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Abstract. fThis paper is concerned with the clasa 1" of
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Problem, w =Mz + g, w > 0, 220, Wz =0, hﬂ!lr:'l.'milll.'l.l
complementary solution for each g such that ¢ » q 2 0.
It ia shown that (a) L' lies strictly between L, and L,
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on & Clexs of Semlmorotone qrﬁmtriunl

't the Linssr Complémsatariiy Problem
1. Introduoction
For 3 givan M ¢ ¥ and g e R, the linear

complanentarity problem LoP(g,M is that of finding

W,z € B such th

Iw - Mz = 3 {1)
W & DTz 0 {2}
W'z = g, (3)

The linear complementarity problem has been shown to be
a2 fundamental unifying mathematical form for linear
programming, quadratic progracning, and bimatrix games
{Enttlﬁ aﬁd Dantzig [2}; Murty [2]). Other applications
of the LCP include enginearing problems (Maier [71) and
the computation of economic eguilibria tHhthinuln [B1s
Murty [3]).

A pair (w;z) that gatisfies (1), (2}, and {3) is
called a complementary solution and the set of
complementary sclutions of the LiP({q,M) is dencted by
C{q,M}. The set of all g ¢ R" for which the LCP(g,M) has
a complementary solutien is dencted by K{H;; An
important preblenm in linear complementarity theory is the
identification of square matrices ¥ for which KM) is

convex. It iz known {Baves [5]} that the conveaxity of

2




K{M] is eguivalent to the condition that (1), (2) and (3) :
has a solution whenever (1) and (2) has a solution. when
K{M) = convex, M is called a Q-matrix {(or M € Q) &nd
when ¥(M) = R', M is called a Q-matrix (or M € 0).
Thus, © = Q..

Th= ciass Q, is known to be large. It contains,
for exampla, the matrices M obtained when convex
quadratic programming wrohlems (which include tha lineay
programming problems) are transformed into 1:lr_mm:
complementarity problems. These matrices turn out to be
positive seridefinite matrices which have been shown to
be Q,-matrices {(Murty [9]).

A large cluss of Q-matrices was considered by
Cottle and Dantzig [2] 2nd later characterized by Eavas
[5] as the class L. of matrices M for which the LCP(g,M)
Ppg_l_ & unicue complementary soluticn for avary g 2 0.
L-matrices are also called strictly semimonotone
matrices (Knramardian [6]). A larger class of matrices
containing I, was defined and dencted by Baves [5] as Ly,
which consists of the square matrices M such that the
ICP(g,M) ha: a unique complementary sclution for every
q > 7. Ly-matrices are also called semimonotone matrices
{(Karamardian [&]]. Ly-matrices are not contained in @;
in fact, they are not contained in Q,.

This paper defines a class L' of matrices that is
intermediate between L, and L,. We say that M ¢ L iff the
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ICP(qg,M) has a unigue couplenentary solution for each g
such that 0 » g 2 0. Thus, I, = L' ¢ L. Ye give examples
to show that these Incluslcne ars proper. We alsc show
that evary principal submatrix of an L'-matrix is an L'-
matrix and that L7 c Q,.

kmong the L'-matrices, we distinguish between those
that are in I, and those that «re not in I,. We refar to
the latler class of natricas as L,-malrices. We show
that an L-matrix is a Q;-matrix but not a O-matrix.
Hence, L' £ 0, and L, is the largest subclass of Q-

matrices contained in L'.
2. Turther Definitions and Notations

R" denctes the n-dimensicnal real Buclidean gpace
with the usual topoclogy. R? denotes the nonnegative
orthant of R". R"™ is the class of nxn matrices with real
entries. IT "M «' B and 7 ¢ {1,2; ..., n}, the
principal submatrix of M obtained by daleting the rows
and columns of M corresponding to indices not in J is
denoted by M, and the corresponding subvectors of w, Z,
and g are denoted by w,, z,, and g,, respectively.

The cone generated by the columns of a matrix A is
denoted by Pos[A], i.e., Fos[A] = {Ax] x 2 0)}. The jth
column of a matrix A is denoted by A.,. If A ¢ R™ and

if for all j = 1,2, ..., n, A. is aither I.; (the jth
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column of the identity matrix) or ~¥.; (the jth column of -
~M}, then Fos{A] is called & complementary conae. The
LCP{g,M) has a complementary soluticn iff 4 belongs to
some complementary cone. Thus, K(M) is the union of all
complementary cones.

A compiemantary cons whose lntarin;u: is nonempty ia
#aid to Le ncmdlg&narate. otherwise, it iz said to h-
degenerate. Equivalently, Pos[A] is nondegenerate 1ff the
columne of A are 1inia-rl:|r independent.
any two sets 5 and T, the set of elements in s
‘are not in T is ﬁinnﬁad by S\T. :
aagy reference we list down  the
Wtimn of the classes of matrices used in this

Q = {M e« P™ | (M) is convex}
Q = (M € F"™ | KX{M) = R}

L, = {M ¢ R"™" | LcP{q,M) has a unique complementary
solution for all g > 03

L = (M ¢ R™ | ICP{g,M} has a unigue complementary
solution for all g 2 0}

L = {M ¢ R"™ | I0P(q,¥) has a unigue complementary
solution for all ¢ # g = 0}

L, = L'\ I,

E-l:!n ]
_ ]



3. Tha L'-Matrices

Mefindtion ?.2. ¥ ¢ L' I2% ths TUT({,® has & unique
‘Somplementery solutior for cach ronzers g & R.

Bagmork Y.1. It im clear from *the dJdafinitions that
5 8L C L. The following exanples show that thess

"tmglusions &re propac.

Exanple 3.1.

Mo :

: =% %
The complementary cones ars shown in Figure 1. (In the
m, & nondeganerste complementary cone is indicated
i,r & two-headad curved arrow touching the gsnerators of
the cone while a degenerate complementarv cone 1is
ingdicated by a straiglit twc-headed arrow coinciding with
the generators of the cone.)




that if g > 0, the oAly complementary solution i=

SUSIN, ¥ = 0. If g lies on the Tay generated by I., or

3?‘. I, BAY g = [92.,0}7, whera 4; > @, then the only

mantary soluticn is w = {q;;ﬁ?r
L & L.

oomp solutiong gi;rln BYw=0, z = [2,,2,]7 where

&%, = 3, and z, is any nonnegative mumber. Thus M € L.
= ik

r T = 0. Thus,

If g = 0, wa get an infinite number of

M o=
1 4]

It is clear that if 4 > 0, the only complemantary

Bolution of the ICP(g,M) 18 w = g, T = Q.

Thus M ¢ L.
If g lies

on the ray generated by eithar I., or E P

say
then we obtain an infinite
nusbar of complementary solutiong given by w = f24g,,

@}, z = [0,2,] where z, is any nonnegative number. Thus,
S :

S
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Thaoram 3.1. Every princlpal Ew of an L'-watrix

iz an L -matrix.’

Proot: Let M ¢ L' n ™. We prove the theorem for
principal subzatrices of order n-1. For principal
submatrices of order r = 1,...,n~2, the proof is used
repestadly.

Without lose of generality, let tha principal
submatrix M, be the one cbtained by deleting the uth-ruw
and the nth column of M. ILet g, ¢ R™' such that
0 » g, 2 0. Then the ICP(q,M,) has 2 uumplmtnrr
solution (wjrz]) = (g,:0). Suppose that there is another
complementary solution (wj:iz?). Then 0 » z? 2 0. Choose
a number 1 such that .

| 'l
and set o' = [gl,A]. Then 0 » g = 0. Define
T
W=+ ;Eﬂun_,ﬁ*

Then w2 2 0 and the LCP(g,M) has the following
coeuplementary solutions: _

(v'iz) = fga0ds (wi:2?) = (2,22, 0).
Since zf » 0, these two complementary solutions are not

egual. This is not possible since M ¢ 1I'. Hence, the

L

LCP(q, M, ) has a unigue complementary solution and,

therafore, M, e L'. O




Definition 4.1. M ¢ I iff M ¢ L™L,.

Tha following results on the boundednesa of Cfg,M)

will be neaded in the proofs.

Definition €.2. A cones Pos[Al is sai? Lo be atrictly

pointed iff X(0,A) & (x| Ax = 0, 0 » x 2 0] = @,

Thecrem 4.1. (Cottle [1]). C(g,M] is bounded iff avary
Complementary cone containing g is nt.rit:ﬂy pointed.

Since the origin belongs to avaery complementary
cone, wa have the following corcllary:

Corollary 4.1. Cfo,M} is bounded iff =all the
complementary cones are strictly pointed.

If all the complementary cones ars gtrictly
pointed, then X{0,A) = g for esach ccmplementary cone
Fos[A}: hence, the only complementary Bc;lutiﬁn of the
ICP(O,R) is {w;z) = [0;0). We thus have

Corollary 4.2. C(0,M) is ]::m.';n_,ﬁ&ﬂ iff the IEP[D,.H]_ has a
unigue complementary solution. '

IV ()
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Theorem 4.3. Let M ¢ L nE™. Then
(i) Pos[-M] i= a hyperplane which supports B" only at
the origin:

(i1} Po=z[I,-M] is a closed hallapace hounded Iy Posl-M].

Proof: (i) By Thecrem 4.2, rank(M; = a-1; hencs, the
columns of -M sepan a hyperplane E. We show that

Pos[-N]1 = H, Clearly, Prea[~-M] < H.

let g € H. Then g = -Mx for some x & R". By
Lemma 4.1, there exists an x® > 0 such that -My® = g.
HEIII‘.'I,ﬂlﬂlﬁltlllhﬁﬂuﬂhmthﬂ+x}ﬂ:- Now,

~MAx® + x) = A(-Mx") - Mx = q;

hence, g € Pos[-M] and H c Pos[-M].

To prove that Pos[-M] supports K, nn]:r at the
origin, we note that Pos[-M] contains the crigin which is
an extreme point of R]. Moreover, if 0O +qg20, then
g € Pos[~-M]; for, otharwise, there would exist an x such
that 0 » x 2 0 and g = -Mx. Then the LCP{g,M} will have
at least two complementary soluticns |

(w'iz'} = (gr0}  and (werzt) = (0ix),

contradicting the fact that M ¢ L'. ' It follows that
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Pos{—M] R w {0}.
{ii} Lst the hyparr ane Poa[~-¥] b2 given by

Pos{-M] = x| p'x = 0}

and let Pos|-M]* denote tihe closed hal fapace bomded by
Pﬁhf;ﬂj and’ containing Ry,

Pos[-M]" = {x] _p‘x = 0),

80 that p > 0. We prove that Pos{-M}" = Pos[I,-M].
Clearly, Pom(I,-M] c Pos[-M]" . :

Let g € Pos[-M]'. Define
e 5 (p'a)/ (p'p}
and sat P =g - ap.
Thes p'e® = plg - ap’p = 0:

hanca, ¢ e Pos[-M]. It follows that ¢ iz a
nonpegative linesr combination of the columns of -N.
Since g = g + ap, aad, an&plﬂlpﬂiitiﬂ.{m
combination of “ha cﬁlumn- cf I, we conclude that g is a
nonnegative linear ccmbination of the columns of [I,-M].
Thue, g € Pos{T,-M]; hence, Pos[-M}* ¢ Pos{I,-M]. D
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Remark 4.2. Theorem 4.3(Lli) irplies that an I -matrix M
is not = Q-matrix since E(M} is » subset of Pos[I,~H]
which is a halfspace. In fact K(M) = ﬁnﬁgt.-m]-whinh can
be shown by provirg that M is a ¢ -matrix. To do this we

use tha fellowing thecrems :

Theorem 4.4. (Eagambaram and Mchan [3]) Let M ¢ g™
such that rank{M) = n=1 znc Mx = 0 ond p'¥ = 0 for gome

vectors x > 0 and p > 0. Then M is a Q.-matrix.
Theoram 4.5. (Eaves [4]) M ¢ Q, iff K(M)} = Pos[I,-N].

!hutﬁ 4.6. :
(i) If ® ¢ L., then M ¢ Q0.
1) s
(1ii} L, is the largeet subclass of Q-matrices in L.
Proof: (i) Let M ¢ R™. By Theorem 4.2, rank(H) = n-1.
By Lemma 4.1, there is an ¥ > 0 such that ¥x = 0. From
the proof of Theorem 4.3(ii), we note that tha normal p
to Pos[-M} may be chosen to be a positive vector. Since
=M., ¢« Pos[-K] for § = 1,...,n, then p’{-ﬂ-i] = 0 for
3=1,...,n. Thuoa, p'{+ll:i = 0 por pPM = 0, By Thmru'f.l,
M is a Qg -matrix. By Theorem 4.5 K(M) = Poafl,-H].
By Theorem 4.3(ii), X(M) is a.hnlfspamz hence, M € Q.
(i) Since I, £ @ £ 0, L. © Q. and L' = I I,
then L* £ g,.
£111) This 1mad1utniy follows from f.t_}. ]
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