T vog‘s 6ge‘9 €10°3T 666FTI ©3 000°0T 3T

998 GG6 %9G°C 47 % L26‘8 6666 10008 II

487 6%9 0202 y18°e 1L8‘9 666°L ©31000°9 OT

4% $29 %681 7692 vav'g 666°C 23000 6

414 9e¥ ¥29'1 Ge1's evy'y 6667 010007 8

8€T £0¢ el 199°T oabv'e 666°€ °31000'¢ L

LET 092 PPIT 8121 ¥¥Le 666 21008z 9

¥21 444 890°T gv8 9922 66¥'2 210007 ¢ 0
8 %61 S¥6 qzg PPLT 666'T ©100S‘'T ¥ 3
(4°) 08T 8¥L L8% L¥3'T 66%‘'T °3000'T ¢

68 PIT 434 LLT GSL 666 ©°300S A

€% oL LO0%Z 9g 98¢ 00G 12pun 1

d d d d d sse[) auwoouy
QEOUGH mn_.ﬂw,m wEOUEH wwmwg mEOoﬁH
u@ﬁo —wﬁﬁmﬁ¢uawua=m Hmuo.m.

SoWI0dU] WA [L6T

6 A'TdV.L



eI1's SPSeT ¥92°01 ¥€2°'6 991°8¢ 9A0Qe pue 000°0% VI
96T 8281 998°‘¢ 7686 620°LT 66661 01 000°GT €T
6131 1821 €29z L1Z'L 061°GT 66671 21 000°0T 3T
926 G8L G631 066G €668 6666 0310008 IT
LOS €09 9¢8 LO6'¥ €989 666°'L 010009 OT
829 069 899 gLo‘e 69¥'e 666G 01000 6
qLE 0Z¥ 129 160°¢ LOV'¥ 6667 010007 8
LLT (444 gg¢ 189 qov'e 666°C 031000 L
8TT 891 LYE 1213 ¥GLG 666 °1005Z 9
QLT gL €8¢ ¥L9'T 508z 66%'2 01000 ¢
96T 44 80% L90‘T e8L'T 666°'T °1008‘T ¥
00¢ 9z1 9LT 689 L8Z'T 66%7‘T °31000‘T ¢
98 08 g9 119 VL 666 01 00S z
10T 0 57 9L 812 00¢ Iepu) I
SgYNINS ANV VIINVIN
d d d d d sse[D awoou]
QEOOGH wuﬁm‘m wEOunH mwm.ma mEOUﬁH
Hmﬁo ﬁmﬂﬁ._m..nmh&mh—ﬁmm —wao.ﬁ

0T HTdV.L

116



695°¢ vE9Y 916°L G99°CT ¥8L°8% aaoqe pue 000°02 I

L8282 £eq'r ogv'e 2001 YeP LT 66661 ©1 000°GT €T
GIL'T 6711 638G 000°L 060°2T 666 F1 021 000°0T 3T
6¥%9 $Q3°1 9% 82S8V G688 6666 ©1000°8 T
0Lg v18 SHLT G16°¢ 7789 666°L ©10009 OT
2574 98¢ L9E‘T 8€0°¢E gg¥'e 666C 0% 000 6
L9% 119 16T°T 9LV'G SYYY 666F 010007V 8
8ET 96¢ 626 6L6°T ovv'e 666°C 01000 L
28% 474 Ge9 9LG'T LEL'E 6662 01008 9
%032 9L% 169 96T°1T G922 66%'Z 210007 S
9¢1 083 ¥99 gsL GLLT 666°'T ©°100S‘'T ¥
831 991 69¥ ¥0S LGT'T 66%‘T 01000°‘T g
6% 081 29¢ S6T 9€L 666 01009 4
82 GL 1ST 09 vig 00S I2puf) I

NVddN 44HLO

d d d d d SSe[) swoouy
awoouy sjusy awoou] safem awodu]
b1 uTy) ’ reumauaxdaryusy ®10L

IT 3TdV.L

117



- e W -

G197 gIv'e VOL‘ST 8€6°9 69982 aaoqe pue 000°0Z ¥I

(A 9191 €699 1€9°G gI0LT 66661 °1000°GT €T
666 6681 869V BIL'Y 8CLTT 66671 01 000°0T 2T
290°T 8GL o1e‘e Z6LE 3268 6666 ©°10008 II
¥8¢ 809 Z¥9'c 828‘¢e 2989 666'L ©10009 OI
%22 q9% ¥2°c 8€%°% 1L¥‘e 666G 01000 6
L33 <10} 810 96L'T oVv'y 666V 010007 8
181 6L2 G99°1 99¢‘1 v9'e 666°'€ 031000 L
88 £92 1371 996 8€LG 666C 21008 9
76 612 8¥5'1T GL9 983G 66%'c ©1000C S
89 681 FI0°T q9¥ 9eL‘T 666‘T 0100S‘T ¥ -
09 L¥1 108 092 8¥3'1T 66%‘'T 01000°T € ~
68 eIL 96V LOT GGL 666 03 009 4
¥2 oL q1g ee Ve 00 Topup) 1
Tvanyg
d d d d d $Se[) dWoduU]
awoou] syuayg auwoou] sagem awoouy
BYI0 reumnausaderjuy el

ST d'TdV.L



0 0 0 0 00 1/°3°¢  °pdF vonERuo) (0T)
0 0 o o o Pa% zoug payg@em  (6)
0 0 0 0%~ 2 zouxg i) (8)
1BPM
00T €IPL60° ¥¥80ZT ee9gLz”  8v080¢’ 1/°0% Ayrenbaug 103088 (L)
929687  969LYV0°  89T690° 80OFET"  €9L8¥Z 09  1ump-opnasg p3Bem  (9)
S¥69€9° 120619 eeTP9e” 0887198 D un-opnasg  (g)
EED
EIVL60" T¥80TT g698L’  8¥080S" 1/°T1°¢ Ayenbauy 10308y (¥)
GZ968%°  969L¥0° 891690 800¥E1"  €9L8¥E 178 wr) payysdem  (g)
a¥69€9° 120618’ €9TP9e" 088198 1 o 10308d  (Z)
00'T qLO’ PIT 89¢" 344 ©g areyg 10308 (1)
SANIAAITIH
™10 awoouy sjuay awoouj safepm
2yo reunauaidarjusy
TL6T y

oT TTdY T

119



=Lalavl

LTTE00°  ZE¥I00" LSTO00 995000 3

€6€T00°  0¥9000° 0L0000 £8%000°  0S¥000°  “T 9 louy payg@om  (6)
¥L2900° 297000 | 9VET00°  0LLOOO' | Iouy wry (8)
1yBroM
00'T SI6¥3T" SI¥38e 96S%¥%"  SL000% 1/°9° Ayrenbouy 10308 (L)
$989%F°  0289S0° 898E0T LOV80T"  6LL8LT PDP¢  1uip-opnesqg poyyBom  (9)
TSZLYS" 8LZEBY" Z€99LS"  €6803¢ ) ury-opnasg  (g)
: 10953
LYE9ZT"  ZLSBET 1918%2°  LEOTOV 1/°T1°¢ Appenbauy 10308 (%) S
LSZ8YF  09¥9%0° 82680T 09980T°  6026LT°  °T1°¢ ) pRysLm  (g) -
929€99°  0PLESY 8L6LLS"  €9T13¢ i | wry 10384 (3)
00T 201" astT 881" 898" Py areyg 10308 (1)
sgYNANS ANV VIINVIN
®10L auroouy sjuay awioouy safem
PYI0 reunsuaxdaijuy

PIATAVL



116€00°  296200° 665000 0S€000° o 1/°a%e 111 uonepo) (01)
IELT00°  TIET00° S9Z000° SST000 e 4l zo1xyg payySom  (6)
008ST0°  8¥2200° $6S000° 0 g zouy wry  (g)
o 1yBrom
00'T ©92960° €LSSIT vg6LEZ  8869%¢”  1/°9° Ayrenbauy 10308y (1)
6¥SZFY°  209Z%0°  L09ZS0" £62S0T°  LY0Z¥Z "oPp  wn-opnasg payyBrom  (9)
€828TS" SI8SHY 0ZvE0%"  2066%¥ Ny u-opnasg  (g)
2 10933
082660° ZLV6ITL pLZ8€%°  8€69%S°  1/°T Ayenbouy 10308 (%)
182¥%%°  ¥168%0° ZL8ZS0" 8¥¥SO0T°  L¥0Z¥E 108 i payydom  (g)
€8062S° 9908%¥" YI0%0%°  2066%¥ O Wi 103eg  (3)
00'T €80 8IT" 192 8gg Do areyg 103084 (1)
Nvadn 94HL0
e1oL awoouy sjuay awoou] sofem
BYO reunauaidarjuy

121



§S0000°

0
&

e N U—

Iouy pAjysSem

122

SS0000 0 g oY (6)
88000 0 [ Toug iy (8)
Jydrom
00'T TPSES0° €0S¥80" 966107 096637 1/°0% Ayirenbau 109088 (1)
VEL6SY"  90¥820°  8¥88€0" LO8Y8T"  €99L6T° “H%9  win-opnesq peyuBom  (9)
YeV619°  80¥96¢° 6%6LLE"  BFIF9S"  Pp ury-opnasg  (g)
300139
199880°  £0S¥80" 966107 096627 T1/°1°0 Aqrenbouy z03084  (7)
6LLESY  T97820° 8¥88E0" LOSYST  €99L6T° °T° ) paydem  (g)
98€029°  80¥96¢" 636LLE"  BYIEIS” V1 ) 10908 (3)
00'T 290’ 860" 687" ee areyg 103084 ()
Tvany
elol, awoouy sjuay awoouj sofem
Y0 reunsuaxdarjuy

aT TTAdvY T



APPENDIX

Decomposition Of The Gini Ratio
According To Type Of Recipient (Family)

Let £* be the cumulative proportion of families up to the kth

income class, and y; the cumulative proportion of income received
by those families, for k=1, ..., G. The Gini ratio is defined as

G
L=1—2 z_ [1/2 (£ — 1) V% — vi—1) + (B — ff_1)vg—]
where fa yo = (. The summation expression on the right-hand-side
is the area underneath the Lorenz ‘“curve”, where plotted points are
joined by straight lines. This reduces to

G
L=1—2 kz:l [1/2 (ff — f_1)vg + 1/2 (ff — f_1)viE—1]
L=1— g fif — £ * +yi

ey e ™ fe—1) Ok + Vi)
o * *

M) L=1= 2 f 7k +vi)

where f) = fi'; fk 1 is simply the proportlon of families within the
k*? income class. We also define V= yk yk 1 as the proportion of

total incomes enjoyed by families within the kP income class.

Now define
[v1 |
Yo
f= and y=|"
Ya
Then
y{ 10. 0 -3*1—
y; 11 . 0 Yo
e ] I PR * | woy
v 11 A | VG|

123



where C is the matrix with ones on and below the diagonal, and zeros
ilsewhere. Furthermore, '

v 0. .9 o] ey
vl 10...0 Yo
vh= = "l =c—ny
*
YG-]. 114w 20 YG
EEhaa T — e

where I is the G X G identity matrix. In matrix notation, the:
ratio is then

L=1—¢ (y* +t})
=1—1 (Cy +(C—Dy)

(2) L=1—fHy

where
100. 0
|
2L 0. « .. 0 il
R 0 P 1
H=@2C—D)=]. . . ; i 14
222 . « 1

a matrix with twos below the diagonal, ones on the diagonal,

zeros above the diagonal. In particular, let the vectors f and y refe!
national-level data and let f; and Yj be G X 1 vectors similarly defin
for the jth region, with j L 1, ..., R. Then the regional-level G
ratios are

(3) Lj=1*—fj’Hyj,‘j=1,...,R .
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If n is the total number of families in the nation, then nf is the
G X 1 vector whose k' element is the total number of families in the
k*P income class. Let X be a G X G diagonal matrix whose kth
diagonal element is mean family income in the k*M income class.
Then nXf is the G X 1 vector whose k' element is the total family
income earned by families belonging to the kM income class. Total
family income in the nation is then

(4) v=Xf.n
where ¢ is a G X 1 vector of ones. Then y is given by
(5) y=(m/MXt=( Xf)1 Xf=(1/m)Xf

where m is the mean family income in the nation. Since f determines
y, f is the basic data vector, and may be considered synonymous with
“the size distribution of income”

The mean income levels per class, or the diagonals of X, depend
on the distribution of families within each class’s upper and lower
bounds. As a simplification, X may be considered identical for each
region and for the nation as a whole; in principle at least one can
always arrive at approximately equal Xs by simply constructing a
large enough number of income classes, with very narrow intervals.

From (2) and (5) we obtain

(6) 1—L (1/m) f HXf=(1/m) £’ Pf

where P = HX may be viewed as a matrix of constants, on account of
the argument in the preceding paragraph. With H triangular, X
diagonal, and all elements in H and X positive, it follows that the
matrix P is positive definite. (Thus, strictly speaking, L may get very
close to one, but never quite reaches it.) For the regions, we similarly
obtain

1-—LJ=(1{m])f]Pf] . ]=1,...,R
where m; = :’Xf] is the mean family income in the _]th region.

A pure redistribution of income may be defined as one which -
alters the distribution of families (and hence of income) by income
class without altering mean family income. The effect of such a

126



redistribution on the Gini ratio may be seen by dlfferentlatmg L with
respect to the vector f, on the assumption that m is a constant. ”._ ]
obtain :

-gfL=— (2/m) Pf=— (2/m) (2C — I) Xf
=—2(2C—1I)y=2y —4Cy
(7) =2y 4y*

The redistribution would be described by a vector of changes in the
proportions of families by income class: df = (dfy dfy . . . dfg)’, with
elements summing to zero since the elements of f a]ways sum to one,
Then the effect of df on L is dL = (2y — 4y*)’ df.

The next problem is to determine how L and the L are relat.o&
Define '

¢R

— o

where ¢: is the proportion of all families in the nation who
region j; thus Z¢. = 1. Consolidating the regional size distributions o
income into a G ;( R matrix F, where

f=(f;f5...fp) ,
then we have

f=F¢
Therefore (6) becomes

(8) 1—L=(1/m)¢’F’PF¢
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We now recognize that 1 — L is the sum of all the termsofan R X R
matrix whose diagonal elements are

A 2 A s ; 2 — L. =
(®) (1/m) ¢; °f; 'Pf; = (m;/m)¢; (1 —Ly) , j=1,...,R
and whose off-diagonals are

Note that
where the last two terms on the right-hand-side are elements of “Gini
cross-ratios” such as those in (10). Then the sum of the elements in

(10) is

Z ((opy/m)fy P8 + (oy0y/mfy PE; —

— (¢3¢5/m) (£ — ) P (§ — 1) )

We now focus on the expression (f; — f; YRS f.l) Consider two
regions whose size distributions of i mcome are 1dent1cal except that
the first region has relatively more families in income class kq, by an
amount «, and, correspondingly, fewer families in a different class
ko, i.e., suppose that

6 o el GRS R

containing zeros except in elements k; and ko as indicated;
arbitrarily we have kg > kl' In this case,

(f,— 1) 'P(f; —fp)=02(..1..~1..)HX
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0

0 1“?1.
=L T ‘_‘k1 bl

By

: ] R
where the column vector has Xy in the klth place and 2x; —x

. 1y k2
in the ko™ place (actually, all terms beginning with the klth‘ o
non-zero, but only the two indicated are essential). Then '

¢
Jorg

.
I

— 2 —_— = 2 fo— - 2 —_
(The result is the same if region one happens to be the richer region.)
Now, since the regions are alike except for income classes kq and ko,
the difference between their means is mg —my = ut(xk2 Gy xk;i '

Therefore the quadratic form computed between regions one a

two is a proportion « of the difference between the two regionli
means:

(f; —f9) P (f; — f9) =almy —m,|

At the extreme, each of the two regions may be internally equal, i.0,
a =.1, in which case (f; — fj)’P(fi — f;) is the range between thelt
respective means. This is a maximum. when all families in one regi®
are in the poorest class, while all families in the other region e Il
the richest class, so that the maximum value is XG5 X1» the____raqqp D)
mean incomes across all classes. We now define the (l}'fni-differ'erl 24
between regions i and j as _ 1)

(12) D= (5, — 1) 'R (5—1) . '

regions. The expression is at most X — x; when all families in oni
region are “equally very poor’ and all families in the other region g
“equally very rich”. Negative values for D;. are excluded by th
positive-definiteness of P. The Gini-difference compares two regions
size distributions of income, and not merely their means. Two unequ
distributions may have equal means. Nevertheless D.. will be positiv
Lastly, to take an extreme case, suppose all regions in the counts
had the same mean family income, but different size distributions
Then the variance-decomposition of income inequality would
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dicate no between-region inequality at all, whereas the various D

.
would be positive. .

The sum of the elements in (10) may now be written
2, (Ospymy/m) (1= Ly) + (#i6m;/m) (1 —Ly) = (419;/m) Dy)

Combining this sum with the sum of the terms in (9) gives

1—L=XZ L | (1_LJ)_ ¥ 211y
i 5 i
¢, 616Dy
=y 11 1—L)— X B0 S e \
j m J i>j m
Since m = Egi}jmj, therefore
L=3 Pl i L] %05 s U8 eV
¢:9;D

(13) L= 6.L: + & —idl

where 0. = ¢.m./m is the groportion of national family income
enjoyed l)y far"niﬁes in the jt region. This is a decomposition of the
national Gini ratio as the sum of an average, weighted by income
shares, of the regional Gini ratios and a weighted sum* of all possible
Gini-differences. Thus the first expression measures the contribution
of “within-region inequality” whereas the second measures the
contribution of “between-region inequality”’. Obviously, the decom-
position becomes more meaningful when the between-set component
is relatively large. In the (ideal) case where all Lj = 0, then the Gini
ratio simplifies into

(14) L=i§j¢i¢jlmi—mji/m .

which is a simple weighted sum of the absolute differences between
pairs of sectoral means.

*The sum of the weights is (1 —'Z¢-2);'2m. For R regions of equal size in
terms of population, the sum of the weights is (R — 1)/2Rm.
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