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1. Introduction

rﬂnusider & group of persons who must make a joint decision.
Since each wember of the group may have a different choice if he were To
decide for the group, the problem is to define a group decision that an
impartial ;rbitai, charged with the task of deciding for the group, aight
contider as reasomable. In & provious paper [2] that used a lexicographic
preferences fremework, a solution was proposed for an arbitration problem
involving caly two persons and no uncertainty. Assuming lexicographic
expected utility fumctioms [5, 7, 3, 4] the same solution is:npplicnhle
to the case of grovp decision and a similar result holds: if the
solution is unique, it satisfies the Nash conditions [6] suitabiy

reformalated and iz the only solution that does so.
2. The model

Let x = {xl, vees X3 be the group desision when person
h=1l, ..., B chaooses the point Ih in Lhis individual decision space.
¥rite ﬁh{z} = [“?[K}r ugEI}. ---}T where u?{x}l ig the expected ith
atility €1 =1, 3% -..) of x as perceived by h, and T denctes the
trangspose So uhtx} is a columpn wector. Letting x??y mean u?{:} >
W(y) and xily meen uj(x) =ui(), h prefers x to ¥ tyy if
ngy for some j and xI?y for all i < j. That is, h's preference
ordering of the x's is given Uy the lexicograrhic orderipg of the
Brx)'s. We write u(x) = (@ (x), <. uw(x)) so that if S is a set of

alterpatives (possible group decizions), x € 5 can be represented as a



point u(x) € U(S) = {u(x)| x € 5}. We will also write U.(3) =

(00| x €8} where u (x) = (u;(x), -... €5(X)).

Denoting the udni.ss:ibl;a set by A, we assume that U(A) 1is

compact; U(A) is alse convex with mixed strategies. Let

A= GEA | Yy EA ¢ (dn: yPix) > (Tk: Py
1 = 11 2:- o

where JLIJ = A, .!Li wonld be the set of Pareto optimal eluﬁ_:t: in ﬁi-l
if each h had only a real valued wtility function u’;, and we will say

that the elements of A, are u,-optimal. Putting

A=A NA NA

1 2I"I1---

as the group decision, A" wmight be called the lexicographic Pareto

solution. To get A* the arbiter follows a straightforward procedure.

o

Plif be usee fhe. % :{ui. ...» u) functions to determine the set A

3
of u,-optimal points. He then looks at the u, Tunctions to determine

z
on. The arbiter thus narrows down his cheice by letting the successive

the set A, < A, of u2—~npti-u! as well as u -optimal points, and so
u.'s do the work, so to speak, and he brings in no extraneous or
arbitrary considerations to arrive at the group decision.

4% will clearly be smaller than the usual Parste set with real

valued wtilities, and it may happen that for some i the u, functions



will pick out the same choice on A; ; 1o which case U(A.) = U(A®) is a
singleton. U{A*) might also be a singleton if utility is infinite-
dimensional; see {2, p. 232]. The next section focuses on the singleton

U{A*)} case, which gives a Nash-type result.

3. Hash properties

Let wic) be a permutation of the components of ¢ = {nl. sl cnj.
and zay that U{8) is symmetrical if for every x, ¢ = u(x) € U(S)
Inplies thet for every w(c), 9y: uly) € U(3) and uly) = ulec);
similarly, l.!i{S} iz symmetrical if for every x, ¢ = 'ui(:] £ Uil:S}_
implies that for every wic), Iy: nt{y) £ U!_(E} and l.'li[j’} = m{c).
Denoting a possible solution by g({A), mnot necessarily the solution
A* = g=(p}, consider the following requiresents.

Condition 1 (invariapce): The solution g(A) is unchanged by arbitrary

positive linear transformations of u? o B S P SRR T SRR |

Condition 2 (= : If W(A) is symmetrical, then U{g{A)} = {T)

with ﬂlt A

Condition 3 (Pareta optimality): No element of g{A) is Pareto
inferior to any element of A. (As usual, x 1is Pareto ioferior to ¥

if someone prefers v to x and Do one prefers x to ¥.)

Condition & (rational choice): If A A" and AN g(A') # 0, then

AN g(A®) = g(A).

g



Conditions 1 and 2 are the same as those of Nash extended to n
persons amd miitidimensional wtilities. Conditions 3 and 4 are the seme
as Nagh. It follows from Lemmas 1 and 2 below that if U(A*} is a
siﬂgle‘cnn, E=g* if and only if g satisfies Copditions 1 %o 4.

.

Lemass 1. With U(g*(A)) & singleton, g* satisfies Conditions 1 to &.

Troaf. Condition 1 s clearly satisfied.

Aszume the hypothesis of Copdition 2. Since UI(AD} iz sym-
matrical, so is L‘1 (4.) vhich is just the "northeast” boundary of
Ul”‘ﬂ}' We can assert that if U{Aﬂj anud I.FI{AI,‘.I are both MIM.
=0 isg E.F{.H_}. [For suppose U{Ai} is not symme=trical. Then there is
an x in A, say X%, such that tﬁn{i]EU{AlJ and there is some
w(e), =ay %(c), such that for all y in A;» u(¥) # ®(c). However,
U(A,) 1is symmetrieal and A; 1is a subset of Anr so for every =u(c)
there must be some v in ag*h! such that u(y) EU{&B-AI} amd
u(y) = n{c). We would therefore have, say, wu(y} = af{c) as well as
u{X) = c. But these two equations imply that ul{;:r',l belongs to Ulmlj

sgince I.Ilul} is symeetrical and H haz all the —nptiesl elements

3
in A'l}' and therefore ¥ belongs to .{1 contradicting }Eﬁn-ﬁl.]
Thus U['A.i} is symmetrical, hence also ”2“‘1}* UI(AE} and Uu?] by
the same reasoning. Repeating the argument, umi} is syametrical for

all i, and the conciusion of Condition 2 follows.

Condition 3 iz satisllicd cluce x i3 Parelo =forior to some ¥

in A only if x does not belong to 'li for some i, which would



contradict x £ A®.

To establish Condition &, let its hypothesis hold. With U(A*) a
singleton, we need only show that (i} A N g*(a') < g*(A), which is false
only if there is a z such that (ii) z € A M A, M A, A ... but (i%1)

z € A- A*. Suppose sucha z. From z € AN A} in (ii) and the fack
that A€ A', we bave z € A, directly. Tous z €A A 5'2 using (ii).
Since z belongs to A, and is u -optimal in the larger set A},
clearly it is u -optimal in A, i.e., A1 Aa;: Ay, and therefore

z €A, Repetition of the argument gives z € A; for all {. which
contradicts (iii) and proves (i).

Lemma 2. If g satisfies Conditions 1 to 4 end U(g*(A)) is a
singleten, g = g".

Proof. Using Condition 1 we can put U{A*) = {1} where R o
without changing g(A), and we need te show that U(g{A)) = {u}. Let
us say that A" symmetrically contains A if for every X, ¢ = u{x) E
G(A') - U(A) dmplies that for some y and some m(c), u(y) € U(A) and
uly) = w(c). Choose A' so that A" symmetrically contains A and
U{A") is symmetrical. Then by Condition 2, U(g(A)) = {ir with Ei =

rni® Fe Noting that U({A) and U(A'} have exacily the same elements

v of the form ul ® ... ® u“. the hypothesis of Condition 4 is satis-
fied, and therefore U(g(A)) = {8}. Simce x is u,-optimal if u(x) =u
it is not possible that @, » Ui on the other hand, §; < 61 BEADS

that g(A) violates Condition 3. Hence 1§, = ﬁl. The argument can be




repeated with regard to u, to get ﬂz-ﬁz, etc., so that Gi=u as
required.

&. Independence of irrelevant alternatives

For the purpose of this section, whick is to say & word about
prrewts [1] independence of irrelevant alternatives (IIA) condition,
it will suffice to consider just two persons and simply A = {x, y} such
that (1) xPy and yPix and therefore (i1) Py and yP%x. IIA
requires that g(A) be invariant with respect to any changes.-that do not
alter (ii). With g*, ooe hes A, = {x, y} from (i) so g*(A) = {x} if
llz{::} > u,{y). 1If {i) hence (ii) remain the some but ui{:r] » 'u?{:}, we
would have g*(A) = {y} instead; which seems only reascnable. However,

IIA i= violated.

The motivation for ITA iz to mwale gf{A) independent of non-
available or irrelevant alternatives, i.e. alternatives outside A (see
{1, p. 26]) which IIA does accomplish, but it goes farther by requiring
g(A) to be a function only of individual preferemces (the P''s) on A.
It thus rules out any group decision function like g* where the group
decizion depends on a finer structure of preferences (the Pl;‘s). In the
simple exsmple asbove, a change in that fimer structure changes g(A) but
not individual preferences, so IIA is violated and yet the group decision

iz obviously independent of irrelevant alternatives.




ja e ﬂ::-m; Iusion

On the assmmption that the members of a group have multidimensional
expected utility funetions, & repeated application of Pareto optimality
yields the lexicographic Pareto sclution, which has the attractive
property that if -I gingleton, it satisfies the Nash conditions extended
io the pregent case. Interestingly, it fails to satisfy Arrow's
independence of irrelevent altermatives condition although the group
decision is in fact independent of such alternatives. Thiz Arrow
requirement, which was designed merely to rule out dependence of the
group decision on non-available alternatives, is thus more restrictive
than was originally intended.
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