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Abstract. Consider the parametric linear complementarity problem w = Mz +
gt+th, w=0, zz0, wz=0 where p=0, 0% ¢g=0, and h = 0.
We show that a necessary condition for every complementary map z(A) to be
isotone for every nonzero ¢ = 0 and every p is that M be either a P-matrix or
a P,*-malrix (M € P,* iff M € P\ and detiM) = (). Cottle’s necessary and
sufficient conditions for strong and uniform isotonicity for P-matrices are restated
for Py *-matrices.

Key Words. Parametric linear complementarity problem, isotone solulions,
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A Note on the Parametric Linear Complementarity Problem

1. Inmiroduction

For a given matrix M € R" and veclor ¢ € R", the linear
complementarity problem LCP(q,M) is that of finding w, z © E" such (hat

w=Mz+q, wz0, 220, wz=20 (0

The set of solutions (w;z) of the LCP{g,M) iz denoted by S{g. M) and the set of
all ¢ € R for which the LCP(g, M) has a solution is denoted by K(M).

A parametric linear complementarity problem (PLCP) is a family of linear
complementarity problems {LCP{g+Mp, M)| A € A} where p = Oand A is a
closed interval in R. The PLCP arose in the study of elastoplastic structures
{Ref. 1) and has also been applied to the computation of economi¢ equilibnia
(Refs. 2 and 3) and portfolio selection (Ref. 4).

In this paper, we focus on the PLCP in which ¢ = O and A = [0,A*] or
A = R,. We consider the problem of determining conditions under which the
z-component of the solution (wii);z(A)) of the LCP{g+Ap. M) 15 monotone
nondecreasing in A, i.e., each coordinate of z(A) is monotone nondecreasing in
A. The monotonicity of z(h) is well-defined when M is a P-matrix (i.c., all
principal minors of M are posilive) since, in this case, the LCP{qg. M) has a unique
solution for every g € B® (Ref. 5). (We note that the only class of matrices M
for which the LCP(g,M) has a unigue solution for every ¢ £ K(M) is the class
of P-matrices (Ref. 6)).

When M is not a P-matnx, the LCP may not have a solution and when 1t
has, the solution may not be unigue. Thus, z(A) becomes a point-to-set mapping.
In this case, Kaneko (Ref. 7) proposed 2 more general definition of monotonicity
by introducing the concept of a complementary map. A complementary map 15
a function z: A = R", where (k) is the z-component of an element (w{A);z(A))
€ S(g+ip,M). A complementary map z(A) is said to be isotone iff, for each j
= 1,2, ..., n, g{\) 15 monolone mondecreasing with respect to A, The
PLCP{q+Ap,M) is said to have isolone solutions iff every complementary map
z(A) 1s 1sotone.

Under the assumption that M &2 Pmatnx, Cottle {Ref. 8) proved that the
PLCP{g+Ap,M) has isotone solubons Sor every g = 0 and cvery p iff M 15 a
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Minkowski matrix (i.e., a P-malrix whose off-diagonal entrnes are nonpositive).
Under the assumption that M is a Z-matrix (i.c., the off-diagonal entries of M are
nonpositive), Kaneko (Ref. 7) proved that the PLCPig+hp, M) has isolone
solutions for every g = 0 and every p iff M is a Minkowski matrix. Thus, under
different assumptions on M, Cottle and Kaneko armived at the same necessary and
sufficient condition for isotonicity for every ¢ = 0 and every p. This is not
surprising since, without making any assumption on M, isotonicity for every g =
0 and every p requires M to be a P-matrix. This is shown below by proving thal
when g = 0, the PLCP(0+hp, M) has isolone solutions for every p iff M 15 a P-
matrix. Thus the PLCP reduces to Cottle’s case.

Theorem 1.1. The PLCP(0+Ap, M) has isotone solutions for every p iff M is a

P-matrix.

Proof. (=) LetD # p = 0. Since A = 0, (An0) is a solution of the
LCP(O+hp,M). Moreover, it is unique; otherwise, if (w;2) 18 another solution,
then 0 # z = 0and for X' = A, (W'p;() is a solution of the LCP{0+A p M),
contrary to isotonicity. By choosing A = 0 and A = 1, we see that for every p
= 0, the LCP{p, M) has a unique solution. Thus, M is strictly semimonotone and
hence, a (-matrix (Refs. 6 and 9).

We next show that for any p 2 0, the LCP(p M) has a umique solution.
Suppose that (w':z') and (w';r) are distinct solutions of the LCP(p,M). Then
£ #, say 2 > Z for some index j. Let b be a small positive number such
hat z > (14&)z. Then ((1+&w'(l+87) is a solution of the
LCP{(1 4 8)p, M), contradicting isolonicily. -

(=) If (w;z) is the solution of the LCP(p,M) and A, < A, then (A w;Az)
and (Aw;hz) are the unique solutions of the LCP(Ap M) and LCP(Ap M),
respectively. Clearly, hz = A;z. Hence, the PLCP{U+Ap M) has isolone
solutions. 5]

Theorem 1.1 suggests that, by excluding ¢ = 0, it 15 possible to have
isotonicity for every nonzero ¢ = 0 and every p where M is not a P-matrix. To
illustrate, consider the matrix



w- 2]

The isotonicity for every nonzero g = 0 and every p can be seen from the
complementary cones shown in Figure 1. (The complementary cones are
indicated by lines with two oppositely directed arrowheads). For example, let
g=1[2 1F and p =[—1 —1]J". Here, A = [0,3/2]

Figure 1

The z-components of the solutions of the LCP(g+Mp, M) are given below:

@ D=h=1 g5k =0, Lk =0
by 1 =X < ¥ z(d)=0, z{N) = k=1
c) h = W2 Zi(h) = [0, ), M) = [1/2,00)

The graphs of z;(A) and z,(A) (Figure 2) clearly show the isotonicity of every
complementary map.

Figure 2

We note that M is not a P-matrix; it is a Py-matrix {i.c., a Py-matrix with exactly
one zero principal minor). In fact, M is a Py*-matrix (M € P* iff M € P\2
and det(M) = 0).

This paper investigates the PLCP(g+Ap, M) where 0 = g = 0 and shows
that a necessary condition for the PLCP(g+Ap,M) to have isotone solutions for
every nonzero g = 0 and every p is that M be either a P-matrix or a F,"-matrix,
Cottle’s (Ref. 8) results on strong and uniform isotonicity for P-matrices are
restated, with slight modifications, for P,*-matrices.

2. Further Definitions and Notations

The jth column of a matrix A is denoted by 4., the ith row by A,., and the
ifth entry by A,. If M € R"™"and] < {12, ..., m}, then the principal submatrix
of M obtained by deleting the rows and columns of M corresponding to indices
not in J is denoted by M,; and the corresponding subvectors of w, z, and q in the



LCP(g.M) are denoted by w, &, and gy, respectively.
The cone generaled by the columns of a matrix A is denoted by pos[A].

In the LCP(q,M), the pair {L,—M.} (7=1,2, ..., n), where [ is the identity
malrix, is called a complementary pair. If A € R"*" and if for each j=1,2,....n,
A, € {I;,—M.;}, then pos{4] is called a complementary cone. The LOP(g, M)
has a solution iff g belongs to some complementary cone. Thus, K{(M) is the
union of all the complementary cones. A complementary cone pos[4] is said to
be nondegenerate iff its interior, int(pos[4]), is nonemply (equivalently, the
columns of 4 are linearly independent); otherwise, it is said to be depenerate. If
pos[d] is an m-dimensional complementary cone, then its relative interior,
ri(pos[A]), is its interior in R™. The complementary cones form a partition of R®
ifi their union is R® and they are nondegenerate with pairwise disjoint interiors.

There is a 1-1 correspondence between the principal submatrices and the
complementary cones in which a principal submatrix M,, is associated with the
complementary cone pos[A] where A, = —M.; for j € 1 and A = I, for
F € {1,2, ..., n}\J. In this correspondence, a principal submatrix is nonsingular
iff the associated complementary cone is nondegenerate. (In the case of M,,,
which is associated with pos[7], the convention is that detiM,,) = 1.)

For each g in a complementary cone pos[A], there is, by definition, an x
= 0 such that Ax = g. The solution of the LCP(q, M) obtained by setting cach
variable in (w;z) associated with A.; equal to x, and the rest equal to zero is said
te be induced by pos[A]. P

In the rest of the paper, we assume that M € B™™ and q, p € R~

3. Necessary Conditions for Isotonicity

Definition 3.1. M is an E*-matrix (or M € E*) iff the LCP{g, M) has a
unique solulion for every g such that 0 # g = 0.

-

Remark 3.1. The class E of strictly semimonotone matrices has the
property that M € E iff the LCP(g,M) has a unique solution for every g =
(Ref. 9)., Thus, E € E*

Definition 3.2. M is an E'-matrix for M & Eiff M € E*\ E.
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Lemma 3.1. Ifq = 0, 0 # p = 0, and the PLCP(q+ Ap.M) has isotons
solutions, then the LCP(g+Ap,M) has a unique solution for each & = 0.

Proof, Suppose 0 =< X, < A, Since g+hyp = 0, it follows that
(g+Ay7;0) is a solution of the LCP(g+Ap.M). If (w;2) is another solution, then
0 2 z = 0. This and the fact that (g+Xy;0) is a solution of the LCP{g+A,p. M)
contradict isotomicity. Ll

Remark 3.2.  If the PLCP(g+Ap, M) has isotone solutions for every
nonzero § = 0 and every p, then, by choosing 0 # p = Oand h = 0, it follows
from Lemma 3.1 that the LCP{g, M) has a unique solulion for every nonzero 4§
=0, ie, M € E*

Lemma 3.2. If ¢ = 0 and the PLCP(g+Ap,M) has isotone solutions for
every p, then the nondegenerate complementary cones have pairwise disjoint
interiors.

Proof. Let pos[4] and pos[B] be distinct nondegenerate complementary
cones and suppose that ¢' € int(pos[4]) M int(pos[B]). Letp = q' — q. Since
pos{A] and pos[B] are distinct, there is an index k such that {4., . B} 15 a
complementary pair, say A, = —M., and B., = I, Lel (w'(1):2'(1)) and
(wF(1):2%(1)) denote the solutions of the LCP(g+1p, M) induced by pos[A] and
pos[B], respectively. Since g+ 1p is interior to both pos[A] and pos[B], we have

7)) > 0 (2)
2(1) =0 (since wi(l) > 0). (3)

Let & be small positive number such that g+(1+8)p is interior (o both pos[A]
and pos[B] and let (w'(1+8);z"(1+5) and (w(1+8);2'(1+8)) be the solutions
of the LCP{g+(1+8p,M) induced by pos[A] and pos[B], respectively. Then

{1+8) = 0, (4)
Z(14+8) = 0 (since wi(1+5) > 0). (5)

Conditions (2) and (5) contradict isotonicity. ]
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Lemma 3.3. See Rel. 6. Let A € B**P and g € R be given. If g €
ri{pos[A]), then there exists a u € R, with u > 0, such that g = Au.

Remark 3.3, Lemma 3.3 implies that if pos[A] is a complementary cone
in the LCP{g,M) and q € ri(pos[4]), then the LCP(g.M) has a solution whosc
coordinates associated with the columns of A are positive. In particular, if ¢ £
ri{pos[ —MT), then the LCP(g.M) has a solution (w;z) n which z > 0.

Lemma 3.4. If M € O and ¢" = 0, then a necessary condition for the
PLCP{g"+Ap. M) to have isolone solutions for every p is that M be nonsingular.

Proof. If M is singular, then pos[—M] is degenerate. Pos[—M] # {0}
since M £ (J; hence, there is a g% # 0 such that g*Eri(pos[ —M]). By Remark
3.3, the LCP{g".M) has a solution (w*;z*) where z* > 0. Let p* = g* — q"
and consider the PLCP{q’-+Ap* M), Note that (w*;z*) € Slg"+1p*M). Choose
b = 1. If g +hp" € pos[—M], then the LCP(g"+h,p* M) has a solution
(wiA,):z(A,)) induced by pos[—M] in which z(»,) has a zero coordinale since
pos[ — M] is degenerale, contradicting isotonicity. If q"4hp* & pos[—M], then
it belongs 1o some complementary cone pos[4], where A # —M. Hence, pos|4]
must have a generator from I. Consequently, the LCP{¢"+Xp* M) has a solution
induced by pos[A] in which the z-component has a zero coordinale, contradicting
isotonicily. (]

Definition 3.3. Given a PLCP(g+Ap,M), a proper principal submalrix
M,, of order m, and corresponding subvectors ¢, and py. The PLCP(qg,+hp M)y)
is called a proper principal subproblem of order m.

-

Theorem 3.1. Let M € E*NB"™ (n > 1) and q = 0 be given. If the
PLCP(q+Ap,M) has isolone solutions for every p, then every proper principal
subproblem PLCP(g,+p),My;) has isotone solutions for every p, € B”, where
mi is the order of M,.

Proof. Whether M € Eor M € E', its proper principal submatrices are
E-matrices (Refs. 9 and 10). Hence, we need only prove the theorem for the
proper principal subproblem of order n—1. Without loss of generality, let the
principal submatrix of order n— [ be the one obtained by deleting the sth row and
the sth column of M and denote it by M* and the corresponding subvecior of g




by q*.

Suppose that there is a p* € R™ such that the PLCP(g™ = Ap® A7) fas
a complementary map that is not isotone. Then there exist &;, Ay such that 0 =
Tk kyoand  (WHAMEZRA) € S(g*+ap* M¥),  (WROGEZSAD) =
Sg*+hp* M%) with Z*(\) > z,*(h) for some index k. This implies that
z%(A\,) > 0 which, in turn, implies that A, > 0; for, if A, = 0, then the
LCP{g*+0p*M*) = LCP{g*,M*) would have two distinct solutions
(w=(h,):z*(h,)) and (g=;0) which is impossible since M* & E. Choose p} and p]
such that

E: - Uﬂ'ﬁq} [_EM” fj-'[}'ltl = ﬁ'. 1

n-1
pl > (1A [—}:!M_fz;m - 4|,
"

g

and let p, = max{p!, pi}. Then

=1
AP, > “IM,5 0 - 0,
ik
a-1
h‘?-pu = _‘EMHII {}‘1} -,
Define

n-
wn{hl:". = _EIMRIEJ:- ':}"1-:I = Ijl'! ' }"'IF.I
-

W) = TH,Z0) + a.

Then w. (k) > 0, wi(h) > 0

Let p = [p*,p.J". It is easy to verify that (WA )zt E
Slg+hp M) and (W) wakrtg) 0 € Sigthap M), Since () >
7,*(h;), the PLCP(g+hp, M) has a complementary map that is not isotone,
contrary to the hypothesis. H

Recall from Remark 3.2 that if the PLCP{g+ Ap, M) has 1sotone solutions
for every nonzero q = 0 and every p, thea M € E¥, i.e, either (a) M € E or
(h) M € E'. We now show that in case (a), M € P and in case (b), M € F*.
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(We dispense with the case n = 1. In this case, if M € E, then M = [M,],
where M, > 0; hence, M isa P-matrix. If M € E', then M = [0], a P>

matrix,}

Theorem 3.2. WM € ENRE™ (n > 1)and 0 # ¢ = 0, then a
necessary condition for the PLCP(g+Mp,M) 1o have isotone solutions for every
P is that M be a P-matrix.

Proof. By hypothesis and Theorem 3.1, every principal subproblem
PLCP(g, +Mp,, M) has isotone solutions for every p,. Since the pringipal
submatrices of M are (-matrices, they are nonsingular by Lemma 3.4; hence, the
complementary cones are nondegenerale. By Lemma 3.2, the complementary
cones have pairwise disjoint interiors; hence, they form a partition of B". [t
follows that M is a P-matrix (Ref, 5). ]

Theorem 3.3. T M € E'NR"™ (n > Dand 0 = g = 0, then a
necessary condition for the PLCP(g+ Ap,M) to have isotone solutions for every
p 15 that M be a P,*-matrix.

Proof. Let M, be a proper principal submatrix of order n—1. Then M,
C E (Ref. 10). By Theorem 3.1, the proper prncipal  subproblem
FPLCP(g,+ My, M,;) has isotone solutions for every p, € R By Theorem 3.2,
My is a P-matrix. Hence, all the proper principal submatrices of M are P-
matrices. Moreover, M is singular and M & Q since M € E’ (Ref. 11). Hence,
M E P*. ' =

4. Sirong Isotonicily

Consider the PLCP(g+Mp, M) where M € P,*. In this case, (a) K(M) is
a closed halfspace whose boundary is the hyperplane pos[—M], (b) the normal
to pos|—M] can be chosen to be a positive vector, and (c) the LCP(g,M) has a
unique solution for every g € inl(K(M)) (Ref. 6). Thus, A is of the form [0,h*%]
or [(),e=)., These propertics enable us 1o use a slightly modified version of
Cottle’s (Ref. 8) monotonicity-checking algorithm and to extend his results on
strong and uniform isotonicity to PLCPs involving P,*-matrices. The modification
15 made in Step 4 where a stopping rule is introduced. Step 4 now reads:




"Step 4. Change of basis. Case 1:  M™" > (. Pivoton M. ",
Return to Step 1 with the transformed tableau.
Case 22 M™™ = 0. Stop; the complementary map is isotone.”

{ M*" isa diagonal entry of the principal pivotal transform of M at the (k—1)th
iteration. For convenience, the modified Cottle algorithm is given in the
Appendix.) This modification does not affect the finiteness of the algorithm since
the only change is the addition of a stopping rule. Moreover, we show that when
the stopping rule in Step 4 occurs, then A = A® and the PLCP(g+Ap, M) has

isotone solutions.

Lemma 4.1. Let M € P*NR"™ (n > 1) be given. Let M’ be the
principal pivotal transform of M resulting from a principal pivot on a proper
principal submatrix My, and let K = {1,2,... .a}\J. Then
{a) Mgy is singular;

{b) M’ has positive diagonal entries iff the order of Mg, is grealer than 1.

Proof. (a) M, is the Schur complement of M), in M. Hence, My, is
singular since M i3 singular (Ref. 6).

(b} (=) If the diagonal entries of M' arc posilive, then there is no
principal submatrix of order 1 that is singular. Hence, My, is of order greater
than 1.

(=) Since P,-matrices are invariant under principal pivots (Rel. 6),
il follows that M' € P, with M as its only singular principal submatrix. [If the
order of My, is greater than 1, then all principal submatrices of order 1 (i.e., the
diagonal entries) must be positive. O

Lemma 4.2. Let M € P* A R™" (n > 1)and g € pos[—M]. If (w"z")
is a basic solution of the LCP(g,M) and (w;z) is a solution distinct from (w#:2"),
then z > 2.

Proof. Since g € pos[—M], we must have w = (), otherwise, g can be
writien as

g = E.EJ{—M.J;] +jEj“{'-[-‘l

=

where J € {1,2,...,n} and at least one w, is posiive. Let the normal to the
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hyperplane pos[—M] be ¥, chosen such that v > (. Then we get the following
contradiction

0 = Ve = ZoWM) ¢ Ewy, = 0+ Ty >0

FET 3
Similarly, w* = 0. Hence, we have
Mz = —-g, Mz= —q

and so, M(z — z*) = 0, i.e., z — z® belongs to the null space of M. Since
(w":z") and (w,z) are distinct, z — 2% = 0. Now, M € E’since M € P,* (Ref.
10); hence, the null space of M is generaled by a positive vector (Ref, 11).
Hence, either z — 2 > 0 or z = 2% < (0. Since the columns of —M are
linearly dependent and (w®:2%) is basic, z* has a zero coordinate; hence, if 7 —
2% < {1, then z has a negative coordinate, contrary to the nonnegativity of z. It
follows that z = z* > 0, ||

Theorem 4.1. Given the PLCP(g+Ap, M) where 0 # g = 0 and M
E P*NRET (n > 1), 1If, in the modified Cottle algorithm, the stopping rule in
Step 4 occurs, then the PLCP(g+Ap, M) has isotone solutions.

Prool. By hypothesis, M has itself as its only singular principal
submatrix; hence, every principal pivotal transform of M has only one singular
principal submatrix. By Lemma 4.1(b), the stopping rule in Step 4 can be
obtained by a block principal pivot on a principal submatrix of order n— [ which
15 equivalent to a sequence of (n—1) simple principal pivots. Assume that the
algorithm has generated a sequence of simple principal pivots in” which 5 is
exchanged for w; (=1, 2, ..., n—1). Let M"' be the resulting principal pivotal
transform of M. Then M,, = M,," = 0. The variables z,, z,, ..., z, , have
become basic and the stopping rules in Steps | and 3 have not occurred.  These
imply that

F_:u-” = 0, J--_]_'E _____ n—1
ptig,

The values of the basic variables are given by

7 - -ty }‘r"_.:lpg'c-‘-I']: j:l‘l__.,ﬂ—l;




13

w, = Qﬂ_” + N”'“pf,"'”.
The next critical value of X is
}kH 0l _.{EI:I'III—|:|Ii';._l|'l'll-'|'l‘l

As A is increased from AU to A™, the variables z; (j=1,2, ..., n=1) do not
decrease, 7, remaing at zero (since z, remains nonbasic), and w, gocs 10 7ero

W, = g8 - (@5 Iptpr = 0.

This results in a basic solution (w*:z%) of the LCP(g-+A"p.M) in which w* = 0,
implying that g+Ax™p € pos[—M]. Moreover, no decrease in any z has
occurred and, by Lemma 4.2, any solution (w;z) of the LCP{g+ AW"p, M) distinct
from (w*:z% satisfies z > 2%, proving isotonicity. Since g € int(K(M)) and
pos[—M] is the boundary of K(M), it follows that A" = &*, [

Definition 4.1. The PLCP{g+Ap, M) has strongly isotone solutions iff il
has isotone solutions for every p.

Theorem 4.2. Let M € PR (n > andlet 0 = g = 0. The
PLCP(g+Ap, M) has strongly isotone solutions iff (M) g, = 0 for every proper
principal submatrix M, and corresponding subvector g;.

Proof. (=) In every proper principal subproblem PLCP(q +Ap; M), M)y
is a P-matrix. By Theorem 3.1, the PLCF(g,+Ap,, M) has isolone solutions for
every p. By Theorem 1 of Ref. 8, (M) g, = 0 for all proper principal
submatrices M,, and corresponding subvector ¢,.

(=) Note that the LCP(g,M) has a unique solution for each g € int(K(M))
(Ref. 6). Moreover, by Lemma 4. 1(b), a sequence of simple principal pivots on
M, indexed by k, has a positive pivot element at each iteration & < n. Thus,
Cottle's algorithm for P-malrices can be applied on the ilerations k < n. The
prool that the algorithm develops an isolone complementary map up Lo the kth
iteration is exactly the same as Cottle’s proof of Theorem | (Ref. 8) and is not
repeated here. When k = n, the stopping rule in Step 4 has occurred and, by
Theorem 4.1, the complementary map is isotone. 0
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3. Almost Uniform Isotonicity

Definition 5.1, The PLCP(g+hp, M) has almost uniformly isotone
solutions iff it has strongly isotone solutions for every nonzero g = 0 and every
p.

Definition 5.2, M is an almost K-matrix iff M is a singular Z-matrix
whose proper principal submatrices are K-matrices, MEKITMeE P Z.
K-matrices are also called Minkowski matrices).

Theorem 5.1. Let M € P*NR™ (n > 1). The PLCP(g+hp,M) has
almost uniformly isotone solutions iff M is an almost K-mairix.

Proof. (=) We need only show that M is a Z-matrix since M is singular
and its proper principal submatrices are P-matrices. Suppose that A, > 0 for
some i#j. Since M, > 0, it follows that the veclors —M.;and —M., lie strictly
on the same side of the hyperplane spanned by the vectors Iy, ..., B0, B oo
k.- Consider the nondegenerate complementary cone pos[4] =
Pos{lqee Ly, =M. 1y, 1. Jand its face F = it (AN SFERNRS RTR |
opposite the edge generated by —M... Let

¢° = LI,
ki
and sel g = —M., — 4"

Consider the PLCP(g"+X\p".M). Since —M. and — M. lie strictly on the
same side of the hyperplane of F and ¢° € ri(F), it follows that Tor sufficiently
small &, @ < & < 1), ¢°+Np" € intipos[4]). Hence, posfA] induces a
solution  (w{A):2(M)) of the LCP"4+ hp" M) with z(h) = 0. Moting that
—M.; = q" + 1p", we easily verify that the LCP(g"+1p". M) has a solution
(0:z(1)) where z(1) = 1 (& =j)and z(1) = 0 (k # /). Singe | = Jozd1) =0,
contrary to isotonicity, Thus M; < 0 for all i/ and M is a Z-matrix,

(=) Every proper principal submatrix M, of M isa K-matrix; hence,
(My)" = O(Ref. 12). If 0 # g = 0, then (Mu) 'q, = 0 for all proper
principal submatrices M,, and corresponding subvector g,. By Theorem 4.2, the
PLCP(g+Ap,M) has isotone solutions for every nonzero ¢4 = 0 and every p. [
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Appendix

Modified Cottle Monotonicity-Checking Algorithm
(The algorithm checks the isotonicity of z(A) when M is a P,*-matrix)
Step 0. Initializarion
(i) Construct the matrix Q € R"** satisfying the following conditions:
(@) Q. =q;
(b) If g, is the first positive coordinate of g, then @,. = [, 0 ... 0
() I the first column and the kth row of @ are deleted, the remaining
submaltrix is the identity matrix of order n—1.
(ii) Set up the following tableau:

1 0 el e 1 ] A A Ix A LR
Wy @y Q. O | & M, M; .. M,
' Oy @ - & | P My My o .. M,
e @y Qo - On | P My Mo .. M,

Start with A" = 0 as "critical value” and set =0(G=12, .. 1

Step 1. Monotonicity rest.  If the h-column is nonnegative, stop; z(A) is
1sotone,

Step 2. Determination of the next critical value. Determine the "critical index™
r by the relation

~(Lp? ™M@t ™" = lexicomin {-1/p? QY | p* " < 0}

SEI }"“: — _Qil—llllrprlgt'“.'
Step 3. Decrease check, If the new critical wvalue is greater than iis
predecessor and the A-column contains a negative entry in the row of
a basic z-variable, stop; z(\) is not isotone.
Step 4. Change of basis.
Case 1. ME" > 0. Pivoton M®" and go to Step 1 wilh the new
lableau.

Case 2. M™" = 0. Stop: z(0) is isotone,
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