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1. Introduction

One of the most interesting topics in monetary theory ls the idea of
an optimum gquantity of money (OOM for short) which was made prominent by
Friedman {1969). In a receni survey of the current state of knowledge
regarding OQM Woodford (1990 does not bring out the fact that OQM
equilibrium is unstable. This is dope in the present paper, which also

suggests a stmple response to the Instability.
2. The basic model

Following largely the formulation of Brock (1973}, assume that the
representative individeal, infinitely long-lived, has a constant endow-

ment of real income y every period amd maximizes

W= E phutey) + vin) (2.1)




where . B iz the time discount factor (0 ¢ B < 1}, A is real con-

sumplion and B,

Eurrégpnnding onp-pericd utilities. The representative individual is to

real balancas in peried t, and wi{=), w{-) are their

bo thought of as the average person who normally does not consume his own
endomment and needs cash to buy goods. (Cf. wWilsen (1979). ¥e do mot
assume identical individuals becsuse in such a case there would be- no
trade and hence no need for money for transactions purposes.) It is
assumed that there exists m- {const) such that v'(m) > 0 and

v ' {m) £ 0 for wm {nﬁ

and wvim) =0 for = = u:n‘ We also assume
that +'(0) ¢ = so that the possibility of a barter equilibrium is not

necesgarily ruled outb.
¥ is maximized subjecl to the budget constraints
Pe Cy + Ht - Hi~1 = p, ¥oe Ht 23 1 A B e O REr £2.2)

where N, iz given, p amd M denote the price level and nominal
balances respectively so "‘t = Htf'p_t, and H is a transfer payment (if

H is negative, a tax is paid). It is assuomed that

B, = @ - ot (a > 0 (2.2)

s2 that, since "t ] Ht—l + Et‘

T
N, o=a BN {2.4)

It {5 also assumed that the representative person's price expectations
{P:}E = {pu, Py Pos --- ) which turn out to he correct in the absence
of unforeseen disturbsaces, are comsistent with eguilibrive in every

period. It s necessary-—ses Brock (3975) for details—-that



'u‘{-:'.b_],.-"p1l = v.“n_t}ﬁ}t £ B [:.-tﬁ }j'j,-_t-lr_i £,

l.e. the marginal ytility from spending a delilar on current consusption
m!:_-_:t' equal the marginal wtility from not spending it, which is the R.H.B.

of (2.5). Becouse of (2.4), {Z.5) can be written
atfegim = v m e PRSI
e Since equilibrius ot t reguires R
M/ =1 - v {m )/ut (y))o/B. {2.6)

It iz wall known thet there is no steady state eguilibrium if the exo-
gepous money growth factor o iz less than (  (because no value of =
conid then make the R.H.5. of (2.6) equal fo 1). A steady state requires
a = B. Given a particular value of a > B, thers would be a constant
value of m--denote it by @*--such that the R.H.S. ef (1.6} i= equal to

1 thus yielding a steady state.

Consider another steady state corresponding to a lower a (= g)-
Fhis means a higher m* hence a higher W. A steady state equilibriums
generated by any o > B is accordingly inefficlent. {Note that imef-
ficiency is shown mot Ty "assigning™ lower prices—prices are
endogenously determined by equllibriue cenditions—but by having a lower
a.) Putting a = f ope has s steady state where v'(w*) =0 and W is
maximal, so @m* = EF. the (minimom) 00 value. Accordingly, the OQM

pelicy rale is to implement ([2.3) with o = f.

let o =§ Anﬁ me = nﬂ but a disturbance at Lt = tﬂ makes

w0 oD ol vi(m) > 0. Then m_ . <m, from (2.6) and therefore

L L




vl E't*l} 5 "'"{H.L} whi.;jh implies m, '3 £ My and so on. In other
words, there is what might be calied a one-sided {specifically, to the
left or downward side) instability of the m* = mp equilibrium. (If

the disturbance makes m, = mﬂ + ¥k, k r @, there would only be a new

.
steady state mh s me + K.)

A. Anather version

Instability iz less apparent in the Benhabib and Bull (1983)
3 fﬂmlatinn: bukt it iz alzo to be expected in their model. The repre=

segtative ipdividual mecialies

V= f;utc(ti}e‘ﬁtdt (3.1)
subject to

clt} + T{m(t)}} + #(t)} m(t) + &(t} = y-+ h{t) £3.2)

where v, ¢ and m have similar meanipgs as in Section 2, and Tim).
# and bk deoote real transactions costs, the inflation rate and a
transfer payment respectively. (Benhabib and Bull write Ti(y, m} but
since v is a constant our sipplification can be permitted.)

Specifically,

n(e) = oM(oye” spit) (3.3)

so that nominal balances are given by
M(t) = M(aye”" (3.4)

and ¢ is the growth rate of M. (Benhabib and Bull (1983, p. 102) say

that o is the growth rate of the supply of real balances but they mean



pominal.} Fauilibriue reguires

c{ty = ¥y - Tim{t}}. (3.5}

It iz assumed thet T'(m; < 0 and T''(w} > 0 for m < -.uﬁ, T'(m) = O
for m Em°, aod TG < y. FErom (3.2) and (3.5),
@m{t} = Rt} - w{®) ®wii) (3.6

which tella the sources of change in real balances, viZ. Lransfer payments
(taxes ore paid if h is negative) and ioflation {deflation if n is

pegative].

Using Euler’s equation it 1s stralghftforward to derive the following
necessary condition (suppressing t):
i 5 4+ o+ T'(m)

B g (3.7}
™ 1 -T'(m) m U""{c}Al {c) '

. If there exists m* such that & + 0 +# T'{m*} = 0, one has a steadv state
where m{f) = m* all t. A steady state does not ﬂ:i_ﬁt if o { 6. A
"lower value of ¢ > —6 means a higher m* hence a higher V in (3.1},
so the eguilibrium corresponding to any o * -6 iz inefficient. Putting

as -8, one his " = :mEF amd maximal V.

Suppose o = =f amf m* = -ﬂ. As ohserved by Benhabib and Bull
{1983} and eariier by Calve (1979), stability requires the denominator

in the B.B.5. of {35.7) to be negative when =m { m" {so that then, m

» 0). That {s, stability of the & = mﬂ equilibrive requires

T ém} a " {c}h/U (c) > 1. : (3.8)



f

Can (3.6) be empected to hold?

Mote first that if -T'(m) = 1, then from (3.5) & wnit increase in
I"EJ-H' ‘balonces will raise ¢ by al least onz unit (without heving to pay
for i*), in which case (since ons unit ¢f ¢ trades for one unit of m)
the representative person would not buy the marginal c. Clearly,
=T () = r: Secomd, to get an idea of the nther'mgnit.u:!gs invalved in
(3.8), consider the special cage U{eY = jog ¢ which gives
—» U () (&) = m/c. Since the amount m  can obviously buy all of ¢
if m = c, there is no reason te have m > c. Thus in this special case,
mfc £ 1 and therefore the L.H.S. of (3.8) is less than 1. MNow in the
general case we con expect "' ({c)}/V' (c} to be in the m."ﬂer of magnitude
of 1/c, and since =T'(m) would of course be close to 0 im the
neighborhood of nu, the direction of the inequality im (3.8) should be
just the oppesite. In other words, the CQM equilibrium m" = »° s

unstabile downward.
4, Correcting [or the instability

In the basic model, suppnse the disturbance occurs at tﬂ:
m < al.  In view of [2.4) the Instability fmplles that the new {pt}t;
iz asscciated with higher inflation (or more preclsely, less deflation)
than the original sequence of price expectations. What happens is thet
at t, the price level iz higher than originally expected, and this
inl:lu::e:. a revision of expectations in the direction of higher inflation.
This in turn, because of the resulting iiu:_rnase in the opportumity cost

of holding real balances, leads te lower equilibrium levels of real

balances. In order to get back on track, what is called for is suspension



of H payments untii « time 11 iz reached when Ht]{ptl = nﬂ. H
p&ymmntﬂ could then be resumed beginning at t, + 1 in accordance with
(2.3} again but with a pew calepdar where the new time 0 iz the old

t] * 1.

in the_cnn!inunus—tina verzion tne higher inflation nuncnn&tunt.rith
instahility can be soan directly hecsuse (7.7), (2.4) and (3.6) give
Bty /mit) = 2 - n(t) eand therefore ={L} > o. What is similerly needed
is a suspension of h paysents unktil _t1 when -[tli = Iu- at which
time (3.3) could be resumed with a new calendar where the pew time 0 is
the old t,. There is mo problem with "overshooting,” either here or inm

the discrete-time case, since any =* ¥ nP is an 0OOQM equilibrium.
5. Conclusioo

We have seen that the OOM rule, which decreases the money supply at
s rete equal to the rate of time preference, glves an unstabie
equilibrium. Hovever, the lostability is cerrectible by a contingent
rule, viz. whenever real balances fail below the Dqﬂ_vﬁlue, suspend the
contraction of the money supply until real balances are restored to the
required leval. Being nondiscretionary, this supplemeni preserves the
spirit of Friedman's sriginal propesal, and we conclude that the DOM

copcept remains wseful, al least in simple models.
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