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. Abstract

It is shown that the competitive equilibrium path is unstable
! in the basic model of endogenous growth with increasing returns.
An extension of the model to include physical capital accumulation
geparately is also unstable.

JEL classification D90

I. Ineroduction

Eomer (19EB&) started what has since been called "endogenous
growth theory" (Hammond and Rodriguez-Clare (1993, p. 392); see
alsoc Helpman (19%9%2) and Lucas ({(1993) for other surveys of this
literature, and Solow (1994) for a historical perspective). That
paper presented "the basic model"” (Romer {1986, p. 1034) of
endogenous growth with increasing returns to knowledge (or
kmowledge and physical capital in fixed proportions). The present
paper shows that the competitive equilibrium path is unstable in
that model and also in a natural extension of it that has a

separate physical good.
II. The Basic Model
Let there be a large number N of competitive firms in the
L]
economy. The representative firm has a production function Flk,
E, x}) where k is its firm-specific stock of knowledge, K is

aggregate knowledge defined as K = Nk, and x denotes other




inputs specific to the firm. It is assumed that F is concave
homogeneous of degree one in X and x given K, and convex i
K. Suppressing the fixed x, wrice =£(k, K} = F(k, E, x).
representative consumer, who owns the representative firm, c

inerease the firm's k by investing in research:

k/k = gl(£f - ¢)/k) : (2.1}

where ¢ 1is consumption. It is assumed that g’ = 0, g'‘ < 0,
g is bounded from below by g(0) = 0 and from above by «
congt, and a normalization puts g'(0) = 1 to £ix units of k.
The consumer has a concave utility function and a rate of ti
preference 4§ > a, and he wishes to maximize !Dmu:c{tJ}EJHﬂ:
subject to (2.1), given the path X(t), ¢t >0, and ki(0) = 0.
The current-value Hamiltonian is H = ul{c) + lkyg, and in order to
solve the consumer’s problem it is necessary that there be a pat

Af{t), £ = 0, satisfying
=84 - Alg + (£ - (f - c)/k)g’] (2.2)

whers £ denotes the partial of f with respect to its first

argument, and the transversality condition

lim A{tl}kitle™™ = 0. (2.3}
oo
Letting kT (L), £ = 0, denote a solution, a competiti

equilibrium (or CE] path requires the given K(t) to be such tha

Klel = Nk"(t}, <€ z 0. Romer (1988) gives sufficient conditi



for a CE path where x and ¢ grow without bound, and we will
take it Chat those conditions are satisfied. Among those
conditiong, one puts k as that value of k such that £ = &

for all k » k, a fact to be used shortly.

In the phase-plane with k on the horizontal axis and XA omn
the wvertical, the upper boundary of the region where é = () can be
called the % = 0 curve. At a point on this curve, gi{0) = 0 and
g"(0) = 1, 5o (2.2) reduces to A =A(d - £) <0 if £ > &, and
therefore the 1 - 0 locus must lie above the k = 0 curve for
all k > k. The CE trajectory may be upward sloping (see Fig. 1la),

in which case A1 = 0 along the trajectory and hence the latter
lies above the 1 = 0 locus, or downward sloping (Fig. 1b), in
which case it lies below. Our aim is to show that the CE path i=s
unstable.

Supposgse in Fig. la that some adventitious event puts the
current peint (k, A) slightly below the CE path. Writing 6 = ifl,
instability is shown if at the lower value of 1 (and the same

value of k), g/8 is higher, i.e. 8/g is lower. Since by
dH/dc = u'{ec) - Ag° = 0 (2.4}

a lower 1 dimplies a higher ¢ or a higher g', and the latter
implies a lower g hence a higher ¢, a lower A is eguivalently

a higher ¢. Thus we need to show that

38/g) /e < 0 (IC)



holds. If a disturbance puts (k, A} slightly above the CE path
in Fig. la, instability follews if at the higher 1 (lower c) r |
8/9 1is higher, which is the szame instability condition (IC). 1In
Flg. 1b, suppose (k, 1) is slightly below the CE path. The
latter is unstable if at the lower A, the absolute value of B8/g
(i.e. -8/g) 4is higher. This is alse (IC). Fimally, if (k, &)
is slightly above the CE path, instability is shown with -8/g

lower at the higher A, which is (IC) again.

From (2.2},
Big = 8/g - 1 - (£ - (£ - c)/klg' /g

and straightforward calculations give

di@/g) Bg’ - gg' - (£, - (£ - c)/K)ig'g" - gg'")
= e [2;5}
de gk

In the Fig. la case where i} 0, {2.2) implies &g’ - gy’ - (f -|

(£ - el/k)g’'g’ > 0. Thus (2.5) will be negative if (€, - (f -|
c)/k) is positive and sufficiently large. To see that this will|
be =o, _ﬂb_serve that the investment £ - ¢ increases k by the‘
amount & which increases £ by the amount fkf: = £ gk. In effect
there is an investmenc-output relationship such that (£ - c)/k =
£g9. MNow since £, is increasing with k and K along the CE
path but g (which has an upper bound & < 4) can increase only
fractionally, £ must increase more than (f - cl}i_r This means -

42 5) negative

-

that £, - (f - ©)/k will increase with k, making
for k large enough. In Fig. 1b case whers i = ] -2) implies
bg* - gg’ - - {f - cl/Klg'g’ < 0 and il iate that
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(2.5) is negative. This confirms (IC), and we conclude that the CF

path 1g unstable,

III. An Extension
A simple axtension can be made to ineclude the accumulation of
piysical eapital or "machines" separately. In order Eo have a
minimum of changes from the basic model, assume that machines are
measurad in Che same units as the consumpticn good, and with mi(0)

= 0, lak

-,

h = mmf [k, K) Ve %]

where r is the fraction of labor allocated for the production of
either the consumption good or knowledge, m is the number of
machines, and £ now excludes machines among its suppressed

arguments. Instead of (2.1) we now have:

K

kgi{th - c)/k) {3.2)

m= (1 - rinEik, K. (3.3

]

Writing H = u(e) + 1kg + A (1 - r)mf,

dH/dc = u’ {e) - lg =0 (3.4)
OH/dr = Amfg’ - Amf > O (3.5a)
=8B IE o1 (3.5h)

i

i =84, - 4 [g+ (b - (h - e)/kig’] - L {1 - Dimf
=64, - A [g + (mf - (rmf - c)/kig'] (3.6)



= using (3.5b) to eliminate A4,, and

i
LY

#

A, = &1, - A, {1 - n)f - ..'-L;I‘.Eg"

t = A, (8 - £) (3.7)

using (3.5b) again. There is a CE path if, in additien to (3.1) -

13.7),
£y
4k lim A {tikiple™ =0 (3.8)
==
air . Fe
lim liﬁt}mitle = 0. (3.5
2hx BT
Condition (3.8) is essentially the same as (2.3), and in view of
(3.7). which says chat A, falls to zero eventually, (3.9) is
e satisfied. The sufficiency conditicns for a CE path in the basic
B model thus give a CE path in this extension. Notice that if r =
e 1, the A, term in the Hamiltonian vanishes and we have the basic
i model with a constant m. We will therefore suppose that 1 < 1
€

: in looking at the question of stability in what follows.

Consider a point on the k = 0 curve in the [k, 11} phase

plane. Referring to (3.6), one has i = A -mf) <0 for k

i

large enough, so the A = 0 1lpcus lies above the k = 0 curve.
The earlier discussion about the CE path in the ™k, i} plane can
then be repeated almost word for word. Writing O, = A /A, we

show first thacr 4(8 /g)/dc < 0. From (3.8},

¥

B./g = 8/g - 1 - (mf_ - (rmf - e)/klg’/g

[T
£l

di8, /g) g’ - gg* - (mf - (zmf - c}/ki{g’g” - gg’’)
= - (3.10)

dc gk

&



which, as in the earlier discussion, is negative for k large
encugh _ (Note that {3.10)) differs from (2.5) as regards the

expression (mf_ - {(rmf - c}/k) only. Investing wmf - ¢ gives

+ -

k  which increases h by the amount i]k;: = rmfk}:;. Also, k
increases the output of machines, rT]. by che amount (1 - r}m.fklz:.
The increases added up to mfk]::, hence the relationship (rmf -
c)/k = mfg.} Thus the CE path is unstable in the [k, i) phase
plane, which suffices to show instability unless (i) the CE path is
stable in the (m, }L:] phase plane and (ii) it is strongly stable
in the sense that its stability counters the instability as regards

Pt B

To examine (i) we observe that because of (3.7), the CE path
in the (m, i,) plane is downward sloping and therefore the ‘:'I‘: =
0 locus lies above the CE path. The earlier discussion of Fig. 1b
can then be repeated since (2.4) and (3.5b) make a lower A
equivalentlg a higher c¢. In short, (i) holds only if, writing B,

= izflz and g = m/m, &(8,/qg)/dc > 0. But from (3.7} and (3.3),

0./q = (8 - £1/(1 - )£
3(8_/q) /dc = 0.

Thus (i) fails to hold, and we conclude that the CE path is

unstable In this extension of the basic model.

IV. Concluding Remark
We have seen that the competitive equilibrium path is unstable

in the basic model of endogenous growch and alsc in an extension of



it that includes physical capital accumulation separately. It
might be asked whether instability defeats the model asz positive
theory, for which it was intended. The matter does not seem Lo be
f“itentirely clear, since it could be argued that actual economies that
“have been growing steadily in the past can take a downward turn.

Instability might then be considered a plus for the model.
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