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Ahstract

A safety first decision criterion sugpests a secondary
objective when the safety condition is satisfied. In the model
of this paper, the product mix ef a smallholder pursuing safety
firat is one where the crops produced are squally safe--he cannot
afford to gamble and he dees not. When the safety condition is
sarisfied, he chooses a riskier crop mix the larper his resources

or the lower his degree of risk aversion.




PRODUCTION UHRER UMCERTAINTY : SAFETY FIRST AND THE CRGP MIX

Int roduction

This paper formulates a model of farm production decisions under
uncertainty that sugpests an interpretarion of risk and risk aversion
that is consistent with common usage. Under such an interpretation, a
lower degree of risk aversion implies a riskier product mix whem a
safety cogstraint is met, and when it is net, safety first requires @

mix of crops which are equally safe at the margin.

Preliminaries

Since farm outputs reach the market after a production lag, the
prices at which they can be sold are uncertain at the rime production
decisions are made. Furcher uncertainty stems from the variability of
realized outputs, given planned production levels, because of random
factors (e.g. the weather) that affect yields. Let gq = {qi, A qn}
dencte the decision vector of production levels in a multi-product farm,
amnd v = (yl, s yn} the corresponding vandom outputs. Writing p =
{p], Py pn} for the random price wector, ler fip, y| g} be the
joint density of p and y given g. We can then write expected sales

as
(M W =[O ... J5 ey Tp. ¥] ) dp dy
and expected profit as

(2) $#{a, ¥} = Viq) - Clq, ¥}

where Clq, ¥) is the cost of g given the cost parameter y. We will

assign a meaning to this parameter as needed. The usval procedure would



maximize (2) subject say to a working capital comstraint
<
(3 Clg. v} = A.

The constraint constant A may be assumed to be higher if farm size is

larger. We will, however, follow a different approach.

The Model

The starting peint is the Cramfr eriterion as formulated by Roy
which makes the minimization of the risk of a "disaster" the sole
objective. While plausible in some circumstances, this criterion is
clearly not general. Telser has proposed a modification by postulating
a tolerable risk level such that if it is not exceeded, some ohjective

function like (1) is maximized. Specifically, lecr

(& w(g, 8) = Prip.y = s| ql

= [ .. | £p, ¥] @ dp dy
Bi{a}

where EBis} = [{p, ¥}z p«v - 2} and & 1is a eritical zales lewel.

Then, following Telser, one would maximize (1)} subject to (3) and
(5)  w(g, s) = a*

where the probability w* is a4 decision parameter :Ef]Ec:ing a person's
attitude towards risk. The concept of an acceptable probability level
n* ig familiar from the classical Neyman-Pearsom rule which assumes
that some specified probabilivy of avolding a Type I error is acceptable.
The standard statistical pracrice of taking some probability lewel as
good enough for the purpose, say, of detecting batches of irems .
containing more than a certain fraction of defectives is similar. Terms
like "reasonable risks" and "acceptable tisks" carry the same idea. It

ig natural then to say that the value of 7% reflects a person's degree
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of risk aversion: the higher is =*, the more he is risk averse. This
sense of risk sversiom, different from the usual Arrew-Pratt one, will

be seen below to have a uvseful implicatiom.

Although the Telser criterion is incomplete in that it is silent
about the choice if no q =satisfieg both (3) and €5), it can be
Huﬁpluﬁﬂézeﬂ by the Cremer eriterion which would simply maximize (&)
subject to {3). A lexicographic combinarion of the two criteria thus
defines ; preference ordering: g will be preferred to q' if (i)
min{€lq, s), #*} > minin{q', s}, w%} or (ii) min{=(q, s), W&} =
min{z(g', 53, #*%} and ¥V(q) > V(g"). Such a preference schema-—an
alternative to mean-variance asnalysis (Markowitz)-—is essentially
similar to Roumasset's safety-first model, the Telser criterion applying

only if the choice is based on (ii).

The Telser problem

Suppose the Telser criteriom applies. Writing o o= Btfaqi
and similarly for Ei and ?i, the Kuhn-Tucker conditions require that
the optimal q = |:1|::I {dencting selution values by O superscripts which,

however, will psually be omicred) sacisfy

-

(6] V.. T at, + fn. = 0 Bt T
(7 {vi-aci+'ﬁfi}qi=ﬂ f=1, eyt
(&) A-Clg, ¥) =0

£9) (A - Clg, y})a =0

(10} wlq; 8) - v* = 0

(11} {(nig, 2) = w¥}g =0

and q z 0, « Z 0, B = 0. In {6) we must have the Lagrange multiplier
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a>0 since £ =0 and Vis C, ¥, are all positive. If @& =0 the
problem reduces simply to the mawimization of Viq) subject only teo
{3), which is relatively uninteresting, so we will focus on £ > 0.

We then have

(12) vi;ci * BufC, = if q; >0

{13} q. =0 if v./c, + ﬂniFCi <,

Thus the optimal q will include a product with a low vifci if itrs
Iifﬂi is high enough, a=s weall a= another with a low nifci iflits
F&fﬂi is high enough. One might then call the latter a high-risk
high-return product, which is the usual case with a cash crop in low
income cowmtries, and the former a low-risk low-return one, like the
food crop. We therefore propose to say that product i  is less risky
than j iF rifﬂi > ijfcj‘ and j has a higher return than i if
vjfﬂj £ ”ifci' From (13} a crop will be absent from the product mix
if for the same return it is riskier than another, or if for the zame

risk its retorn iz less.

Differentiating the equations in {6), {8) and (10) and writing

L= W, - T s :
Elj EIJ uElJ an!' Wi hawve
T,
ST i - =
Gll i Cl LB 1 dq1 aEle? Hnlﬂds
. - = b
Lol
o e, O " " dqﬂ? Tty o B i
-El b _um ] i de C&dT — dh
e W 0 ] dEe dr® = 15d3

by renumbering, @ beiog Che member of pguations in (6). Let D denote
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the determinant of the cosfficient matrix and Dij the cofactor of its
(i, jith elementr. We will say thar product i is "normat™ if Eqifaa =

= ]f'm+1,i‘m >

Interpreting dy = 0 to meas an lncresse in the cost of a

particular i so CiT = 0 and c? » 0 but EjT =0 for al1 4 # i,

-

14 A . =gl B._/B+LC D o
(14) "-[:l.’r::ﬁr Ltw 1L£ ¥ m+].:f

since Diifﬂ « 0 from the second-order conditions, ﬁtiET =g af i
iz normal, as one should expect. We note the possibility that if 1 is

not novmal, 4 decrease in the cost of i may lead to a lower a;-

Lat ﬂﬂ depnote fixed costs. If dy > 0 is interpreted to mean

an increase in En only so E? * 0 but {:_I1II =0 for all i,
15 dig Sy = — O Sg_ 4.
(15} qlf b T&qlf

Thus the gualitative effect of o decrease in {a} is the same as that

of an increase in A for a pormal prodoct.

To zee the effects of & larger A on the product mix, suppose
i and j are produced and j is riskier, so0 ?.f?i = Ejfﬂi }.njfﬁi-
Greater production of 1 made possible by dA > 0 is obviously net
optimal in che presenpce of  j. Heither is the simple allocarion of an
putra dollar to j production, which gives only ijﬂj < g o= H?Efﬁﬁ-
Tnstead, consider putting dqi = - dqj where a = ijf“i’ which just
maintainsg the #* constraint with d=z = Iidqi + ﬂjdqj = 0. With
dv = V.dq. + ¥jdqj = {Uj - avijdqj and d4¢ = (Ej - aﬂi)dqj = dA, we

find that since

Uj = av, = H{Uj - uﬁi}
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from (12}, dV = a dA as called for by H?ﬁfah = a. But dqj » 0 if
dA > 0 because Cj - aci * 0, 80 a larger A 1leads to 3 displacement

of safer, lower return products by riskier, higher return ones,

To see the effects of a lower 7* on the same i and j» put
dq; = - b dqj where b = Cifﬂi to maintain the A constraint. With
dv = Eﬁj - bV.)dq., and d{-m¥) - —Enj = baddog, we also find that

since
Ui = b1lri - _E{-H-j = h;gi}

from (12}, dV = ¢ d(-7*) as required by av“fa{-n*} = f. Again,
dqj >0 1if d{-n®*} > 0 because jj - hwi < 0. Thus a person with a
lower degree of risk aversion chooses a riskier product mix. This
implication of less risk avergion, which should be expected from the
common wmeaning of the term, does not seem fortheoming from standard

expected utility analysis without very strong assumptions {Nachman) .

In the above dizcuseion 5 iz faken £o be independent of AL

The possibility that s = =(A), s"(A)} ~ 0, can be treated by requir=-

ing thac

(16 a0 e + = tay W 5s s 0 <

for otherwise a larger A would not increase the value of the ohjective
function. We accordingly assume that {16) holds. Then, although an

increase in A increases s, the net effecr on ¥V  is that of A.

The Cramér problem

At sufficiently low values of A the Cramér criterien applies,

and the optimal gq would need ro satisfy
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(6" Ii-a::iin Fomihe avico

(7') (w, — aC.)qg, =0 T T

in addition to {8), (9), g z 0, and o =0. Tt follows from {6")

that « = 0 and

{12') ;lfﬂi =g if q; > 0

{137%) q; = 0 if wifﬂi < .

Sy

Thus the optimal mix includes only products which are equally safe,

riskier one being excluded.

Suppose it is optimal to produce only two, the cash crop 9

and the food crop 4y Writing Fij = 'ij = aﬂij’ we have
=3 o ¥t 5 i
FII Fin —C; 11499, aElev = Hlﬂﬂﬁ

y ! .
F21 522 *EE dqz! = uLEde - IESdE

-C, -C, O ||do € dv = dA
giving
(17) g, /3h = - D, /D = €CF s — CF,5)/D
{18) aquan = — DEEID = {C]FE] - EEFII}IH

and therafore

{19} C,3a,/3A + C,3q,/34 = 1.

The discyssion sucrrounding eqgs. (14) and (15%, with m = 2, 45 also
valid here. In particular, a decrease in the cost of a normal product
has a production effect qualitatively the same as that of an increase

in A. The latter will, by (19), always have a production effect.
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If marginal costs are constant, it follows from (17} and (18)
that Cy9g,/ /3 < C,9q, /34 if ﬂljfﬂf < “E?fni' in which cage qlfqz

decreases as A increases.

The U-curve Phenomenon

Kumreuther and Wright have cited empirical evidence showing i

that as farm size increases in low-income regions, the ratio of qlfqz

falls before it rises. They explain the D-curve traced out by qlfqz

in terms of a lexicographic safety-first model, which accounts for the

U=curve by relating the downward-sleping portion to the Cramar eriterion

and the upward-sloping portion to the Telser criterion. At the bottom

of the U-curve, the farmer's decision can be formulated as the solution

to a Cramér problem which solution has 1” = n¥% or, Equivalently, as

the solution to a Telser problem where the Feasible set  {g: C(q, v) =

A& wlq, 8) = w*%] iz a singleton.

If A iz decreased for a low-income farmer operating on the
downward-sleping poertion of rhe U-curve, he would choose a higher
qlfqz mix and produce less of the food crop. This does not mean, however,
that the poorer farmer takes on more of a pambling attitude. ﬁuma authoars
(including Kunreuther and Wright, p, 2700 have described him thusly,
apparently because he is thought to be choosing a riskier product mix.
Yet in ordinary speech one would sa¥ that such & person “cannot afford
te gamble", making his behavior seem paradoxical. In fact, in the
terminology of the preceding section, his choice is one where both
products are equally safe. He is clearly not gambling when his decisiom

criterion is safery first, and there is no paradax.
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Concluding Comments

In the model of this paper, the first objective is to maximize
the P;Dbability of surpassing some critical valuwe of output unless that
probability ig satisfactory. in which case the expected value of output
iz maximized subject to the probability comstraint. It follows in this
case that a‘ lower degree of risk aversion implies a more risky product
mi¥, as one should require. TUnder the first objective, appropriately
called safety First, the low income Farmer alwavs chooses a mix of
equally safe products. MHe cannmot afford to pamble, and he does not.

But the prebability of attaining the critical value of output being

less than satisfactery from his viewpoint, the chances of failure are

for him “"too high"™. In contrast, Cae high income farmer whase probability
constraint is satisfied chooses an even riskier product mix if he has
mOTEe Tegources, 8¢ his expected return per dollar increases with farm
gize. If capital accumulation takes the form of land acquisition, rhis
means that the larger the farm the fasrer it will grow. The model thus
makes the strong prediction that over time, small farms will tend to be

displaced by large farms which will get aven larger.
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