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A Characterization of Q-Matricaa

i. Introduocticn.

Given an nxn matrix M with real entries and a vector
g € R, the linear couplementzrity problem LOP{qg,M} is
the problem of finding vectors w,z € R" such that

Iv - Mz = g {(1E

w20, z3>0 (2)

Wz = 0. (3}

A pair {w;z) is called a feasible solution if ir

saztisfies (1) and (2); it is called a complementary

solution if it satisfies (1), (2), and (3). The set of

all g £ R" for which the LCP{g,M) has a complems
solution is denoted by H(M).

The linear complementarity problem arises in
mathematical programming (Eaves (Ref. 1}, game theory
(Lemke (Ref. 2)}}, and economic eguilibrium theory
(Mathiesen (Ref. 3)).

For a certain class of matrices M, the existence of
a feasible solution implies the existence of & comple-

mentary sclution. Following Cottle (Ref. 4} we shall call

called K-matrices}. They include the copos
matrices (which include the positive s
watrices) (Lemke, Ref. 2}, adegquate ma

Ref. 5}, and E-matrices (Chandrasekaran, B



Q-matrices are characterized by the canvexity of
M, (Eaves, Ref. 7). It fcllows that Q-matrices {those
for which "KiM) = R" are qa-maﬁricem These include the
Ly-matrices (Baves, £. 1), P-matrices {Hurty,-ﬂaf. B8,
and regular matrices {(Faramardian, Ref. 9).

It i= natural to ask what additienal conditions are
reguired for a Yy-matrix to be a Qg-matrix. We show that
8 necessary and sufficient condition for a Q,-matrix M to
be & Q-matrix is that ¥ be an S-matrix. Thug the inter-
section of the ¢.-matrices and the s=matrices consists of
the Q-matrices. A characterization of g-matrices within
the class of P,-matrices is given in Anagagic and Cottle
(Ref. 10) where it is shown that among the Fy-matrices

the Q-matrices are precisely the reqular matrices.
Z. ¥otations and Preliminaries

Let Pos[i] dencte the cone generated by the column

vectors of a matrix A, i.e.,
Pos[A} = {g: g = Ax, x = 0}.

Congider the complementarity matrix [Y,-M]. If A is a
matrix whose jth column A; is either I; (the jth column
of I} or =M, (the jth column of -M), then Pos[A] is
called a complementary cone. The LCP(g,M) has a comple-
~ontary uﬁlutinn iff g Felongs to a complenentary cone.

Thus, K(M] i= the unjion of all conplementary cones. In -




the rest of this pote, M is an nxn matrix. The interior
of a set C iz denoted by int(C).
The following resuits will be used in the proof of

the main theoarem,

Lemms 1. [Eaves, Rtaff- 7] The following statements

are equivalent: (i} M is a Q-matrix; ; -
{21} KM} is convex;

(iii)  K(M) = Pos{I,-Ml. -

Lemma 2. Let C; and C, be nonempty disjeoint convex

sets in E". Then there exists a hyperplane that separates

them. -

Proof: Mangasarian (Ref. 11}.

Definition 1. M is an S-matrix iff there exists a

z® 2 ¢ such that Mz® > o.
‘

Remark 1. In literature, S-matrices are defined fou
any rectargular matrix. The next lemma characterize
square S-matrices in terms of the linear complementarity
problem. :

 Lemma 3. M is an S-matrix iff there exists a

q® € K(M) such that g° < 0.
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Proof: (] If "M is an S-matrix, then there iz a
2% > 0 =such that M2 > 0. Define ¢ = -Mz%, Then g° < ©
and: g' € Pos[~Mj _ K(M].

f.) If ¥ i=s not an S-matrix, then the
systen ¥z > 8, z 2 0 Eas no solution, i.e., the systen
-Mz < 0,2 2 0 has no soluticn. This implies that the
complementary cone Pos[—-M] hzas no point in the interior
of the nonpositive orthant PasE-I],_i.E.,

L Fos[-M] n int(Pos[=I1} = &.
By Lemma 2, there rxists-a hperplane H upnrating'
Pos[-M] and int(Pss[-I1]1}; hence, Pos[-M] and int(Pos[I))
are contained in the same closed half-space ¥', since the
closure of int{Pos{l]] is Pos(I}, then Pos[I] o
n-.n'm, Pos[-M] and Pos[I] are contained in H' which
iﬁpiiua_that all th& complementary cones gnﬂ, therafore,
K(M}, zre contained in H'. Hence, K(M)} has no pﬂizﬂtin
the interior of Pos[-I}, contrary to the hrpqthl;iu. o

3. The Main Hesult

Theorem 1. M is a Q-matrix iff M is a Q,-matrix and

an S-matrix.

Froof: (.) Since M is a Q-matxix, then K(M} = R%:
hence, it is a 0O -matrix by Lemma 1 and an S-matrix by

Lemma 3.




(it chel @6 R We wish - to  shoi that
9 € E(M). Since M |5 an S-matrix, then, by Lemma 3, there
is a q" € (M} such that o < 0. We have

ks =J;$-1 ail; - (4}

and q -J_;"J: ;T . . | (5}
Now, g =3q"+.g9 -~ 4, {3y > 0) (6)
G2 (e - e {7}

=t

Since q‘j’"-': =12, 0. m), Wa -oan choosa 3 Iarg&
énocugh such that (9; ~ 19]) >0 (3=1,2,...,n). Hence,
4 can be expressed as 3 nannngative linear cmnhinatiun of
pnj.nts in EK(M). Since M is a q,}-natrix then K{H} is a
m-r-x cone {I.nm 1}; hence, g ¢ K(M). It follows that
K(M) = R" and ¥ is a Q-matrix, 0

4. A Remark on P-matrices

Among” the U-matrices, the P-matrices have been
widely. studied. It is well-known that the LCP(g,M) has a
unigue complementary solution for each g ¢ R" iff M ig a
P-matrix (Ref. 8}. It is natural to ask what class of
'-rr&tr1c¢ﬂ M haxs the ;rﬂpurt;.r that the LcP(g,M)} has a
unigue complementary sclution for each g « EfH).

=




Suppose that the LCP(g,M) has a unigue complementary
rsulu‘tiu.m tor each g € K({M). For sach g = @, the LCP(g,M}
has a complementary foluticn ({w:z} = (g;0)) which, by
hypothesis, is unigque. saves (Ref. 1} showed that in this
case, M'is an IL.-matriv. (¥ is an Ly~matrix iff for every
Z € " such that ¢ » 28, there is a 3 such that
Z: > 0 Bnd Mz, > 0.} The class of I,-matrices
colncides with the cilass of matrices M, defined bv Cottle
and Dantzig (Ref. 13}, having the property that for every
Prinedpal ‘suriEkt e oF M, " the' svetem Mz, = 0,
O 4 2; 20 has no sSolution. Cottle and bantzig showed
that this claszs of natrices are U-matrices. Therefcre,
the LCP (g, M) must have E{M} = R" and ¥ is a P-matrix. We

thus have the foliowing result.

Theorem 2. If the LCP(q,M) has a unigue complemen~
tary solution for esach g ¢ K{M}, then X(M) = R"and ™ ig

a P-Mtrix-
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