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A Mote on ITsotone Solutions of the Parametrie Linear

Complemehtarity Problem

_IntrndUEtiun

For a given matrix M € R™ and a vector g ¢ R",
the linear complementarity problem LCP(g,M) is that of

finding w, z € R® such that
My, W 2D Tz o0y oWz =0 (1)

A pair (w;z) that =atisfies (1) is called a
complementary solution and the set of complementary
solutions of the LCP(g,M) is denoted by C(gq,M). The
set of 2)1 g ¢ R" for which the LCP(g,M)- has a
complementary solution i1s denoted by K(M).

For a given mﬁtrix M« R™ and vectors q, p € R",
the parametric linear complementarity problem
PLCP (g+ap M) consists of the family of linear
complementarity problems {LCP({g+ap,M)| o = 0}, where
the parameter o € R. The PLCP arose in the analysis
of elastoplastic structures (Maier [7]) and has also
found applications in other areas such as the
computation of economic equilibria (Benveniste [1];
Pang and Lee [11)), portfolioc selection (Pang [9]),
and actuarial graduation=s (Pang, EKaneko, and Hallman

[10]) .



As proposed by Maier [7], the PLCP(g+ap,M)
assumes g > 0 ahd is concerned with determining
conditions under which the z-component of the
complementary seolution (w(we);z(a)) of the LCF(g+ap,M)
has coordinates that are monotone nondecreasing with
respect to o. When every coordinate of z(a) is
monctone nondecreasing, the vector functien z(a) is
also said to be monotone nondecreasing.

When M is a P-matrix (i.e., M has positive
principal minors), the LCP(g,M) has a unigue comple-
mentary solution for each g € R" (Murty [8]). Thus,
the monotonicity of z(a) = z(o;q,p) is well-defined
since z(z) is a point-to-point mapping. Under the
assumption that M is 5 P-matrix and g > 0, Cottle [2]

proved the following theorem:

Theorem 1.1. (Cottle [2]) Given the PLCP(g+ap,M)
where M is a P-matrix. Then z(a) = z(e;q,p) is
monotone nondecreasing for every g = 0 and every p iff
M iz a Minkowski matrix (i.e., a P-matrix with

nonpositive off-diagonal entries).

In view of the importance of the uniqueness of
complementary solutions for the monotonicity of z(a)
to be well-defined the guestion arises: Are there
matrices M c¢ther than the P-matrices for which the

LCP(g,M) has a unique complementary solution for every



g € K(M)? The answer iz that there are none. For if
the LCP(g,M) has ; unigue complementary solution for
every g € K(M), then it has a unigque complementary
solution for every g > 0 since the nonnegative orthant
of R" is always a subset of K(M). Consequently, M is
an L,-matrix (Eaves [5]) which implies that M is a
J=-matrix or, egquivalently, K(M) = R° (Eaves [5);
Cottle and Dantzig [3]); hence, M is a P-matrix.

When M is not a P-matrix, the LCP(g+ap,M) may not
have a complementary solutien and when it has, the
complementary solution may not be unigue. Thus Z(a)
becomes a point-to-set mapping. In this case, Kaneko
[6] proposed a more general definition of monotoni-
city. Let

T = {az 0 Clg+tap,M) » ¢}

and define the functions

TP

where 2z(a) is the z-component of an element of
Clg+ap, M) . Following Kaneko [6] we refer to these
functions as complementary maps and adopt his

generalized definition of monotonicity.

Definition 1.1. The PLCP(g+ap,M) is said to have an
isotone complementary map iff there exists a comple-
mentary map z(a) such that z; (e} is monotone nondec-
reasing with respect to o ¢ T for each j = i L T
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Definition 1.2. - The PLCP{g+ap,M) is said to have
isotone complementary solutions iff every complemen-

tary map z(z) is isotone with respect te o ¢ T.

Remark 1.1. When M is a P-matrix, isotonicity
coincides with monotonicity since there is only one

complementary map.

Under the assumption that M is a Z-matrix (i.e.,
M has nonpositive off-diagonal entries), Eancko [&]

proved the fellowing theorem:

Theorem 1.2 (Kaneko [6]) Let M be a Z-matrix. The
PLCP(g+ep,M) has isotone complementary solutions for

every g = 0 and every p iff M is a Minkowski matrisx.

From Theorems 1.1 and 1.2, we see that isotoni-
city for every q > 0 and every p when M is a Z-matrix
reduces to monotonicity for every g > 0 and every p
with M being a P-matrix. This paper drops the assump—
tion that M is a Z-matrix and proves that, at g = 0,
the PLCP(0+ap,M) has isotone complementary solutiens
for every p iff M is a P-matrix. It follows that a
necessary condition for isotonicity for every g = 0
and every p is that M be a P-matrix. (This is the
necessary condition in Theorem 1.2 which was proved
for Z-matrices in [6]). Thus the PLCP reduces to one

with a P-matrix M as in Theorem 1.1. However, by



excluding g = @, it i= possible to have a PLCP(g+ap,M)
with isotone complementary solutions for every 0 # g
> 0 and every p where M is not a P-matrix. An example

is presented in Section 4.

Further Definitions, Motations, and Previous Results

.

The cone qenérated by the columns of a matrix A
is denoted by Pos[A], i.e., Pos[{A] = {Ax| x = 0}. The
3 @olumn of A is denoted by A.. If A is an nxn matrix
and if for each j = 1,2,...,n, A, is either I, (the i
column of the identity matrix I) or -M; (the 3% column
of -M}, then Pos[A] is called a complementary cone.
The LCP(g.M) has a complementary solution iff g
belongs to some complementary cone. Thus, K(M) is the
unien of all complementary cones. A complementary cone

whose intericr is nonempty is said to be nondegene-—

‘rate; otherwise, it is said to be degen=zrate. The

interior of Pos[A] is denoted by int(Pos[A]). If
Pos[A] is an m-dimensional degenerate complementary
cone in R°, then its relative interior is its interior
in B"™ and is dencted by relint(Pos[A]). The set of
complementary cenes forms a partition of B" iff their
unicn is R" and they have nonempty interiors which are
pairwise disjoint.

For a point g of a complementary cone Pos[A] we

set



X(g,A} = {x| Ax = g, x = 0}.

=

For each x ¢ ¥X(g;3aA), the complementary solution of the
LCP(g,M) obtained by setting the wvariables in (wrz)
associated with A; equal to x; and the rest equal to
zero is said to be induced by Pos[A].

The following theorems will be used to prove the

main result.

Theorem 2.1. (Cottle and Stone [4]) Let PosfA] be a
=

degenerate complementary cone. For every g in

relint(Pos[A]), the number of complementary solutions

of the LCP(q,M) induced by Pos[A] is infinite.

Theorem 2.2 (Eaves [5]) M is an L,-matrix iff the
LCP({g,M) has a unigque complementary solution for every

g = 0.

Theorem 2.3. (Cottle and Dantzig [3]; Eaves [5]) If

M is an L.-matriw, then K(M) = RB".

Theorem 2.4. (Murty [2]; Samelson, Thrall & Wesler
[12]) The set of complementary cones forms a partition

aof R" iff M is a P-matrix.

Thaorem 2.5. (Cottle [2]) Given the PLCP({g+ap,M)
where M is a P-matrix and g > 0. Then z(x) = z(a;q,p)
is monotone nondecreasing for every p iff (M) 'qg" =20
for every ©principal submatrix M of M and

corresponding subvector q .



Tha Main Rasult

The proof of the next lemma i=s straightforward:

Lemma 3.1. If (w;z) is a complementary solution of
the LCP(p,M}, then (aw;ez) is a complementary solution

of the LCP(ap,M) for every « > 0.

Lemma 3.2. Let p be a point in the relative interior
of a degenerate complementary cone Pos[A]. Then the
PLCP(Q0+ap,M) has a complementary map that is not

isotone.

Proof: Let 0 < @, < &,. Since p € relint(Pos[A]), then
a.p € relint(Pos[A]). By Theorem 2.1, the number of
complementary seclutions of the LCP(a,p, M) induced by
Pos[A] is infinite. Let (wia,) ;2(x,)) and
jw’nyj;z‘{aﬁ} be distinct complementary solutions of
the LCP(a,p,M) induced by Pos[A]. Then z(a,) = z’{aﬁ.
Hence, there is an index k such that z (e} =+ zifﬁﬂa
say X
zt{a1} = ztfml}h (2}
Let  x; (&) and x]hﬁ} denote the wvariables in
(wie,)jz(e,)) and (W (e);z (e,)), respectively,

associated with ﬂj. Then we have
Ax' (@) = op. (3)

From (2} we have



* (o) = s bt e Zo () = x (o). (4)

Lat (wi{e;) ;2(x)) be a complementary solutien of
the LCF(a,p,M) induced by Pos[A] and let %;(a;) denote

the wvariable in fw{uzjl;z{urzj} assocliated with A;.  Then

-

Ax(a,) = P . (%)

Define o and x(a') by

""j.h i

4

a = (1-1)a, + la,, ¢ I P 3

§

x(a') = (1-A) %" (a,) + Ax () . (&)
Then «, < & < @, x(a) z 0, and
Ax(a’) = (1-A)Ax'(a,) + AR ()
= (1-d)m,p + Ae,p, from (3) and (5!,

=EF'

Hence, there is a complementary solution (wia") ;z(a"))
of the LCP(a'p,M) induced by Pos[A] that is associated

with x(a’). Now, from (6},
X (@) = (1-)x (e,) + Ax, (a,)
= o) + Alx(e,) — x(a,)].

Since x (2] > x(a,), we can choose i =mall enough

such that

i"'::E'I.'. b I;{E.I} L '1["":;;{&2.:' = x;{'ﬂj}] — !t:t{ﬂ:*}.
}Ek

a



Thus, zole) = (o) >l = z, (a")

and this defines a complementary map that is not

izotone. 0

Lemma 3.3. If the PLCP(O+ap,M) has isotone complea-
mentary sclutions for every p, then every complemen-

T

tary cone is nondegenerate.

Proof: Case 1. h = 1. If there is a degenerate
complementary cone, then M = M, = 0. Let p > D. For
@ = 0, (0;z}) 1s a complementary sﬁlutiun of  the
LCP(0Op,M), where z > 0. For ¢ = 1, (p;0) iz a
complementary solution of the LCP(lp,M), contrary to
isotonicity.

Case 2. n > 1. If there is a degenerate comple-
mentary cone, then there is at least one with a
nenempty relative interior. To prove this, we note
that every degenerate complementary cone must have at
least one column from -M since Pos[I] is nondegene-
rate. If -M has no zero column, then every degenerate
complementary cone must have dimension m > 1; hence,
its relative interior is nonempty. If -M has a zero
column, say —Hj = 0, then Pns[I1,-.‘Ik1fﬂﬁ,I}ﬂ.‘-,In]
1s degenerate and of dimension n-1 and has a nonempty
relative interior. By Lemma 3.2, there is a

complementary map that is not isotone contrary to the

hypothesis. [0
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Lemma 3.4. If the FLCF({0+ep,M] has isotone eamp e

mantary solutions for every p, then M is an L,-matrix.

* Proof. Let p = 0. We show that the LCP(p,M} has a
unique complementaiy solution. Since p = 0, then (p:0)
is a complementary solution of the LCP(p,M). If the
LCM(p,M) has another complementary solution (w;z),
then 0 = z > 0. For ¢ > 1, ap =z 0; hence, (ap;0) is a
cnmplgyentary solution of the LCP(ap,M) contrary to
isotonicity. Thus, the LCP({p,M) has a unique comple-
mentary solution for each p » 0. By Theorem 2.2, M i=s

an L-matrix. 0O

Theorem 3.1. The PLCF(0+ep,M) has isotone comple-

mentary solutions for every p iff M is a P-matrix.

Proof. (=) By Lemma 3.4, M is an L.,-matrix and so,
by Theorem 2.2, K(M} = R". Moreover, by Lemma 3.3, all
the complementary cones are nondegenerate. We show
that the complementary cones have pairwise disjoint
interiors. Suppose not. Let Pos[A] and Pos[B] be
distinct complementary cones whose interiors have a

nonempty intersection and let
p € int(Pos[A]) N int({Pos=[B]).

Since Pos[A] is not identical to Pos[B], then there is

a j such that A, » B;, say

11



A, = =M, ,and ST,

Let (w*{1);z"(1)) and (w*(1);z%(1)) denote the comple-
mentary solutions of the LCP(p,M) induced by Pos[a]
and Pas[B], respectively. Since p is interior to both

pos[A] and pos[B], we must have
= z‘;‘{l} > Q, (7}

zg-{lj =0 (since uf{u > 0). (8)

Let & > 1 and let (w'{a);z%a)) and (wP(a);z%(a)) be the
complementary solutions induced by Pos[A] and Pos[B],

respectively, of the LCP(op,M). Then, by Lemma 3.1,
zi(@) = azi(l) > 0 (9)
E E
zj(:t} = crziil]l = [, (10}

Conditions (7) and (10) violate isotonicity. Thus,
the complementary cones form a partition of R". By
Theorem 2.4, M is a P-matrix.

{+) If M is a P-matrix, then isotonicity
coincides with monotonicity and the conclusion follows

from Theorem 2.5 with gq = 0. 0

Conclusion

If the PLCP(g+ap,M) has isctone complementary
solutions for every g >z 0 and every p, then, in

particular, it must have isotone complementary

12



solutions for g = 0 anpd EVErY pr hence, Theorem 3.1
shows that M must be a P-matrix. Thus, the PLCP is
reduced to Cottle’s [2] PLCP with a P-matrix M. BAs we
,have shown, the ecrucial point is isotonicity for
g = 0 and every p. To lock for other possibilities, we
have to exclude g = 0. For example, consider the

following matrix in [2]:

The isotonicity property for every 0 » g = 0 and every
P can be seen from the complementary cones shown in

Fig. 1.

Fig. 1

For example, let g =[2 1] and p = [-1 -1]". 1In
this case, we have T = [0,3/2]. For 0 = &« 5 1, the

complementary solution is unigue for sach o and
z,(@) =0, z,(a) = 0.

For 1 < @« < 32, the complementary solution is unigue

for each o and
Zy(@) = 0, z,(a) lncreases with o; z,(a)=+1/2 as a-3/2.

For @ = 3/2, there are an infinite number of comple-—

mentary solutions:

13




z,(x) = [0,m), Z,(x) = [1f2 =),

The graphs of z,{a) and Z,(a) are shown in Fig. 2 which

clearly shows the isotonicity of every complementary

l_ Fig. 2

We néte that M is not a P-matrix. Note, however, that

‘map.

M is a Z-matrix. Thus, Z-matrices may =till be

important in the PLCP (gq+op,M) where 0 = g = 0.

14
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