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Abstract

(Juasiconcave functions are characterized by the
convexity of the upper level sets. It is natural to ask
what additional properties are required to characterize
explicitly guasiconcave functi%ns. {which contain the
Slrictly gquasiconcave !tqptiﬁi:]r- We show that these
~in terms of the

additional properties :ﬁ,ﬁ.}_ 3
properties of and giatiuﬂﬁips bttillg. the level set,
the upper level set, the boundary and the pnli:ﬂ.lu- of the

upper level set.
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1. JIatroduction

Explicitly guasiconcave functions are semistrictly

£

quasiconcave Iuncbions that are gquasiconcave. (Semi-
strictly quasiconcave functions need not be quasiconcave
[Karamardien (19673]1). This class of fumetions includes
the strictly quasiconcave functions and are useful in
economic theory [Diewert (1981)] anq'npuratinns research
[Greenberg and Pierskalla {19?13].

Juasiconcave funelions arc characterized by the
converiiy of their upper leveél sets [Mangasariam (1969)]
and it is natural to ask what additiomal properiies ars
Tequired to characterize explicitly guasiconcave and
strictly quasiconcave functions. We show that these
additivoal properties can be expressed in terms of the
properties of and the relationships between the level
set, the upper level set. the boundary and the profile

of the upper level set.

Notation. R" denotes the Euclidean n-space with the
usual topology. The boundary of a set C is denoted by

b[C] and the interior of € by i[C]. For every pair of




distinct points x,y¥ € R*, the line seg ining x

and v is denoted by [x.¥]. I the p

deleted from [x,¥], the line seg.ent:fh

2. Semistrictly Quasiconcave Functions

Definition 2.1. A real-valued function f defined om a
convex suhﬂ.eﬁ'ﬂ of R* is quasiconcave on C iff x.y € C,
8 € [0,1], £(x) £ £(y) = £L(x) ¢ £{{1-8)x + O¥].

Definition 2.2. iazfél—vniued function £ defined om a
convex subset C of R® is semistrictly guasiconcave on C
SEf X,y €EC, x # ¥» ® € (D,1), £(x) ¢ fly) =>

£f{x) < fi{1-8)x + Oy].
s

Definition 2.3. Let f be a real-valued function defined
on @ convex subset C of R® and let @ € Ran(f). The
upper Ieva} set of f at o is defined aqi

UL, (@) = {x € C: £(x) : a}

and the level set of f at @ iz defined aﬁh

Lf{n'.} = {x € C: £{x) = a}.

Definition 2.%4. Let C be a convex subset of B® and let
x,¥y € C. The extension of [x,y], denoted by extix.,yl.
iz the line containing [x.y].- The extension of [x.¥]

on C is defined as ext, [x,y] = e:f[;;y] i c.




Thecrem 2.1. Let f be a real-valued semistrictly gquasi-—
concave Tunction defined on a convex subset C of RT and
let o € Ran(f).
{a} If L {a) contains a line segment [x.yl, then
o = mar (f{u): n-€ &xﬁt{x,y]}.
[bimlf L;{a) contains a neighborhood, then
a = may {f£{x): x € C}.

S

Proof: (a) Let [xz.¥] C L, (a) and let u € e:xtc [.¥]- If

u € [x.¥], then f{u) = . If u & [x,¥}, assume that

¥ € (x,u) (The case x € (u,y) is treated similarly). If

@ < f{u), then f(x) < f{n). By semistrict gquasiconcavity,

£(x) < £(y) centradicting £(x) = f(y). Hence, f(u) & a.
(b) Let N be a neighborhood contained in Ly {x)

and let y € §. If « # max {£(x): x € C}, them there is

¥) £ f(z). By n*;ltrint

quasiconcavity. t{;ﬂ & }v or each @ € (0,1).

By choosing 8 amg'- tnuu.g‘h.. the poi _w-r WE‘ N,
contrary to the faet t@t I is ?"“tﬂt “E;};

=

a point 2 € C such tnat

Remerk 2.1. ‘Theorem Liﬁ}‘m that if w'mﬂ
and is not the m&xi“m.lﬁ*-m! L 'Ehl th:‘-_—iﬁb'l set
of utility theory, the indifference set L (a) is not =

e

Le(a) does not contain

thick. Hence, a semistrictly guasicomcave utility
function that has no maxizum does mot have thick

indifference sets.



d. Explicitly Quasiconcave Functions

Definitieoen 3.1. A real-valued function defined omn a
convex subset C of R" is explicitly guasiconcave on
C iff it is semistrictly guasiconcave and guasi-

concave on C.

Theorem 3.1. Let £ be explicitly quasiconcave on a
convex subset € of B". If f achieves its minimum in

the interior éf €y then £ is constant on C.

Proof: Let £(x*) = min {f(x): x € C}. (1)
where x* € i[C]. E;ff iz not constant on C, then
there is a ¥y € G-such that

E(z*)it Tiy). (2)
Since x* € i[C], then thére iz a z €C and a
8 € (0,1) such that x* = {1-8)z + &y. If £ly) $ f£(z),
then, by quasiconcavity, F(y) ¢ f(x*), contrary to (2).
Henc%, £(z) < £(y). This would then irply, by semi-
strict quasiconcavity, that I(z) ¢ i[x*}m.@nntrary
to {(1}. Henece, f is constant oo C. I

-

Lezma 3.1, Let £ be a real=vaiued guasiconcave
function defined on a convex subset C of R". Let
x,¥ € C and suppose that £f{x) < fiy). If z € (x,¥)

and £(z) = £(x), then f is constant on [x,z]-.




Proof: Let u € (x,z}. By the quasiconcavity of £,
£(x)£ £(ma). (3)
If £{y) < f{u}., then by Lhe quasiconcavity of f,

Fl{y)y £ f(z)

f(x), contrary to the bhypothesis.
Hance, €f(u) < £{¥). Again, the quasiconcavity of

-

f implies that
£{u) £ f{=z) = F{x). {4)

It follows from (3) and (4) that f{n) = £(x) = £(z).
o,

Since u ie arbitrary, the conclusion follows. |

Theorem 3.2. A real-valued function f defined on a
conveX subset C of R® is explicitly quasiconcave on
C iff, for every a € Ran{f),

(a) UL (a) is convex;

(b) [x,¥] € L (@) —> @ = max {f(u): u € ext. [x,¥]}.

Proof: (=>) Part {a) follows from the guasifoncavity
of f. Part (b) follows from Theorem 2.1.

{ ==} Tﬁgﬁgnnsi:anca?ity of £ follows from the
convexity of the upper level sgts. let x,¥y €E C, x # ¥,
9 € (0,1), and f(x) € f(y). Let z = (1-0)x + Oy and
let £(x) = . Dy the quasiconcavity of £, f(x) £ £(z).
Suppose that f(x) = f(z). By Lemma 3.1, F iz constant
on [x,z]; hemce, [x,z] € L (=x). It foilows from the
hypothesis that a = max LEfua): u € extc[x.z]}. This
implies that f(y) £ a = £({x}, contradicting the
assurption. Hence, F(x) € £(z). showing that F is
Semistrictly gquasiconcave on C. B
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Remark 3.1. Martos (1975) gives the following line
segrent characterization of explicitly quasiconcave
functions that dces not involve the convexity of the
upper level sets: A real-valued fonciiom defimed om &
conver subset C of B® is explicitly gquasiconcave on C
iff every line segment [x.¥] € C can be partitiomed
into three {possibly emply} line segments [x,u], [u,¥].
[v,¥] such that £ increases on [x.,u1]; is constant on

[u_.,v], and d‘nEl;L‘E&EEE on fv,¥].

Theorem 3.3. Let f be a real-valued explicitly
quasiconcave iuﬂﬁ%?nn ﬂtt@hﬁd on a convex subset C
of R* and let & € Ran(f). Then

[a) ULffuﬁ is cnnv%;;

() 1, () € BIUL ()], if @ < swp (£(x): x € C}.

L

Proof: %a._—t {(a} follows from 't:l'.'ﬂ

ERAT T

ety

To prove part (b), let y € Lr{u}&'hm‘ﬁ UL, (a).

e

- L

Suppose that y € i[UL (e)] and let N(y) be a neigh-

borhood of ¥ contained Sn UL, (a). We
@ = £(y) = min {f(x): x € UL (a)}. By Theorem 3.1,
f is constant om HLr{u}: therefore, f{x) = o tuf all
x € UL, («). Hence, UL, (x) = L (x) which implies that
L; (x) contains the neighborhood N(y). By Theura- = %,
a = max {f{x): ¥ € C}, contrary to the hypothesis.

Hence, ¥ is a boundary point of 'l.i'l..,t{-:r.j. g8




Remark 3.2, If @ = sup {£(x): x € C}, where a € Ran(£},

" then @ = max {Ffi{x)r x € €} and we have I.I{t_l?‘a ‘El}f_[u]-
Conversely, let L, {a) = UL {a} and et :l: Eér. It

z § UL;{u}. then f(x) ¢ a. If x € ULy (@), f;ﬂn x € L.(a);

hence, £(x} = a. It foilows that = = max {£(x): x € C}.

Evample 3.]1. Consider the explicitly

function f depicted in Figure i, ‘l‘hll"l.‘i‘-';g;'}' -ilt_;._,;i}. For
wach a (¢, = max {f{x): x € C}. L,(a) ie a submet of
{actuaily, egual to) B{UL (a}]. But at a = a5, L,(a,)
is not a subset of BUL,{a)i; im !nﬁ: Lgfag) = ULy o).

This example also illustrates Theorem 2.1.
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Example 3.3

Diewert (1981), show

in Theorem 3.7 are no

quasiconcavity. Let f£=



- Dy if Bs,rlil.. ri-ﬂ
ff:f:l:l} -
Ln 2 0, if ax, + (BFa)x, = a{l+a)

where ,llf = {x € R*: =z » 0}. The function f is guasi-
concave on R2Z since its upper level sels are convex
{Pigure 2). For every a € Ran{f), L,la} & bIUL,{a)]
but £ is not explicitly guasiconcave since it is not
semistrictly guasiconcave cn the nonpbegative x,-axis.
Note that L:(c) is a proper subset of B[UL,(a)]. In
Theorem 3.4 we show that when equality holds, the
conditions bm:m sefficient.

Figure 2

Lemma 3.2. Let C be & convex subset of B> and let

fx.¥} € ©iC). If z € I'It'___[‘l..j"]. then z € h[E]:




Proef: If z € [x,¥]: there is nothing to M. Ir
z ¥ [1,3], assume, without loss of ganeral:.tmfi that
¥ E {x,z} and let ¥ = (1-8)x-+ 8z, where 8 € ﬂ i).

If z ¢ bB[C]. then =z € i[C] since =z € . Let N(z) be
a ntighbafhnnd cf 2 such that N{z) € €. Then the set
Biy} = {v: v = (1-6)x + Bu, u & N(z}}
iz a neighborhood of ¥ and is contained n{f,c This |
shows that ¥ € i[C]. contrary to the hypethesis.

Henee, z € b(C]. 2
J

Theoren 3.4. Let £ be a real-valued !imctinn.d&fined
on a convex subset C of R". Euppnu%,that, for every
i = Eﬂ.ﬂ.{f]:

ek

- sup {f{u} '&'

L *.'qg. c.

(5)
(6)

(a) UL, {a) is convex;

(b) Lg(a) = h{lﬂ,w

Then [ is expl

implies thnt
X ¥ ¥ w&ﬂvii{. [
E(x) = £(z). ¥
Let £(x) = &

a = £(x) €

Since L, (a) = bIVL (a)]

[x,z] ¢ B{UL (a)]. Note “  y is in




» .

of [x,z] on UL (a). By Lemwa 3.2, y € BIUL,(e)):
hence, ¥ E L1E fa) and so, fiy) = @ = ff:t}.. cantrarcy
to the assumption. Conaequently, f{x) < £(z),

showing thal [ is semistrictly quasiconcave on C. j

The most useful property of explicitly qua;ic:ﬂncave
functions for optimizatiom is that every local maximizer
is a global maximizer [Mangasarian (1969)]1. Moreover,
they are also characterized hy the fact that their
restrictions to line segments are also explicitly quasi-
concave [Martos [}9?5]!. It follows that if a function F
is explicitly quu#‘if:nm:m; then on every line segment
[x.¥] im its domain, every local maximizer om [x,¥] is
a global maximizer ﬂnhl'“i':,-j*]l.

Suppose that a quasiconcave #u_wl:im £ defined on
a convex set C has the property th-';tt m;mw line
segment in C every local maximizer if%ﬁbﬂl maximizer.
Let xsvy € €; x4 v, 8€-(051); and E{i@‘f{y}'- Consider
the line segment [x,¥] and the point = = (1-8)x + By. By
quasiconcavity, F(x) ¢ F(z). If £(x) = £fz), then, by
Lemma 3.1, £ is constant on (x.z]. Tﬁiﬁ.j.an:iEE that
a peint u € (x,z2) is a local marximizer on [x.v] but not
a global maximizer on [x,¥], ccn'w 4o the assumption.
Hence, £{x) < f(z), showing that !iﬁﬁ-'ﬂplicltir quasi-

concave. We thus have the following theorem:

10




Theorem 3.5. A real-valued function defined on a convex .

subset C of R® is explicitly quasiconcave on C iff it is
qtla;icum:_ivu on C and ¢n every line segment [x,v] i-"-! C,
every local maximizer on {x.¥] is a global maximizer on

[x.¥]-

T

4, . Btrictly Quasiconcave Functions E '

Definition 4.1. A real-valued functiom £ defined on a
convex subset C of R" is strictly quasiconcave on C iff
;¥ EC, x# vy, 6§ € (0,1), £{x) £ £{y) =—>

-1 1) £ )
E{x) ¢ £[(1-0)x + ﬂﬂ !

Remark &.1. It is
concave and guo

Cawo .

Bemark 4.2. A str ik

Ge constant on a lim

Remark 4.3. If a stri

maximizer, tﬁ:

Definition 4.2.
stri%-:tly' conver
[(i-8)x + ay] €




b |

Corresponding to Theorem 3.3 We

:“?th following

theoraem.

Thecrem 4.1. Let £ be a real-valued strictly quasi-
concave function defined on a convex subset C of R".
Then, for every o« € Han{E},

{a) UL, () is convex: {7)

{b} Le{a) € b{UL.{a)]. (8)

Prooi: The proof of Theorem 3.J applies here except
when « = sup {f(x}: x € C}. In this case, there it a
maximizer x* € C which is unique (Remark 4.3). Hence,

UL, (a) = {x*} = B{UL,(a)] = L {a)- §

Remark %.%. As in Theorem 3.3, the conditions in
Theorem 4.1 are not sufficient. Im fact, even if
condition (8) is repiaced, as in Theorem 3.5, by the
condition that L,{c)} = b{UL;{(a)] for all o € Ran{f),
they would =2till be insufficient for strict quasi-
concavity. ¥or example, congider f: Rf—kﬂ defined hy
fxy,Xz) = Xa¥a,
where Hi = {x € R*: x 2 0}. The upper level sets are
convex and L, {x) = B{UL {a)] for all « £ Ran(f}. Hence.
£ is explicitly gquasiconcave. But it is nolTstrictly
quasiconcave since it *s constant on the nonmegative
axes. However, if we replace (7) by strict converxity
and (8) by eguality, then the conditions become
sufficient for sirict guasiconcavity.

12




Theorem %.2. Let f be a real-valued funetion defined
on a convex subset C of R". Suppose that, for every

a € Ran{f),
(a) UL, (ax) is strictly convex: {9}

(b) L,{x) = bIUL, (a)]. (10)

Then £ i% strictly gquasiconcave on C.

Proof: Let Xy ELC, x £ ¥, 8€ (0,1), and F(x) < £f(v).
Let I(x) = a. Then x € Le(ax) and x,y € UL, (a). Since

UL, (x) is convex for every g € Ban{f), then f is quasi-
concave on C. Hepnce, letting z = {i-9)x + 8y, we have
Ifxry < £(z) and so, z € UL, (a). Since UL, (a) is strictly
convex, then z € i[UL.(a)]; hence, z ¥ bIUL, (a}] and =o
z2 # Le(a). It follows that f(z) > a = £(x); hence, £

is strictly guasiconcave on C. ] tlh*;

-
=

o

Theorem 4.2 give

qu&sinq%c_a:?i‘ty,._:l_ - the

e

and sufficient co ndit

where the strict ..--“" X
relared to a "local stri
the points of the lewel .
associated m e h_ [

Definition 4.3. A point x

points y.,z € C, both distinct from x, such that
13




x = (1-8)y 4+ 8z for some 8 € (0,1). The set of extreme

points of € is calied the profile ¢f C and is denoted

by piC]}.

Theorem %.3. A real-valued function f defined on a
convex subset C of B® is strictly guasiconcave on C,
iff, for every o £ Han{tl},

{a) VL, (a) is comvex;

.Prnuf: {=>») Part {(a) follows from the quasiconcavity
of f. To prove part (b), let x € L. {a). Then x € UL, (a)
and, by Theorem &%.1(b}, x € hEULf[q]]‘ If x is not an
extreme point of UL (a), then there are points v,z in
UL, (a), both distinct from x, such that x = {(1-8)y + 6z
Tor some B8 £ [(0.1%. Note that

a = £(x) £ £(¥) (11}

o= f{x) £ f{zY. CLEY
I£f f{y) £ f(z). then, by the strict guasiconcavity
of . EF{y) < fi(1-8)y + 6z] = I(x}
contrary to (11). If we suppose that f{z} £ f(y).
then, by the strict guasiconcavity of £,

£{z) < Fl{:—9v)y + 682] = £(x} o
contrary to (12). Ience, © is an extreme point of
UL, (a), i.e., x € p[UL () ].
() Let X,y € C, T # ¥ B E (0,1), nqp

F{xY £ £(y). Let £(x) = - Then x;¥ E ULr{“}‘ S8inece

14




-

ULy (a) is convex, then z = (1-8)x 4+ By £ ULf(u}:
hence, fir) * a = I(x}. If f(z) = £(z), then z € L. {a),
rhich, by hypothesis, implies that z € plUL (a)],

i.e., 2 is an extreme point of UL, (), a contradiction.
Hence, fi{x) < f{z) = £f1(1-9)x + Oy] showing that £ is

strictly gquasiconcave omn . "

BEemark 4.6‘: In most economic applications, the upper
level sets are required to be closed. When a set € 1s
closed, the strict convexity of C is egquivalent to the
condition that every boundary point of C is an extreme
point of C. Now, if f is strictly guasiconcave on C
and Lr{u} = b[ULT{u}l..thaw ULf[u] is closed. From
Theorem 4.3, it follows that every boundary point of
UL; (@) .is an extreme point of UL (a). Hence, UL, (a)

is strictly convex.

Corresponding to Theorem I.ﬁ:mbhﬁwl‘ the
following theorem whose proof is amalogous to that

ofF Theorem 3.5. »

Theorem &4.4. A real. _- function £ ﬁﬁ'? a
convex subset C of B® is strictly guasicomcave on C iff
it is quasiconcave on € and on w line -l—n:nt ix.¥]
in C, a local marimizer om [z,¥] is the unigue global

maximizer on [x,¥]..

IS




Refarences

: 4

Avriel, M., [(19746). NHonlipear Programming: Amnalysis and
Methods {Prentice—Hall, HN.J.}

Diewerht, W.E., {1981). "Geperalized Concaviiy amd
Economics™, in: §. Ochaible and W.T. Ziemba, eds.,
Goeneralized Concavity in Optimization and Economics
fAcadenmic Press, N-¥.} 511-54F.

Greenberg, H.J. and Pierskalla, W.P. (1971). "A Review
of Quasiconcave Functions”, Operatioens Research 19,
1553-1570.

Karamardian, 5. (1967). "Duality in Mathematical
Programming™, Journal of Mathematical Analysis and
Applications 20, 344-358,

Mangasarian, 0.L. (196%9). Nonlinear Programming (McGraw-—
Hill, N.X-}

Martos, B. (1975). Nonlinear Programming Theory and
Fethods [(Horth-Holland, Amsterdam) ;

Thompson, W.A. and Parke, D.W. (1973). "Some Properties
of Generalized Concave Functions™, Operations
Research 21, 305-313.




