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ABSTRACT

The siandard bank reserve model is extended by explicitly imtroducing the
dimension of rime. This feaure has not been addressed in the literature which
seems to be m very Swrprising omission given that the concensus view gf this
financial institution 5 that of a (differentigred) microeconomic firm maximizing
over terminal wealth. The results indicate that the solution across periods (s
stationary, Al the informarion needed by the bank to make iy choice s embodied
in the various imterest raies a5 well as in the pemalty structure that
institutionally defines the cost of illiquidity. Neither ihe contemporaneois
level of portfolio variables mor @ts comparative levels in previous periods become
relevant to the optimal rule.

It is further shown thar the stationary solution is in fact Markov
stationary. that is, the intraperiod optima will be evactly the same as thar in
the staric case. This literally suggests that the optimization In o mulli-period
horizon can be taken as a series of repeated one-period models, leading fo the
same set of optima. This result was shown to be robust, particularly when [he
allpcarion problem is modeled explicitly av a Markov process.

The  madel it erfended




ulating an Intertemporal Model of Reserve Holdings

The swmndard models on optimal bank reserve ke the allocation decision as a
problem.  Although the selution is derived in a straightforward manner,
i litle evidence that this line of research has provided insights which
actuaily use at the level of day-ro-day operations. [n the comtext of
ling observed behavior, this form of theorizing subsequentdy falls short
 is sk despite the volume of research maserial that it has spawned.

One problem with the standard models Is that the seafic up:imizaﬁﬁn Der se
is not given a critical role in defining the bank’s portfolio. The timing is such
thar the reserve decision must be made at the beginning of the period {(i.e. ex
gnte), only to find out at period’s end (i.e. er post) whether the chosen level
mrns out o be adequate.  Under a one-period model, the consequence of this
ceserve decision simply does noet impact operanons enough. It is not clear, for
cxample, what the effect of the current decision is upon non-reserve funds or
whether it has influence on future reserve decisions.

This suggests that the smandard models can be exiended (1)} by accountng for
an inericmporal framework and (2) by explicily modelling the impact of the
ceserve decision on mon-reserve funds.  This provides the needed flexibility
because the choice of period t reserves will now Influence the conEmMpPOrancous
operations of the bank through is impact On NON-TCSETVE funds. To the extent
that current oOpérations derermine end-of-the-period  available resources, then
there is a potental link is creased between future operations and the rescrve

decision in the current period.
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fhe Base One-Period Model
;:'_. needs o divide ar the beginning of the period is total resources
{i.e. non-reserve funds). Stochastic

and fixed-term loans
sis occur ar period's cnd., 1w be financed out of the pool of reserves.

om the normal interest income and expense, an illiquidity cost is incurred
s are either insufficient to cover the withdrawals or fall short of the

In any period j, the bank expects its rate of returm o he:
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‘where: w7} =j f(8) da {2}
L

= probability that stochastic withdrawals would cause illiquidity

D. = deposits at the end of period |
W, = equity at the end of period j

«; = loans disbursed at the beginning of period ]

¥; = reserves at the beginning of period j

- = stochastic withdrawals in period §
f{a] = density function for &

r, = loan rae

rp = [EIUIN ON Teserves

ry = deposit rae

r; = interbank call loan rate

Maximization of (1) is subject to the allocarion constraint:
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3 mplicitly defines = a5 a residual of the decision on 7; and subject w the

.gm reserves cannot be less than required minimum:

{4)
‘More that the nottion—and subsequently the specification of the objective
snction--are slightly different from those in the basic (swmrc) model. Specifi-
iy. the variable »; now reflects the total holding of reserves rather than the
ent over the required minimum as previously modeled. This correspondingly
the way the probability w=(y) is defined and subsequently necessitates
@t the minimum reserve requirement be set as an explicit inequality constraint,
further that the probability density of withdrawals as a proportion of total
ces, f(5), i5 assumed smble over time.

Formulated in this form. the model can be then solved by the Kuhn-Tucker
prem.  Defining the lagrangian as:

a -
- Aufr) - | nlEer) 8 45+ E{,j -0} 5)
¥

e televant Kuhn-Tucker conditions are:
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ntly, we have the following four cases to consider,

:1.l:ify, > Oand & > 0
¢Sty - {P‘]ﬂ]{?}] i mguj}} 6.1)

¥ =Dy, (6.2)

1.2:if 7 > Oand = = 0
EmL, =T = {r,mj{a‘j} - ﬁr.u}{?j}]-

Ta=T= {f:wj{?j} - D {ar-,}} (7.1

(7.2)

T._EI-:_i’["'arj =(land ¢ > 0
By -y - {rﬁj{a«j} : m}w} (8.1)
:‘rj =, qu ':.B.:-:I

l4: if y; =D and £ = 0

EXSr, -y - {rlmj{rj} = rzmj {?j:l} (%.1)




(9.2}

and 1.4 can be disrcparded because equarions (8.2) and (9.2) are
gesistent with the presumption that 7, = 0. Case 1.1 is feasible bur nt
gly thar the lagrange multiplier defined in (6.1) will be positive as
--‘_: Sipce rs(r - m}[;jj} > [}, the right-hand side of (6.1) can only
if r; is significantly lower than r, and if the fixed penalty 0 is
B " monexisteni.  Under this specific set of condition, however, banks
less concerned with the possible consequences of iliguidicy since
B¢ benefics of a high loan rate relative o the costs of a low penalty
low and 2} effectvely eliminates any meaningful trade-off.

.2 therefore is the solution to the nonlinear programming problem.
s solution finds that banks will not be bound passively to the manda-
gmum bur will instead set the optima higher than kD ;. The exact value
B optima *a; is implied by (7.1) which can readily be interpreted as the
at the margin of equatng the cost due to and the benefit due from the
f of reserves. On one hand, the cost at the margin of holding an extra unit
. Ty — My, is the foregone return from loans net of any direct monetary
:_ﬂn reserve holdings. On the other hand, banks exchange this cost for the

ey benefit of decreasing the expected cost of illiquidicy:

. E, {n - rl{ﬁj—r}}]» f(5) ds

= {rﬂf;}}—f&d}{g’j}} = 0 (10)




“This is the result for a one-period model. It can be shown gquite easily that
:-'i-; convex downwards in x; while r, - ry is clearly a consiant functon, A
equilibria is then found where the marginal benefit function

' ) - m;{w}J} intersects the marginal cost function r, — rp from above,

> Extending Into A Second Period

The model H-zasiiy accounts for a second period by maximizing the discounted
=m of profits over the two periods. Defining 8 as the discount factor, the
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=et w0 the following control consraints:

D (12.1)
4y = kD] (122
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ping the lagrangian as:
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‘With 4 variables ¥, 7;.,. £, and £;.,, the solution 10 the above problem can
be an}r-:}f 16 possible cases. The analysis of the one-period model suggesis that
cases where the choice variables vamish by supposition (1e. 7;=0, 7, =0 or both
¥;=0 and y;.,=(0) can be safely disregarded because they wrn out 10 be inconsis-
tent with t]'b; respective consiuaini, regardless of whether the lamer is binding

or nol. Of the sixteen cases, only the following four cases explicitly allow for

posiuve values for the two choice vanables.

case 2.1: if 3; > 0, 9., > 0. 55 > Dand g, > 0

B My =Tg = ‘[’I"’j':?::' a Q“:"Zyi}} (14.1)
-Ej-l-] = E[r,q - g - {fﬂj+1{?j+1) = ﬂm;'”{-ri_‘d}] l:_]-!-.:"..:l
= kD (14.3)

i = kD (14.4)

case 2 iy > 0, 70, 20, 5> 0and 5, =0

g =y - Ty - {rluj{'a'j} - ﬂm: {:rjj} {15.1)

Ei+1 =I'3[r.x i {r["”_i-.-L':?jﬂ} = m“’}-.—:(?jﬂz'}]

F it S {"l“gﬂ':?jﬂ:' - rﬂl|=;{?j-]}} {15.2)
n= -{:ng {15“3'}
e £ (15.4)

230y >0 5 >0, 5, =0zand g, > 0
& =y~ g — {r,r.aj{zrj} - ﬂw} '{?rj]l}

=g = {-"ﬁdi{?’ﬂ' = m:{’a’j}} {16.1}
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E_'c*'l =E['F,q - g~ {rl:h'],,]{?j-]:' = m;+[|:?j+|j}] fIﬁ..l}
Tje1 = KDY {16.4)

3 4~ 'i.'f‘grj = U‘, '!'_i__;] = ﬂl E] = { and G401 = ﬂ

Ej=TFy - Tg— {rﬁq(rj} - m'jl:faj}}

i {f:”j*?ﬁ - '5*33'} (17.1)
1 = 'E!'r.h =L - e {r]'m]-l- [{Tj-1} = m] +]{Tj.n [}]‘]

r..“. = rll. e {rlt"j:—tlzrj-i-'l:l o m}+](?j+]J} {1:".2}

¥ = 'ﬁﬂj-" {1?.3}

Ty > KD, {17.4)

Cases 2.1-2.3 svggest solutions where at least one of the constrains is
smdine. Where institutional penalties © are high, these cases can be disregarded
seimarily because (14.1), (14.2), (15.1) and (16.2) will all likely be negative,
nconsisient with the assumption of the binding constraint, whether it be g = 0,
> (0. or both. However, even if these four critical equations murn out 10 De
psisient with g ::-. 0 andfor =, > O, it essily can be demonsmated that the
fung analytical implications are equally umacceptable. Particularly, i1 must

from the presumption of 2 binding conswamt that:

e = 0 — oy = = rle{:'_-.} —D'.a: h'j}}

e > 0 T— Ta— g = ff-*;-s{'l_i-n.-ll"“"}ﬂ{?-p}}



se would mean however that the suggested respective optimal values will be at a
afier the convex downward marginal function has inwersected the flat bene-
B funcoon. specifically where the marginal cost of holding the reserve is
than, its marginal benefit

There is no reason why the bank should choose 10 mainmin a level of reserves
at the margin the benefirs fall short of the costs. This discrepancy would
be eliminated by reducing reserves further. However, this will not be
ssible. ar least not withour cost, since reserves are already kept at the begin-
mg-of-the-period mandatory minimum. Hence, a contradiction is found in the sup-
position that binding constraints could be compatible with the reserve optima.

In conirast. case 2.4 suggesrs a solution where both constraints are nonbind-
: Banks will choose a level of reserve in every period higher than the
Eguired minimum up o the point where the cost and benefit of reserve holdings
fser on the margin. Since the proposition of binding consmaints has just been
own to be internally flawed, the only consistent interpretation must be the case
the langrange multipliers evaluated at the mandatory minimum [(14.1},

[4.2), (15.1) and (16.2)] must indeed be negative in sign, implying that the
roinal benefit actually excesds the marginal cost:

< ] —— Ty — g = ‘[?‘]h’jl:a’j.=kﬂ;n|:}‘m‘}iﬁ’j=-m}1}]‘

P | — fy —Tg = {nnrjf.ia',-“#kﬂﬂ —!'-&-1;+|'[Il’j+j=kﬂj.:'}

The negative sign of the above lagrange muitipliers foillows from the tenuous
wsition of holding reserves only at the mandatory minimum, Even if banks had

sough funds in the reserve pool 1o physically service every withdrawal, it will
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technically illiguid since the mandatory holding wiil decline by
=t k < 1 of the full amount of the withdrawal. [n the best pos-
"_.' ‘therefore, banks will have o incur with cetajnty at least the
g their acmual reserve holdings being lower than the mandatory mini-
F reserves beyond this minimum clearly reduces the possibilicy of
¢ anv idliquidity cost which is equivalent to staring that the net benefit

& mersin of a unit of reserve is sl positive, fully eliminated only at

r ver n Periods

It should he obvious that the recursive nature of the opumization easily

@ends w0 several periods. However, the nesd to specify all the possible combi-
@tions in 2 Kuhn-Tucker probiem suggests that the "mechanics™ of the optimization
s substantially as the ume horizon expands. This s evident from the set
' cases w0 consider, swmrting with only 4 in a one-period model but expanding
afly to 16 in a two-period model. To generalize the model over several
is, it should suffice therefore 0 show that the results continue a recursive
mern in a three-period model.

The three-period maximization will take the form:

oy fa + nern)} ) e
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—ral[n'. + ﬁw a1 Euc v + .I"F_{T;J = E“a’]_,_] -+ ﬁ T]-.-J
- ?’D{.E'J_i. + ,E,D! _:' E”ﬂj,ﬁl

m— D m{?}} -'_ BM_|-| 1{?’]1-1:] + B Jh"[’?‘j-‘-:}}

f{a —yf(s)de + BJ (85 =732 F(8)at5
_|+i

- rf (8171321 )1(3)d (18)

Tj=1

" subject 1o the corresponding  three-peniod set of control constrainis:

¥ B I:Dj_i {13,1}

Tipy = kD {19.2)

¥u1 = KDL, (19.3)

ﬂi‘! =+ T_El='ﬂj-'| - 1*':}_] ! {19‘4}
Gy T 7o =D, + W, (19.5)
w0 + o =D, + Wiy (19.6}

mmplying the lagrangian:

E=Tm[(.ﬂj_1 + W, -7 + 8D, + W -7 T Ez{ﬂ_,ﬂ + W, - :,-'j+3)}

- 'FR[ E‘.]'J_,-I + ﬁ ¥i+a ] - rﬁ[ﬂ}l =+ Eﬂj =+ ﬂlﬂj-l-'l]

- i U_T'['T.i‘] -+ ﬁ'-t'ﬁ-:i_?’j-[] g qu‘*'i.a.:h].]_]]

[3

J- {Eur}}'!{::l}dﬁ + .ﬂJﬂ {ﬁl-r?-[}f{f*}'iﬂ
TJ—
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The corresponding ser of Kuhn-Tucker conditions are defined as:

.

5
d f? (31)) () 28

a w,
- ] ] -
5
_ oL =5 et} 1 i+l .
g Vit S RO LIRS N g ¥je + ey =0
3
g - d[ . f6) @
. - = _ Fa _ T'+'_| ;
il S S e i v Ve 0
B AL -
'd— EJ A TJ = w.l‘l o {J
gL
- T fiv D = ()
gL =
B - P =0
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with the following complementary slackness conditions:

y= 0 ad yge=0
g = 0 End dﬁi] -0
gz = 0 and 7 ges =0

g = 0 and’ ajgi=ﬂ
gpp = 0 and oy ﬁj‘;l = )
g = 0 and =, ‘:"d’:i"- =1

With three choice variables and three lagrange mulupliers, the above Kuhn-
Tucker problem reguires an ¢pormous fotal of 64 (ie. 27 possible cases to con-
sider. Formnawely, the thres choice variables all have m be positive [© sansty
the minimum reserve constraint, ¢liminating the majority of the possible pﬁrm-ut:l-
tions. This effectively leaves omly the three multipliers 1 be free to ke non-

negative values and hence leaving only the following & (i.2. 2%) cases.

case 3.1: if 9, = 0, %50 = O %2 = 0.8 >0, 64 >0 and ., > 0

R T {"‘T'-"_';Lf;u" - Eml[;r,}]» 21:1

, 1 =

L'-_'|+l =|'3[r,u. = ."K i {r[iﬂijh'j_]} = mfﬂ{'rj"'ljj:‘ 131,,..}
Stz = E:['r.‘. ~iihg - {rﬁajf:i:lrj"':] - D'I'll.jl-l-i[-rjl"'l"l}‘l :'21'3]
.= ij I:_le.-”

]
bior = kD, {21.3)



Tjez = kﬂjm

case 3.2: if T = 'D, el = Tiz2 = 0, L = 0, vl > 0 and Bjea = 0

-

E; SFy=Tp - {?‘IHJ{?']} - J._'lk-'.} {B"J_:l}

Cirl “ﬂ[ﬂ — Ty - {rfﬂj+1{‘ﬂ'j—13 = m':'—+lh-j+1}}:|

Sj+2 = IE:|}‘& =T~ {”1“-'5+1':3"j+1} ~ T 1-1':3’5+'-_-:|}]

Fh— ™ {-"':“j.a.:{'!'j-.-i} = ﬂ“j-;':?ja.z}]’
Tjer =KDy

Tj+z = -&D];;

case 3.3: if T = [ i+t = 0, Tisz = 10, £ = 'D., Eg'-l-l. = 0 and Eitz >0

C; =Ty~ p — {rﬁﬂj{?j}' = m;':?_',}}

Py = g™ {r["'“j-v-]{?'j-'-t} - ﬂ“:ia.-['i?J-a}'}
B4z = iEl|"'.t . S ‘["ﬁ"jﬂhju}' - Qu} -I-:::Tj-rl}}]

T; - kDr'l

Tj+z = kD4

mace 34 o > 0oy > L > o5 =085, & 0 and 5., > 0

i S Y {“'f*’j“j} = 1”:{?13}

21.6)

{22.1)

(22:2)

22.3)
(22.4)
(22.3)
{22.6)

(23.1)

(23.2)
(23.3)

{23.4)
(23.3)
(23.6)



o

o Ty =Tp™ {f,m-jl['.r]-]l - ﬂu;[?}j}

Tt 33[’5 =Ty = {’s‘*‘jﬂ{?‘"—:} = E“;m{?j-ul'}]

R G .9

?j'l-'l.-\: "ED]
Tjer =R

case 3.5: if 15 > 0, vy > O War > 0.e;=0.5, =0and g, > 0

E=r, -y - {F[Mj{rj} - ﬂmjl l['.r]}l}
oy == {r[mj{rj} - ﬂm;h‘j:l}

iy =BIFa— o — {’r‘”jﬂi'ﬂ’jﬂj = ﬂ”:aﬂ{?ju}ﬂ
e {rl'f"j+l{.?j+1} = ﬂ""'}+|_{?j,.;. |__:|J>
‘i'r F
Ein = -E'lra. -y - {’[“’ju{?jsz} = mf+3{‘ﬂ’j+;}}

¥ > kD

ez = ke

case Erﬁ: jf 'ﬂ"i e D., a'j_'_; - I:" 'B"j_‘_-: - ﬂ', $j = D.. Ej+] - 'D a.]‘l-d- Ej_,_; _— [}

E:j = = g = {r:!'-dj{‘a"]j = ﬂ;.:: {j"}:}}
Fp=Tg= {r,u;[a*jj - r.:a; {35}}

g1 = E[.l'ﬂ A {r,:.s]__klirj;l} - D) _,,,l{rjﬂ}}]

(24.1)

124.2)

(24.3)

(24.4)
{24.53)
(24.6}

{23.1)

(25.2)
(25.3)

25.4)
(25.5)
(25.6)

(26.1)

(26.2)
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2 =H1[".-. =g ‘["‘f" wal¥jez) = 2w 2wy, }}]

St e {-"ﬁ'«'i_-;-:{'ﬂ'j-;-_} - ﬂ-'lj -:{Tj.;.:jl} (26.3)
;> kD (26.4)
]1-[ - LD {26-5}

Tiuz = m 26.6)

-

esse 3.7 if % > 0,90 > 0,95, > 0.8 >0, g, p=0and g5, =0

Ejel =-E|:’.=..‘ J o {’l"’jﬂ"r-?‘j—l} - m3+r(?§+l]}]
Fa—g= {-"5"-"_'11-1'[?]-.-5} = 5_""""llj+1'[3'j+1:|} (27.2}

Cipa =& [Ty =g — {"’l"“;+2{“-?"j+21II — T, L a(¥az) ]

Fa—Tg= {rl"""j-rz{?'j.—'I} = ﬁ”] +3(‘ﬂ'-+3]} : {EI'?.S}
¥, = KDy (27.4)

Ajer 2R (27.5)
7iia D (27.6)

gase 3.8: if v, > 0. %y > 0. 740 > 0.5 =0 ¢, =0and e, =0

Fa=Mm= {fﬁd}fﬁ’j) = ﬂ-ﬂ':, |:3’_:_J} (28.1"

[ ;
Ejt1 =-'3["ﬂ. =8 Sem 'lr[""jﬂ‘:?j-::' B n”j+||:?f+1}}1

L ) e {-”1”}+|{?J-r;|} = -'1"}+1{3'j7|]} (28.2)
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i = fripealien) - 5 a0} (28.3)
<D (28.4)
toy > KD, (28.5)
%02 > KDy, (28.6)

Just as in the ome and two-period models. cases 3.1-3.7 can be eliminated

use of imternal inconsistencies with either ¢, > 0. or g > 0, or ;.

This leaves case 3.8 as the only consisient ser of equations that would define the

ima, Note, specifically that such optima is characterized by the system:

ra - re ={refs) - m: {-a-j}], implicitly defining ¥;
Ta = g = {1 (e1) - s 4y (71 implicitly defining .,
Fo— g = _rf‘pj_'_:[?}_'_z} - f.h:.l] +1{Tj+3:| |H'.IP!'i.EEE[}" defining Tj+2

first two of these equations exactly solved the optima in the two-period model
the first equation was found to be the solution in the base one-period model.
It s obvious therefore that the model easily extends into several periods where
$e optimal solution in any particular period remains otally unchanged regardless
of the roral number of periods invoived.

The solution is stationary in nature. The same optimal rule is applied 1o
every period and such rule is dewermined exclusively by the trading signals
reflected by interest rates and the probability of illiquidity. [t is not cssen-

sal that the rates are kept comsmmr overtime and this particuiar AsSUMpPLion s
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used purely for expediency. Indeed. tme subscripts may be added to all the
interest raes in the model without conseguence.

This seems 1 suggest that the particular structure of the bank's portfolio
i« not relevant upon the optimization.  This result relies heavily, however, upon
the reliability of the respective Interest raies [0 CONVEY all the incentives thal
define the :radr::uff perween hoiding the marginal unit of resource as either

reserye Or [oan.

1.4 An Explicit Specification of a Markov Process

It is not obvious from the specification of the model thus far how the choice
of reserves in one period directly affects choices in succeeding  periods.
Clearly, the result of a smtionary solution must be taken in the context that
there is an evident link across periods that sufficientdy relates the choice
variables. In short, the model may be susceptible to false dynamics if the only
real intertemporal dimension it maintains is the discount process.

Consider again the allocation comstraint in (12.4).  Since the following

equation of motions hold:

Wo- W= 29)
D; - Dy =rplys - § (30)

it must follow that:



e [uf + gj] + raE T TRE - 8 - Jj {n + ,-,{aj_aj}} fis) a5 (31)

Writen in this form. it becomes clear that the choice variables are in fact
dynamically linked since the available resources in the succeeding period is fully
dependent wpon -the resources available at the beginning of the current period, the
choice variable in the current period and any illiguidity cost incurred from main-
taining that choice vis-a-vis the random variable §; MNote that (31) qualifies as
a Markov process because the current state fuily summarizes all the relevant
informarion needed in deciding the smte in the succesding period and that the
"one-step transition probabilities” would be independent of the specific periods
in consideration since f(&) is time-invariant.

Collecting similar terms and using (12.3), we then find that:

W T ¥y ={+ F_,.:I'{WH - D_;.L} = Ay = -"'R:I’a’j. - G

L=

- aur) - [ nien) (6) ds (32)
¥

implying & two-period maximization of the form:

ME..‘I’. = JI_EI . ﬂn_:."'l
TJ1?._-|J-|
=mL“‘]—.l + Dy - Ti] + ry¥; - rpll, - Qe
rE z
- | nlEpa) i8) @5 + B, [WH + D, - TJ] [1 H__,_]
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+ Er.ﬁ.{i +.|"__."':|3-'J o Br.ﬂ,n‘:dj(?j} - ﬁr_r._J_s r1{'l'-7"j—3"}] ﬂ:-ﬂ dd
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]

Brd; = Braviuy + Breaje - Brpb);

(=T

- B () - B ) £6) d8 (33)
¥ien

Solving through the Kuhin-Tucker conditions, the solution will then be:

ry - g = {rla) nu'j{rj]n} i (34.1)
ra = T = {ree (T - ﬂw;H{:er}} (34.2)
wj = ki (34.3)

Tia1 7 kD (34.4)

which are the exact same optimal values found in (17).

Given the results in section 1.3, it should be clear that the solution with
the Markov specification extends directly over several periods. Thus, not only
has the solution been shown to be stationary, il is now evident that it will, mn
fact, be the same regardless of whether the allocation constraints are re-written
to prominently reflect its Markovian properties.  Using the terminclogy in Kreps
(1990), we now characterize the optima to be Markov stationary. [t is worth re
emphasizing that the "Markov® component arises out of the allocation constraint
which is binding. Since this is the case, the "stationary” feature 15 obtained
since (he bank essentially faces the same problem in every period, contingent only
upon the contemporancous resources it has on hand, the latter subject to the

Markov process discussed above.
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2. Long-Term Loans: Fixed Maturities Beyond One Period

- The model has thus far treated loans as an aggregate.  In practice, It s
clear that "loan instruments” is an array of highly differentiated products  that
vary according 1o (1) the different calegories of clients involved {ie. across
the high—_::'mlc-]nw-riﬂk spectrum) as well as (2) the individual characteristics of
cach loan contract within the same general category of cliemts. This distinction
between different specific loan instruments has not been critical 1o the reserve
decigion thus far because the obvious concern of the latter is simply a rule that
calculates the optimal reserve pool, irrespective of how the balance is allocated.

The bank has also had the luxury of explicitly collecting the full principal
of its loan disbursements at the end of every period. In reality, banks have much
less freedom to work with because (1) there is always the uncertainty of defaulls
and (2) it is much more reasonable to observe loan contracts extending over
several planning periods. ‘This has the obvious effect of restricting the amount
that can be allpcated in every period since a portion ol its total resources is
either non-collectible or effectively pre-committed.

We now extend the model by relaxing the assumption that loans are homogencous
instruments that are redeemable with certainty at the end of ome period.  In par-
ticular, we consider the case where there are two types of loan instruments that
are differentiated by maturity and rate of return,  The first type of nstrument
ic a shori-term loan comtracl, e, that maintains a fixed one-period maturity and
commands a loan rate ry. The other is a longer-term instrument, wy, wilh a two-
period fixed maturily that is offered at a re 7 5.

It is assumed that the full amount of the long-term loan is provided lump-sum

by the bank in the period that the loan is transacted. Long-term loans are not,
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however, dominated by short-term loans because its rate is defined o be greater
than “the short-term loan rate by the usual term-structure argument. In short,
dishursing a short-term loan over two successive periods will remain inferior w

allocating the same amount through a two-period long-term loan since F:.; > r,. In

cxchange for this premium, r - the amount involved in the long-term loan is

s J‘i,
pre-committed over its lerm-since the bank provides the full funding upfront--it
i therefore unavailable for optimal allocation in the succeeding period.

The array of asseis available to the bank now involve reserves, onc-period
loans and two-period loans which will have o satisfy '[hE.II'_‘SHUI'{Zﬂ COnSITaint:

m? + :r.rg = k- (35)

Any increment in the reserve pool will have to mean an equivalent decrement in the
loan portfolio. I the composition of the loan portfolio between short and long-
term loans is uncorrelated with the corresponding decrement then, the distinction
between these two forms of loan instruments is benign and inconsequential to the
reserve decision. The invariance of the composition of the loan portfolio w0 the
level of reserves suggests that the corresponding decrement may be fully absorbed
by any weighted average:

bel + (I-be ¥ O=b=I (36)

However, since:

@ = l:lr.t"; + '[I—!:r}u:'j' where -g% =} (37)



then satisfying the fixed resource constraint:

5= 2% = W B i SR 38
T ~omy ok R g e e S (38)
a ] L
. o o TR .
creales a problem because neither — ; nor ——— is formally meaningful.
I ]

Consider now a simple allernative. Define 0 = 2() = | 10 be a variable in

2 Al

peried | othat is inversely proportional w0 o, i T < 0. Let xiwy)
L]

indicate the manner in which the composition of the loan portfolio is affected by

the reserve decision such that:

& s 8 Adr)
= = on] e ——td
57, I 77, @, (39}

L
a2
g

e

The intuition is that the bank would prefer to have relatively more of one-period
rather than (wo-period loans in its lean portfolio to coincide with the initiative
of increased reserves.  This 15 neither a particularly restrictive assumption nor
a strangely artificial construct.  In fact, this simply capitalizes on the dis-
finction already made between these two loan instruments: a trade-off between the
higher profitability of long-term loans (i.e. the premium 7} ri}l against the
greater liquidity of short-term loans (i.e. the difference in their fixed maturi-
ties). This is exactly the same trade-off that is generating the allocation prob-
lem in the first place: a choice between profitable loans and liquid reserves.

Given the above, the shortest meaninzful horizon for the model would be two
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periods. - Taking the case of three periods, the maximization will be of the form:

o
L , - i =
MH.I. = ."i..lcr.:_' o r_;'l.'-\'.j + FR.TE' - 'rDDi-] = f {n v r]{a_l_j-_l}} ﬁ:ﬂ] asd
'3'313"5,..4 T;

L L L L . 5 8
+ Broo; T ARy T OBRE Ly T BTy - -HrDDj

e i {:z + Kid,, 75, J} f(5) da

j+1

2 L L W g B L i 2
+ I'?u-"k“‘-jﬂ T BT T BTt By - Bl

_ ,.g:-!; {g LR CREn SO (40)

subject to the usual constraints on the mandatory minimum reserve level and the

following allocation consmaints:

L , .
o+ =0y + Wy -eiy = Dy + Wy - e (41.1)
&y + N =D + W, - = D, + W, - Ag (41.2)
] L ,
Gy F ra =D + W -2 = D + Wi - Mo (41.3)

Motice that iIn (40) two-period loans explicitly generate nominal Inmerest revenues
Fot in period j and j+1 and kb, in periods j+1 and j+2. T
of the amount rya; in period j and j+1 and rge;., in periods j+1 and j+2. The
rate used, ry, is therefore the simple annualized rate that corresponds to the
stated rate Fi over the two-period term such thar ry - r_i is effectively ambiguous
in sign. The allocation comstraints subsequently impose that the disbursement of
these long term loans are honored by the bank. These constraints then allow total

lpans to be implicitdy defined as:

-E'L;,,'Ib?UD-"

/'epstem

. T ": i ".'I""-|':'!'.'ﬂ_
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Ej{?'j-?'_'l_]} = Jlj_i.] + WJ'_'. = :"-j_]{'ﬂ'j_]}“j-]li?'].]} =¥} (42,1}
"jvr':u'r_'~+|=3'j]' =Dj W= hj{?j}ﬁj(?-’j] = ¥yt (42.2)
n'j+2{3'j+11?']+|_:| =-D_,+'| + “’rj.p] - :"-i.n.]':?'_l.-'|::|"-"'-_i+a|:?'_'.+|_] R {42.3)

=

Applying the Kuhn-Tucker theorsm, the solution can be then found to be:

e

# Cteniily 1. 5 r

*

-

s ri] [0+ 2 [vies - ) @3.1)

L
&

4
‘ & L slf.-
rﬁ*‘j+|'[?'j+1} - O 1-14:3’;-.-1':' Rl kbl | :".p.] Agri®ieg — :*,-n] - Tr

& Hz[-’k o rf_ [] = :mj;:] [.1'“1:5,1 - :aj_[] (43.2)

T Y D L o(weg) = f'i = [f'k = f'i] r:':j—-:*"'iyfr. = ?15—1] -y {43.3)
2 > KDy, 43.9)

yia BRD; (43.3)

B R (43.6)

To properly evaluaie the modified optimality condition, consider the first
mwo terms in the righi-hand side of (43.1). This is easily imerpreied as fore-

gone earnings from currgnt-period loans,

&
R 3 — o ) :
- [L] Pim-a) = k- + Amy >0 @8
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Lz i . g . - .
consisting of a base return , on one-period loans plus the weighted incremental
return of long-term loans over short-ierm loans, The lamer is a consequence of

the fact that having finite resources forces reserves and loans to be direct sub-

a !
s:':tuu:s,—.w{:-“{i=—1,such that:
l:i":i"j
-8 wly) - aa(r) - & allx)
e o L S s 1 B (45)
aTj a?j '7]3-] -

Stated differently, every unit invested into the porzfolio of current-period loans
cannot do worse than the return on one-period loans. [n addition, a proportion of
the interes: premium, .r":;l - r_i = {), accrues because the awvailability of an extra
unit investible in the loan portfolio is a unit taken away from reserves. implying
an increase in Afy;) and a concommitant shift towards long-term loans and away
from short-term loans. The full premium imelf is not gained for as long one-
period loans take a proportion of the loan portfolio. Conversely, only i would
accrue if no two-period loans were carried in the portfolio.

Note that foregone earnings from current-period loans is not invariant w e

aemual level of reserves held. For convex and linear forms of EREOR

- : = (7 - Ajlnley (46)

Fadr)
S

a?j

will be unambiguously negasive. Depending on the assumed sign of



28

is, in -principle, feasible for (46) w© be positive over a local or global range of
y. For the simplicity of avoiding having to make such specific assumputon about
Afz), we assume aside this possibility and leave {46) as being in general
negative in Sgen.

Consider now the last term on the righe-hand side of (43.1). Whereas the
first two terms focused upon the interplay between short and long-term loan rates

in the current period. this last term can be shown to reflect the effect of loan

pre-commitments that span beyond the current period since:

b i B
-E{,-;; [t 3 [5e-2) = E{ri— rﬂ] [+ 3|22 | @
- |
This term is ambiguous in sign. implying that marginal cost could either increase
or decrease with loan instruments that span several periods depending upon the
sign of the annualized spread ri - 73.
To better see the source of this ambiguity, it is helpful o view (47) In ns
two components.  First, it i5 tautological that the decision to invest into
reserves in period j is a simultaneous decision to give up peried j-+1 returns from

period-] two-period loans. This is reflected in the expression:

L

sl
—fﬂrk[*"‘l*‘r *:] = gkl "5 | > 0 (48)
1

which directly comes out of t=king the derivative of the second period return,

E.r‘ku'.]j', with respect o the choice variable y. This is plainly foregone revenues
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and therefore can only increase marginal cost and hence reduce oprimal reserves.

Second, the same marginal increase in reserve will mean that a poruon of

L

e . was not allocated as long-ierm loan in period j.
|

this exra unit,

This has rthe subsequent effect of expanding available uncommimed resources in
period j+1. Wsing (42.2) and taking the derivative of discounted interest

revenues 1n period j+1,

? ['Eri“]j‘“ + B ‘] - 8 o)
- —B[rlglj_, - r':{l—h.j+1} I LS (49)

33 L i

reflects the marginal income in period j+1 that would accrue because of the extra
unit of uncommitted resource carried over imto period j+1.  Since {-ﬂlfl 5 & po-
tential revenue flow, it must serve to reduce the marginal cost o the bank in
period j, inﬂepcndr.:m of actions taken in period j+1. Cereris paribus. this
implies an offsetting shift away from reserves and back o loans.

The expression in {47) is the sum of (48) and (49). With all other sub-
expressions determinate in sign, the net direction of these wo opposing effects
will ultimately depend upon the sign of the spread Fa = ri. This follows from the
fact that available funds may either be pre-committed in the preceding period &t
the annualized rare 7~ or carried over for allocation into the loan portfolio i
the next period. The lawer channel of allocation is. however, expected 10
provide a rate of remrn at an average of the rwo loan instruments. Which of
these channels prove o be more profimable clearly depends upen the magnitude of

the annualized rage r"; relative 0 be average rale riﬂ.i,., + r_i{i—aj,,}. The
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spread ry — ri completely summarizes this comparison since a positive (negative)
spread- would always mean that the annualized rate Is greater (less) than the ave-
rage rate, for 0 < X, < L

For lack of bemer terminoloay, we refer to (48) and (49) as the commitment
and option effect respectively of having muiti-period loans. Depending on whether
resources are committed as equity leans in the current period or freely carried
over into the next period (by allocating them as current period reserves), optimal
reserves will either be lower (commimment effect) or higher (option effect) than
the inmaperiod optima found when all loans were smictly of a one period maru-
city. Furthermore, as the bank is increasingly willing o offer annualized rates
lpwer than fixed one-period rates. r‘; = 5 4+ < for >0, the concomitant increase
in optimal reserve holdings can be inerpreted not only from the perspective of a
decline in the profimbility of long-term loans but also reflective of the
increased flexibility that the bank mainwmins in aflowing resources [© be uncom-
mitted.  This is an important exiension, particuié.rly in a wvolatle financial
environment, beczuse it can explain why a bank may choose to offer relatvely
lower annualized rates with longer erm loan instruments.

The above analvsis clearly holds for (43.2) as well. [n fact. a general M-
period model will lead to the same functional form for marginal cost over the
first N-1 periods, each of which reflect the (1) foregone earnings from current-
period, (2) the income-commimment effect and (3) the income-option effect. [t
should not be surprising 1o find that if long-term loans were defined [0 span over
T-periods, the respective within-period expression for the marginal cost of
reserves will account for the income-commitment and income-option effects over the

succeeding T-1 periods as well. Finally, in the general model under N-periods



with T-pertod long-term loans ¥ N>T, the terminal period opuma reflects only the
weighing of the short and long-term loan rates. This should be obvious since by
definion there s no further period 10 consider o weigh the commitment and

option effects.

.

3; Effﬁ.‘c_l' of Interest-Rate Shocks

Since the solution takes into account the possible effecs of two-period
loans m the succeeding period, inrerest raie changes will have a more pronounced
dynamic dimension. One certainly expects that the uming of the mterest change
will he important in determining net results if only because across-period arbi-
trage possibilities are evalvated by the commitment and option effecis.  Given
further the ambiguity in (47), it i3 not at all obvious then how optimal reserves

respond 10 vanously-tumed interest mate shocks.

3.1 A Permanent Increase in Loan Rates

The particular revenue created by the exmra unit of resource has been shown
in (48) and (49) tw be critical in determining the effect upon opumal reserves.
Relative two the case were all loans had a fixed one-period term, the equilibria
under multi-period loans could either be higher or lower, depending upon whether
the substitution or income effect dominated. Defining '_r:_j o be the solution in
period j, for all j<T-1, for a portfolio made up of sirictly one-period loans, the
use of multi-period loans will imply two possible equilibria Té,j < 1";4 et '_r;,._j
where "C" and "0" indicate which of the wo effects dominate.

Congider now an exogenous and permanent rise in loan rates. known o take




effect beginning period j. In this period, the increase in both rioand ro will

change marginal cost by the magniwde:

-8 : - 8l
L+ [lL_e[u.miﬂ]][a“__aj - aj] S Bl a[l-aﬁ,]:_r;‘:;j”-:' (30)
1
- 8 wjin) - & al(x)
" [t +.-3{l—hj, ,ﬂ {:1‘34:% - .’L_-IJ = TjJ + H{l—ﬁ.j,l]a—;jj- (51)

both of which are unambiguously positive. This simply states that the stream of
future revenues will now be unambiguously higher at that present level of loan
exposures, lan@amount 10 a consistently larger foregone return should the alloca-
tion be made towards reserves rather than loans. Reserves can only be more
costly ar the margin with the higher loan rates, inducing a decrease in reserves.

If both loans had a fixed one-period term (but somehow differentiated in
other meaningful respects), an incréase in the loan rates would clearly generate

an ncrease in the marginal cost of reserves:

- E-D:L B
= == . - SHN £32)
a2 r_k #
5 L 5 .

d ry [.r,l ra][ljm—lj]—rg_ % o
= MZ = r —
= = = e _.5.?’— = (23
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and therefore reduce opuimal reserve holdings. Note, however, that while any
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exogenous and independent increase in either ro or 7, would correspondingly

L b1
it f-'-‘:,'[?_'l} i - 'Ij{'ﬂ’j.:'

1 =
i 7, respectively, the relative

increase marginal cost by
magnitude of _these derivatives will depend upon the level of Ayly;) since

L
-4 'Ij{'-rij

T is ielf positively correlated with  Adr). Thus, for higher
i

{lower) values of %;{y;), the effect upon the marginal cost of a change in .-JJ; will
be ercater (less) than the any equivalent change in ry.
The last point is worth some emphasis. Again, assuming only ong-period loans

exist, the optimality condition can again be written as:
r{?’j} - -"ﬁi‘j{'ﬁ"j} = m}{?’j) - -i"_i = {r-.a - ?‘:] [lljn'j - 'H"J] - (34)

where the implicit function theorem allows us to derive:

a F{TJ_} - & n'.J-'[Er)
i S [t
5 - i f _
R = - < 0 (53)
dr, & ) _ 3 “_%{Tfj:‘
e ."'_!; g ?’j

This downward sloping function represents an array of ordered pairs in rl;-fi space

where inverse changes in these rates offser w keep the level of opumal reserves

L
-4 u::?{'arj}

constant,  This array will not be umique to Ajy) since —z— varies pro-
I

portionally with the level of Afw).  In partcular, (33) will be sweeper for
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lower - values of Ay} and conversely flamer when the loan portfolio is mainly
made up of equity loans.

In a "good" state of the economy where banks can afford w0 be substantally
exposed (o #he capial (long wrm loan) marker, a decline in 75 need only be com-
pensated with a less than proportional increase in .lJ; to avoid any change in the
reserve posiion. A full increase in r that maiches the decline in will serve to

~
reduce reserves, increase loans, increase the proporton of funds n eguity loans
and subsequently increase the profimbility of the portfolio.

However, the power of the rate r_i in the secondary reserve marker becomes
dominant when the economy is in a “had” state and where banks are more concerned
with liquidity than profiability. In this smre, banks keep a high level of
reserve and complement this with a loan portfolio that 15 predominantly in the
form of secondary reserves. Any subsequent decrease in ri that 15 fully matched
by an increase in r;: should imply a shift away from loans and into reserves, rela-
tively away from equity and more towards cash loans, mncreasing the bank’s Tiguid-
ity position but at the cost of a portfolio with lower profitability.

The presence of loan pre-commitments subsequently adds the respective last
terms to (50) and (51). Both of these last terms are clearly positive in sign.
suggesting that the rise in marginal cost due to an increase in ry would actually
be lower with multi-period loans than with pure one-period loans, Increases in
r’;, however, will now find thar marginal cost will increase by a relatively larger
amount than if no long-term loans exist.

To see why this is the case. it is again convenient to decompose these added
terms into distinct option and commitment effects. The rise in J‘i in particular

will end to increase the weighted loan rate in period j+! taken from the perspec-

—
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tive of period j. The decision not to commit resources in period j is made more
auractive by the flexibility provided by the opuon effect described above. This
s pn:::is:]f why marginal cost rises by less with multi-period loans when ri 15

increased, with the difference exactly measured by the erm:

_g[i_am};—aﬁﬁ < 0 (56)

C'?'j

The iz In ;rJ:;l is a lictle more complex. On one hand, higher rates on long-
term loans means higher second period return. This potenual income has been
shown 10 imply a shift away from reserves and into two-period loans. However, the
same rtise in ro aids the opton effect by increasing the weighted rate on loans.
For all period j where r],,: is higher, the higher weighted loan rae will be felt in
both the current period as well as for the next period, discounted appropriately.

Thus, the last erm in (51) is an aggregate for the pure commitment effect:

- 8 ol

- 0 (57)

and the result of the rise in rh that helps fuel the option effect in the succeed-

ing period:

T
- -:t:.{a'jll

- A -
By —

Since the (absolui= value of) lamer measures the rise in the weighted loan rate




per umit increase in r’:,. the appropriate weight 0 < a,,,; < | puaraniees thar the
pure commimment effect will more than offset the indirect contribution of rf to
the option effect. Subsequenily, one finds that increase in marginal cost will be

higher as mult-period loans take effect.

3.2 A Temporary Increase in Loan Rates

Some ambiguity sets in if any increase in interest rates would be seen as
emporary. Consider, for example, the case where interest rates jump in period

j+1 but rewrn to their pre-jump levels thereatier:

SRR ; = g 5 _ & .5
11'i,j+1 > {i’a,j = Faj+r - = "'];.r} and Ty e > {".-x,. e r.ﬂ.,T}

If this iz foreseen by the banks, this will be programmed into their deci-
sions beginning in period j. Unlike the permanent increase in [Interest rates.
however, the immediate effect in period j is only upon the potential revenue flows
expected in period j+1. In short, only the terms defined in (56)-(58) are
involved. Consequently, the one-time temporary increase to ry ., and ry ;. will

respectively affect marginal cost by:

-4 '1'%{:"]:'

ﬂ[i-ajﬂ]—a 3

= 1 (59}

.
|
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It is of some surprise o verify that unit changes in both loan rates will in
fact Fui.l:.r offset each other, requiring no change in optimal reserves in period j.
This follows from the fact that the increase in potential second-period income
from period-j long-term loans is exactly equal to the increase in the weighted

lcan rate in period j+1:

|
sy - 5 o
R 4 - a[iri;hw + ari{t—ﬂ«ﬁ.ll Ll (61)
j %
for all dry = |:‘i+'uj+] o :JA,,-] x [fi,m 5 fi,j] = dry. Unequal increases in ry

and 5 will of course lead to a decrease (incresse) in optimal reserves if the
commitment effect is greater (less) than the option effect, thar is, if d_rk is
sreater (less) than dr,.

In period j+1, the higher rates wiill only affect the contemporaneous weighted
loan rate. Rewriting (43.2) to explicitly denote time subscripts and using the

relationships defined in (44):

- do ., g - dx’
- 1+1
rLa;+l —— 4 Fajet =3
@ Tt Tie1
)k & T [‘ g mf*:'ia'jﬂ"-' (62)
+ B |Faj+2 — T j+2 t Az 5 =
l Tj+1

it is clear that the rise in at least one—if not both--loan rare(s) will always

increase period j+1 marginal cost:




-

N i e (63)

jT]

regardless of ‘_r.h: absolute magnitude of the individual incremenrts. Unambiguously,
this means that period j+1 optimal reserves will always be lower than what would
have besn allocated without the temporary rise in rates. Beyond period j+1,
reserves rise back o their level before the rate change.

By extension, a temporary one-period rise in inerest rates s seemingly
equivalent to separating the intraperiod effects of a permanent increase outlined
in (50) and (51} into two adjascent periods. The key difference, however, is thar
the permanent increase will lead w a decline in reserves for all periods,
urespective of the magnitude of the rate change. A temporary increase, in con-
trast, will only have this effect in the second of the adjascent periods and may
have no effect in the first. The ineresting consequence of this difference is
that judicious use of a policy that wemporarily changes loan rates by the same
increment allows banks 1o optimally decide on its reserve position as if it only
carried strict one-period loans even when it maintains two-period equity loans in
its portfolio. The focus is then limited (and simplified) to the effect of the
rate shock on the conemporaneous weighted loan rate, not required to consider the
expected future sweam and the balance berwesn the substiution and income

effects.,
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4. A Summary of Key Resuits

The standard bank reserve model is extended by explicitly introducing the
dimension of time. This feature has not been addressed in the literawre which
seems to, be a wvery surprising omission given that the concensus view of this
limancial institution & that of a (differentiated) microeconomic firm maximizing
over terminal wealth. To allow for direct comparability, the key features of the
basic staric: model ‘wre all retained, subject o convenient, if not unavoidable,
changes in notation. The bank continues to maximize current period profits but
now in addition to the discounted stream of future flows.

The results indicate that the solution across periods is stationary.  The
same optimal rule will be used by banks o evaluate its best possible reserve po-
sition, dependent upon the same set of wvariables, structured in the same marginal
condition for each of the periods considered. All the information needed by the
bank o make its choice is embodied in the various interesi rates as well as in
the penalty structure that instimtionally defines the cost of illiguidity.
Meither the contemporaneous level of portfolio variables nor its comparative
levels in previous periods become relevant to the optimal rule and this follows
from the perspective that at the margin, prices fully reflect trading incentives
and penalties.

The stationary solution is in fact qualified by an even stronger feature: the
intraperiod optima will be exacily the same as that in the smnc case. This Ii-
terally sugoests that the optimization in a multi-period horizon can be taken as a
series of repeated one-period models, leading w the same ser of optima. This
resuit was shown to be robust, particularly when the allocation consmraints were

modeled explicitly as a Markov process. Thus, irrespective of the length of time



considered and regardless of the accuracy of choices made in previous periods. the
probiem of optimizing the reserve position of banks ultimately does become an
issue of evalvating within period incentives.

The-reason for this is quite swaightforward and simple that it is easy (0
overipok. Financial statements must always balance ipso facre and therefore banks
can only allocate what it actually has in resources, not what it ¢xpected w find.
SuhsmuenuyT even though an array of opumal reserves can be conceptually be pro-
jected over M periods, it is a fact that the guess for a particular period will
have to be either correct or incorrect, the comsequences of both of which the bank
must absorb into its financial position before it can proceed to the next period.
It is the updated and balanced financial position that it takes into the beginming
of the next planning period for allocation. Regardless of what had happened in
previous periods, the acual holding of resources must stll be allocated. Hence,
the total asset position at the beginming of any period already fully summarizes
the history and consequences of previous choices and the only new information for
the current period are then reflected in the incentives the bank finds in the
interest tates and the penalty strucre for the period. [t is this overlooked
but binding process of financial balance. updare and revision that induces the
Markov stationary solution.

Against this backdrop of intertemporal optimization, the mode! looked further
into the loan portfolio with beter dewail. The model is further exiended 1o
account for the possibility of loans with fixed terms beyond one planning period.
This means that resources for these tvpe of instrumenss will have to be pre-
committed by the bank and thersfore would not be free to be allocated over the
perid in which the muitiperiod loan is in effec.  The resuls lead w an
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ambiguity as to whether optimal reserves would cither increase or decrease. This
" was explained in terms of the competing influence of an income-commitment effect
and an income-option effect. The former would reduce reserves because therc
multi-period loans provide multi-period revenves and thus more will be foregone
with®a decision to invest marginally with reserves. However, this brings about
the option of arbitrage across periods which induces an increasc in reserves,
Every unit that is actually invested in reserves is a unit that can be freely
allocated in the succeeding period.  This lack of pre-commitment would then be
priced at the margin at the average rate expected in the next period, lowering the
current period’s marginal cost for reserve holding,  Subsequently, how the two
competing effects balance on net depends exclusively on the magnitude of the
raics, comparing the nextperiod flow from \wo-period loans versus the expecied

return from freely investing in loans next period.



