T

Discussion Paper No. 9308 December 1993

- ? Q-Matrices and the Boundedness of Solutions
Lo Linsar Complementarity Problems

By

Rolando A. /?nu'

*Professor, Schood of Economics
University of the Philippines
Quszon City, Philippines

Note: UFPSE dizsaosion papers are preliminary versions oradeated privately to elicit
critical comment. They are protecied by the Copyright Law (P No. 48) and nol
Jfor quotation or reprinting without prior approvel.




Abatract. This paper is concerned with the existence amnd
béundedness of the solutions to the linear complementa-
rity problem w =Mz +g, w20, z 20, wz =0, for
each g ¢ R". It has been previously established that if
M is copositive plus, then the solution set is nonempty
and hnun;ed for each g ¢ R" iff M is ﬁxﬂ-mtrix. This

result is shown to ke walid also for La-natrim,

P,-matrices, nonnegative matrices and Z-matrices.
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. Intreducticn
For a given matrix M ¢ B™ and a vector g ¢ B, the
linear complementarity problem LCF{q,M} 1s that of

finding w.z £ R such that

W= Mz + g, wz 0, g2 = 0, wz = 0. (1)

"R pair (w;z} that satisfies (1} is called 5 complementary
solution and the set of complementary solutions of the
LCP{g,M) is denoted by C(g,M}. The set of all q ¢ R" for
which the LCP{g,M} has a complementary sclition is
denoted by K(M). When K{M) = R", M i= called a Q-matrix
{ﬂl;.' M e Q).

The number of complementary solutions has been the
subject of many investigatjons. Murty (Ref. 1} showed
that the number of complementary solutions of the
LCP(g,M) is finite for each g € R" iff ¥ is &
nondegenerate wmatrix (i.e., M has no zero principal
miner). Hence, when H iz degenerate, therse exisis a

wvector q ¢ B" such that the LCP(g,¥) has infinitely many
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complemencary sclutions. Marty {Ref. 1) showed That the
get of such vectors is contained in the union of the
degenerate complementary cones (i.e., cones with empty
intericrs). In fact we =show that if a degenerate
complenmentary cone is strictly pointed, then C{g,M) is
infinite for each g in the reiative interior of the cone
but C{g, M) may be infinite or a singleton on the relative
boundary of the cone; if the complementary cone Is not
strictliy pointed, then C{g,M) is infinite and unbounded
for each g in the cone.

The interest in the boundedness of C{g,M) stems
from it= Implication on the stability of the ILCP{g M)
with respect to perturbations to g and B (Ref. 2}. &
necessary amd sufficient condition for E{q':ﬁ] to bs
boundad is that every complementary cone containing g is
strictly pointed (Refs. 2 and 3). Thus Cflg,M} is bounded
hfur aach g € R" iff all the complementary cones are

etrictly ‘pointed. This is eguivalent to the condition
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that the LCP{0,M) has a unigue complementary solution,
‘i.e., ¥ is an Ry-matrix.

Mangasarian (Ref. 4) considered the proklem of the
nopemptiness and boundedness of C€(g,M) for each g ¢ B
and showed that in the class of copositive plus matrices,

-

Ci{g,H) is nonempty and bounded for each g € B" iff M ¢ Q.
This result is shown to be valid alse for L,-matrices
{which contains the L-matrices and the copositive plus

matrices), P,~matrices, nonnegative matrices, and z-

matrices.

2. Notations and Further Definitions.

E" denotes the n-dimensicnal real BEuclidean space
with the usual topology. R™" denctes the class of nxn
matrices with real entries. The ith row of a matrix A is
denoted by A;. and tThe jth coclumn is denoted by A.;. The

entry in the ith row and the jth column of A iz denoted
3



by A+ The identity matrix is dencted by I. For a given
matrix A, the cone generated by the columns of A is
dencted by Pos[i], i.e., Pos[A] = {Ax|x 2 0}. The ray

generated by a vector v 1s dencbed &y

i
o

Pazfvl.-
For convenience, we list down the definitions of the
classes of matrices used in this paper. The matrix M in

each definition belomgs to B™'. If ¥ is a class of

matrices and M € ¥, then ¥ is called a Y-matrix.

pafinition 2.1. M e R iff the system

{Mz), + Tt = 0, 2 >0 £2)
(Mz). + £ 28, 2 =0 {3)
0 =Ezz0, 20 {4)

has no solution. ¥ ¢ R, iff the system [2}-{:}‘} has no

solution for t = 0. Thus, R = R,.

pafinition 2.2. M & E{¢) iff the LCP{0.M} has a unigue

complementary solution.




Dafinition z.3. M € ¢ iff the LCP(g.M) has a

.complementary solution for each g « R".

Defipnition 2.4. M e L {or ¥ is semimonotone} iff for
every O # z z 0, there exists an index § such that

T

z; >0 and (Mz), = O.

Definition 2.5. M ¢ L, (or M is strictly semimonotone}
iff for every 0 # z 2 0, there exists an index j such

that zi}l} and i‘_lz}ljn-u.
Definition 2.6. M ¢ L, iff for every 0 # z = 0 with
Mz = 0 and z'Mz = 0, there exist nomnegative diagonal

matrices D, and D, such that D,z # 0 and (DM + ¥'D,)z = 0.

Definition Z2.7. M eL iff N ¢ I, NL,.



Dafinition 2.8. K e CF" {or M is . copositive plusk iff
(i} 2 > ¢ implies z'Mz > 0 and (ii) =z = 0O, z'Mz = 0

imply (M + H'}z = 0.

Definition 2.9. M € Py, (P, Nj iff all its principal

minors are nonnegative (positive, negative).

Dafinitien 2.10. M e 5 iff there exists a ¢ = 2. >.0

such that Mz > 0.

Pefinitiom 2.11. M ¢ Z iff M;; < 0 for i # j.

- 3 Boundedness of Complementary Solutions Induced by
Degenerate Coaplementary Cones -
Conzider the convex polvhedral cone Pos|A] generated

by the columns of a matrix aA. Let
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X{g,A) = (x| Ax = g, x 2 0, g € Fos[A]}
and U{e,A) = {u]l du =0, 0 # u = 0}.
The following thecrem gives a necessary and sufficient

condition for X{g,2} to be bounded.

FTheorem 3.1. {Ref. 5} XN{g,A) is bounded iff U{0,A} = ¢.

Pefinition 3.1. A convex polyhedral cone Pes[2] is said
to be pointed ij the only subspace contained in it is
the subspace consisting of the zere wvector. It is
strictly pointed iff U(0,A) = . {In Ref. 2, the matrix

A iz ecalled strictly pointed).

Remark 3.i. A strictly pointed cone is pointed but not

conversely. For example, let



PosfA] is the ray generated by I.; which s clearly
pointed but Posia!l is not strictly pointed since Uiu, &}

contains the vector u = [1 8}l.

Definition 3.2. A complementary ccne is a cone Pos[A]
where A € B and B.; € {I.;,7M.;} for each g L M BT RR  T
A complementary cone is said to be nondegenerate iff its
interior is- nopempty; otherwise, 4t is satd :to be

degenerate.

Definition 3.3. Let Pos[A] be & complementary <oune and
let g ¢ Pos[A). For each x ¢ ¥({g,A}, the complementary
solution obtained by setting the wvariables in (w;2)
associated with A: equal. to x; and the rest~equal tTo-
zero is called a complementary seclution Iinduced Dby.

Pos[A}. The set of 21} complementary soluticns ob the

LCP(q,M) induced by Pos[A] is denvted by C (q,M}.




Remark 3.2. Since J(qg,8) is convex, then so is C,(g,M})
for each g in the complementary cone Poz[A]. Thus,

€,{g.M) has either one or infinitely many elements.

Since C, (Qg,;M} is bounded iff X{g,A)} is bounded, it
follows. that C,(gq.M} is bounded iff Pos{a] is strictly

polnted. We state this as a coreollazy to Theorem 3.1.

Corellary 3.1. L=t Pos[A] be a complementary cone and
let g € Pos[A]. Then C,(q.M) is bounded iff Pos[A] is

strictly pointed.

€{g,M) 1is the anion of all the C,(g,M) such that
g € Pes[A}. Thus, Ciq,M} is bounded iff C (g, M) i=
bounded for sach complementary cone Pos[A] containing g,
i.e., 1ifi every complementary cone containing g is
strictly pointed. We thus have the following theoren (see

alsg Refs. Z amd 3}z



Theorem 3.2. C{g.M) is bounded iff every complementary

cone containing g is strictly pointed.

Corcllary 3.1 impliez that if Pos[A] is not
strictly peinted, then C,(g,M) is unbounded (therefore,
infinite} for each g € Pos[A]. If Pos[A] is strictly
peinted and nondegenerate, then C,(g.,M} is a singleton
for each g € Pos[A]. If Pos[A] is strictly pointed and
degenerate, then we show that C,(g,M) is infinite for
each q in the relative interior of Pos[A]; on the
relative boundary of Pos[A] it is possible for C, {g,M) to

be infinite or a singleton.

pPefiniticn 3.4. Let C be an m-dimensional cone in R
where m < n. The relative interier of C, dencted by
relint(C), is the interior of C in the relative topology

of R".
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Definition 3.5. A frame of a convex polvhedral cone is a
finite set of rays which generate the cone such that no

' ray in the set is in the convex hull of the others.

Theorem 3.3. (Ref. 6) A pointaed convex polvhedral cone
is generated by its extreme rays. Its frame iz ﬁnlqua

and consists of the extreme rays of the cone,

om 3.4. (Ref. 6) If € is a convex polvhedral cone

and {Pos[v,], -.-, Pos[v, i} is a frame of C, then

I‘lint{c} ." {_i;rjv} i'.f >0, j'l‘lrar*- -rn}-
j=

Theorem 3.5. Let Pom[A] ba-a éaguneratn complementary
cone,
(i) If Pos{A] is strictly pointed, then C,(q,¥) is
infinite for each g € relint(Pos[A]).
(ii} If Pes[A] is not strictly pointed, then C,{q,M) is

infinite for each g ¢« Pug{A}.

il



T S —

Proof: fi} ILet g € relint{Pos[R]}. Since Pos{A] is
strictly pointed, then it is pointed and, by Theorem 3.3,
must have a unigue frame consisting of its exXtreme rays.
For convenience, iet the frame of Pos[A] be {Pos[A.,].

.-«y Pos[A. ]}, vhere m < n. By Theorem 3.3,

1]
g = :XjA.5, >0 {(f=1,¢a.,.m}.
i=1

Define - S -

We note that g # 0 for, otherwise, the vector u defined

&, =1, .na
by u, = j il
? 1, J=m+l,...,0-

would be an element of U(0,A). Since g € Pos[A], then

=]
g’ - _ETF,-E-;. SN s e
r-

Define 8, = % /¥ = min{x;/¥;| ¥; = 0}

Since g # O, there exists a ] € {1,...,m} such that

=~

¥; = 0. Hence, 6, is well-defined. Mcrecover, 6, > 0. For

8 e [0,8,], define x{&) by
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x -8y, JF=l,..-.m
E-I' _}:-IE*]..-...,H.

Then x({f) > ¢ and

Ax(f}) - _ilffj - BrglA.; + %ﬁ‘q‘!
i

j=ns1

1] =] i
- _E;'f;i’hf = HI-ETH-L; 8 F Ay
i= -

j=med

= q'

Hence, X{8# ¢ X{g,A} for each 8 ¢ [0,6,]; therefore,
X{g,A) is infinite and so isla{q,ﬂ}-

(ii) ~ This follows from Corollary 3.1. ]

Remark 3.3. The following example shows that on the
relative boundary of a strictly pointed ﬂegu;aratﬂ
complementary cone, C{g,M] may be infinite or a
singleton.

Example 3.1.

1 1 1 1
M= 1 n R W P g =] o},
i 1 1 4]
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The peints ¢' and g? are on the relative poundary of

Pos[A]l (Fig. 1).

is ¥ = {10 0}". Thus, C,{q'.M) is a singleton. In Ffact,
it. is easy to check that C{g',M} is a singleton. oOn the
other hand, the syster

Ax = g, x>0
is satisfied by x = [0.4 1-4]7 where A « [0,1] Bach
choice of 4 induces a complementary solution of the

LﬂP{q?,H}. Hence, E;{q'z..]'i} is infinite and so0 is E{qz;z-!}-




4. The Q-Matrix Property and the Boundedness of

Complementary Solutions

~ This section examines the noneaptiness and the

boundedness of C(g,M} for each g ¢ R". We begin with the
T

Poundedness of C(qg,M) for each g ¢ R" and its equivalent

conditions. The egquivalences in the following theorem are

straightforward.

Theorem 4.1. The fellowing st.atements are eguivalent:
(i) C(g,M} is bounded for each g e R".
{i1i) All the complementary cones are strictly painted.
(iii) M & E(0).

(iv) M e R,-

Remark 4.1. In view of Thearen 4.1, the nonemptinesa and
boundedness of Ci{g,M}] for each g ¢ B require that

M eQnE,. The E-matrices satisfy this condition since
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E S R andd B & & (Ref. 7). We note that the A-matrlces
incluge the s=trictly semimonotone matrices L, (Ref. 7}
which, in turn, include the P-matrices (Retf. 8;. Thies

R-matrices, howsver, do not exhaust the g—matrices in R,.

Pt
l
=

is a g-mwatrix in R, but ¥ & R since the system (2}-{4)
has a solution = = [1 0]', £t = 1. The Q-nature of sone
R,-matrices like M may be determined by using the
following theorem (Ref. 9): If M ¢ R, and there exlste
a vector  nondegenerate with respect to M such that the
LCP{q,M) has an odd nunboer of complementary asclutionsg,
then M € Q. (A vector g € K" is said to be nondegenerate
e

with respect te M iff it does not lie in any subspace
generated by (n-i} or less ceolumn Vectors of [I,-M]-.)

There is n simpler way of debermining the Q-nature

of the above matrix M. We note that M belongs to the




clags of F-matrices introduced by Saigal (Ref. 10). For
_this clase of E,-~matrices, Kojima and Saigal {Ref. 11)
showad that if the entries of M are not 21l negative,

then ¥ € Q.

We nhow consider some classes of sguare matrices that
are not cantained in R,. We begim with the copositive
plus matrices and a theorem established by Mangasarian

(Ref. 4).

Theorem £.2. {Ref. 4} Let M be copositive plus. Then

C{g,M) is nonempty and bounded for each g ¢ R" iff M € Q.

Remark 4.2. Pang (Ref. 12) showed that in the class P,
the Q-matrices coincide with the Ry-matrices, i.e.,
CE' NG = CPOR,. (5]

This result and Theorem 4.1 iwply Theorem 4.2.
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Hemark 4.2. In generai, if a class ¥ of sguare matrices
satisfies the condition

TNG & YRR, (6}
then, fer M € ¥, C{g,¥} is nonempty and bounded for each
g € B" iff M ¢ Q. As seen in Remark 4.2, conditicn (6)
is an eguality for ¥ = CP'. It is also an eguality for
i-matrices (Ref. 12} and Fy-matrices (Ref. 13). We show
that it is alse an equality for nonnegative matrices and

a proper inclusion for L,-matrices and Z-matrices.

The next twoe thecrews, due to Pang {(Fef. 32},

establish conditian (6) for the classes L and Ls, .

Theorem 4.3. (Ref. 12) Let M ¢ L. Then M ¢ R, ifE& ™ € Q.

Theoram 4.4. (Baf. 12} Ist M E]ﬁfﬁﬁ. Then W ¢ R,-




Remark 4.4. Theorems 4.3 and 4.4 imply, respectively,
" that LtQg =LAR, (7}
and LNQ S Ly MR, (B}
Sinfe CP" = L € L, (Ref. 8), we see that condition (6}
extends from CF to L, with equality hqlﬂing also for the
-

clazs L. The fellowing example shows that the inclusion

in (8) is proper:

1
{1'

H E |
=7 -
L

Me L NR, but ¥ & L,NQ.
The following theorem, due to Aganagic and Cottle
{Ref. 13), establishes conditien {6) as an eguality for

the Pc—ma.tricas -

Theores 4.5. (Ref. 13} Let M ¢ Py. Then M ¢ R, iff M ¢ Q.




We now show that condition (&) holds as an equality
for nonnegative matrices by showing that if M =z 0, then
M & B, iff M ¢ Q, We wuse the following theorem

estabhlished by Murty (Ref. 1;}:

Theorem 4.6. (Ref. 1) Let M ¢ R™ guch that M = 0. M e ©

iff M;; > 0 for each J = 1,4.-.M.

Theoram 4.7. Lot M ¢ R™N auch that M = 0. Then M € R,

iff M £ Q.

Proof: (=) Suppose M & Q. Then, BY Theorem 4.6, there

exists a j such that ¥, = 0. Tt is easy to check that

{wi;z) = (M.;iI-;) is a complementary golution of the

1

e}

Lce(oc, M), contradicting the unigueness of (0;0) as the
complenentary solution of the LCP({0,M}.
(=} Suppose that M # R,. Then the Lce({0,M) has

a complementary solution [H”;z“} such that 0 &= z* > o,

£0




say zJ > 0. Then w] = 0. Since M € Q, then ¥; >0 by
Theorem 4.5. We then have
- g ]
0= Wl = M &l + ..o+ HpEp+ ... + M,z > 9,

]

a contradiction. )

We now show condition (6) for Z-matrices. We use the
L

following result due te Fiedler and Ptak (Ref. 14):
Theorem 4.8. (Ref. 14}. IfE M ¢ ZNS, then M e F.

Tt is known %that Q0 = 5 (Ref. 15). Hence, if
M eZng, then M e P. Since P € Q (Ref. 1), if follows
that, in the elass of Z-matrices, the D-matrices
coincide with the P-matrices. We thus have the following

theorem:

Theorem 4.9. Let M € Z. Then M ¢ D iff M € P.



Remark 4.5. Theorem 4.9 states that ZNQ = ZnNP. Since
F & R,, we have

ZNQ & ZNER,. 93
The following example shows that condition (9) is a

proper inclusion:

M is both a Z-matrix and an Ry-matrix but not a Q=matrix.

In view of the preceding results, Mangasarian’s
theorem for copositive plus matrices (Thecrem 4.2) also
helds for Ly-matrices, Fy-matrices, nonnegative matrices,

and E-matrices.

Theorem 4.10. Let M belong to any of the fallowing
classes of matrices: L,, P,, Z, and nonnegative matrice=s.
Then C{g,M) is nonempty and bounded for each g ¢ R" iff

M e Q.
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Remark 4.6. It is interesting to note that Theorem 4.10,
which holds for subclasses of L, such as the nonnegative
- matrices, CP", L, and P;, does not held for L,. Jeter and

Pye (Ref. 16) gave an example of a Q-matrix in L, that

doas not belong to By
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Fig. 1. I[1lustration of Example 3.1




