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Abstract

This paper shows that +ho Evdland and Prescott argunent for rolesg
Versus discretion——to the effect that optimal policies are time
inconsistent--is invalid, points owt that the Pollak appmu.ch does
not solve the time inconsistency problem as originally formuolated
by Strotz, and indicates the simple solurion within the Strotz

framework.




Introdoction

A problem of time inconsistency is said to &rize if in the course of
time an optimal plan should need revision, because no longer optimal,
‘although nothing wnforseen has ocourred. This problem was first analyzed
by Strotz (1955-56) in an often cited raper. The "solution" given by Strotz
was however considered invalid by Pollak (1968) who Proposed an alternative.
The inconsistency izswe has been studied since then by & mumber of writers;
see elg. Hammond (1976). If the plan or policy revieion is caused Ly a
change in preferences, as in the Strotz model, there would he no Teason to
be surprised. What is surprising is the claim of Eydland and Preseott
(1977) and alsc by Calvo (1978) that an eptimal policy is in general time
inconzistent even with unchanged prefe:rm-::&s.l"r We will take a clozer loock
“at the qm#t.inn and show that the claim is unwarranted. We also review
Pollak's approach and ocbserve th.at it dops nc:t solve the inconsistency
problem as formulated by Strotz. Finally, staving within the Strotz Fframe—

work, we indicate the simple solution.

For easier reference to the original papers we will wsually follow
their notation and sacrifice notational wnifermity in our discussion. The
time subscript will be omitted where there is no ambiguity. Dets indicate
derivatives with respect to time, which will be understood as right-hand
derivatives where necessary. Lastly, unidentified page references will

pertain to whichever paper is being discussed.
1. Fydland and Prescobte

Let the plan or policy ¥ = {rrj', ety rTl be a =zequence of gowvermment
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policy astions in time periods 1 to T and = = {x!; ety x,r] the decisions
of the private sector. In their 1977 paper Kydland and Prescot: (K & P

nenceforth) assume thak

It- o Etf:u:,j,- T ]{t-_JF ﬂj Lt = l[; T | T

and- that there is a social welfare function S(x%, 71 which is maximized by
a2 plan if it ie optimal. Suyppese T = 2. Assuming an interior sclutiom,

for period 2 the optimal plan must satisfy A + BE = 0 where

-
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3= +
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If the plan is alsoc to be consistent, K & F reguire that it maximize

S{x, ®} with * and LB already given, in which caze T must satisfy

A = 0. BhRecordingly, only if E = 0 “"would the consistent policy be optimal®,
and with this chzervation X & P conclude that "the inconsistency of the
optimal poliecy is casily demonstzoted by a two-period example™ (p. 476).
Evidentiy K & P mean to say that 8 = 0 is an independent condition, not
true in general, so 1::hat it would be Esrtuitouns for a policy to be both

optimal and consistent.

That the K & P argmment is faulty iz not hard to see. Suppose an

optimal plan = E'g: tgi is adopted so that the optimal values w? and

o} : L i
*, are realized in pericd 1. Consider for period 2 the problem of maximizing

a. 8] L] LB 4] Ty
5{!:]: X '-‘T.Jr'l'z]' where X, le[xi:. L 'H'z}- Obviously %, satisfies

A=0 and, since AL + B =0 +to begin with, alse B = 0. It is thus
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incorrect to consider the latter as an independent requirement. (A similar

error is made by Kydland 1977, pp. 312-313, in ancther context.)
2. Calwvo

In Calve's (1278] model of a monetary economy it is assmmed that the

demind for money in real terms, md, iz given by

log oS = — an*  (a > O (1)

o

where w% is the expected rate of inflation a2+ time +. Leat p denocte

the price level. On the assumption of "perfect foresight", x* =7 & f:r_,.l"p
a i : :

and m =m E M/p, M being the nominal money stock which the government

uses to influence m. Due to other assumptions that we need not go into,

0 T
Htﬂllu—fnpw:{wdw (2}
x= {mlog m)/a - @ {3

wWhere x iz pet real tawxes. The time path of m  is chosen 5o as to

maxipize
—it
,f; Euictl * vtmtj}a at

where ¢ is ootput and 6 rhe discount rate. It is assmmed that there
exists an amownt m  such that v (m) = 0; one might therefore think of

mF as the optimom quantity of poney [(DOM).

An coptimal m path in the model regunires x, = 0 and \'.!"-Fmt}II:I

i
at t =0, and time consistency requires m_= m  (const) for all +.

Accordingly from (3), log m=0 or m=1, =0 v'(l) =0 and therefors
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3 : :
m = 1, which Calwvo says is "a condition that cannot be derived from the

assmptions of the model. We can then assert that optimal policies will not
generally be time consistent" (p. 1419). The soggestion iz that "the special
cage where the OQM iz attalned at a specific value (=1 in our model}™

is in the nature of a fluke (p. 1420).

Like K & P'=, the arowment is fanlty. Swppogse an optimal m  path,
F : : - x
0 m, =m, which for consiztency implies that m = . Then M is

congtant in (2} because x = 0 throughout from (3) and the fact that Xy = 118

Thus #* = 3 = 0. But (1} in effect makes.the unit for measuring m the
amommt demanded when w* = 0, and since that amownmt is :mF, mF = J. This

supposedly special case is simply the result of an implicit normalization.

In anocther paper Calvo (13785a) formulates a model of seignorage from
mopey creation where the optimal policy maximizes total discounted seignorage
in real terms. Iet & be the growth rate of money supply and assume that

0 is bounded by § = & &

ot Time consistency in the model requires the
optimal solution to be a constant fi, sav 6%, Calvo finds (p. 513} that
i 3 *}-{ﬁ*{5+r them @&* must be egual to BE='J,.-"a where a is a
parameter in the model. He goes on to find that 8° cannot be the optimal
solution becanze the latter has ﬂt =8 ar t=0. From this argueent
Calvo draws the conclusion that there "is no time consistent solotion™ to
the optimization problem (p. 514). Here the error is guoite transparent.

Clesrly the correct conclusion is only that 8% cannot be an interior

solution.

This review sugg&-zrts'that in the absence of uncertaioty, time

inconzistency iz not a problemn for an optimal plan unless there is a change
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in preferences, which was the original setting of the inconsistency thempe.

3. Styxotz

Let the "instantaneouns wtility function™ ulx) be given with
' (x} >0 and u''i{x} < }. Denoting consumption at time t by xf{t),
azgme: that a person who appraizes the possibilities at time T would decide

to maximize the wbility functiomal

T
¢ = [ wic - 1) uixlt)) at o=x =7 (4}
w. T T
subject to the conditicons
T
[~ xiv1ae = x(1) (51
T
Kit) = K(0) - ju % () 4t (6

whers the initial stock K0} i= given and J/Dr w{t}dt iz a historical
fact at the decisiop point . It is the discownt or weight function
wit = 1), which makes the discomting of the Foburs shift with =, that

gives the Strotz [(1955-52) model Zta disetinctive properkies.

Writing wix} = u'ix} we know that for a maximnm it i= necessary that

vix(E)) it - 1) o (7)
vixit)) ~  wit - 1) S S
ac &t ¢ = T one mustE have
vixi{t)) Y
e e T G (8)
with the normalization wid)} = 1. Ileat :{D T i i 4y o P | = = = o

dencte the optimal consurption plap givenm T and Kit). A decizion made
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! 4]
at 1 = 0 determines the entire path x =.Ffit; 0, E{0}}. Bowswer, anothar
appraizal at T3 0 will usuzlly hawve fl{rT; T !:tr1}} conflicting with
fiz.7 O, K(), for the new plan satisfies (B) with 1 = T, there but the

original ope hag 1 =0 and t = T in (7}, and G{T]watT1} ¥ wi{d) in

general

Strotz observed that a consistent plan {i.e. one that will need no
revision at any later decision point) requires the discount function to be

=r (=7}

of theform a » which he calls the "harmony™ casé. Instead of {4),

o .I-T B—-r{t-'r]l
T T

$ w{x )}y Jt (4"

should then become the maximand. Strotz reasoned further that because of
{8}, the optimal consistent plan must have r = — wi0) in (4°). We will
‘call this the H solution to the inconsistency problem, which Pollak

(1268} has examined.
4. Pollak

Consider the case where decisions are made discretely at n specified
points of time T; (=0, T cuwp B=1 with P 0. Replacing T by
T. throwghout in (4)=(8), call the rewritten equations (4i}-(Bi}. In the

i
digscrete dgecision ms.ﬂ. one has a sequence of n  optimizarion problems
i= 0, 1, --z¢ n=Y wherein problem i -is to maximize (41) subhject to (5i)
and (6i) with _{;l x{t}drt in (6i} being given by the solutions to the
problens. preceding i. Thus problem 0 is to be =solved first, then
problem 1, and =0 on. We denote the path from € ko T in the discrete

decision case a5 %o = gits n)., =0 gle: n) = Eity 0, EI0)] on the

interval [0, TV, gty m) = firp T, E[Ti}} on [11, 1.}, and so on.

&
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In general the function g is dzcontinuous at the points T £ 0 bot [81)

e |
holds at all T.. We will wefer to x = g(t; n) as the W ‘path (given  n).

T 4
Let -::r[t-.]}t denobe a congusption path from 1 o T. The 5 soloctien

y T
proposed by Pellak (1968) gives the path {rﬂrt]}n that meets the follewing
conditions:

iy

g T - o .
fal {ix'(t}}.  is proferrsd ak the deciszion point T, to all other

T e T :
paths  {wit) }_r satisfyinsg L_ x(EydE = Elr d, i =0, 1, ccurn-Ta
i i
T
1 i =¥ 5 < 2
b} K] =K. ) !Ti e (Eyar, 1 =3, _ . 5=1.

T s
OFf course, {x?ft:}r is a subpath of [x (t)}. . One must therefore find
% Ti -1
s
that sequence {K(T ), ..., Bl 11 such that fad" red }, is most preferred
T
among all {xit) }CI satisfying (a) and (b) for i =1, ..., n~1. The idea

iz that a "sophisticated" person would take the fact of different future

preferences as a constraint in formulating his plan.

In general the 5 path would be different From the W path that is
=age by a “naive” persom who at scach T mAxiEisas “il agiven B'.I:Ti] 4
o

Howewver in the particular case uix) = log x, Pollak has shown that the two

paths coincide. Suppose now that decisions can be made continuously as T

goes from O to T, apd let J{c'= hitl! = hi{xl be the limit path of xd - =
git: n) as n o and max {1|, - Ti__lk + 0. If ulx) = log x, then
x~ = Lt} is the 5 as well as the N path, (7} becomes

x{t) /xit) = wit — 1) fwit - 1), (9)

and one ocets

I1|
x(t) = k(r)/f_ wit - at (10}



on the h patrh. - On the other hand, the H sciution would hawe

. . E
;i;{'j_':! - E{T}i"r__r_r E‘L{ﬂ:l {1'- T}ﬂ'l:- I:i'll:l

Since  (10) cand {11} give different answers, Pollak concludes that the B

solution does pob vield the ootimal congsistent plan.,

-

Explaining where the Strotz approach went wrong, Pollak rightly points

ot that (3} peed not Hold on The optimal path.g'r

If ir ig vogsible for
decisions to be made continuously 50 that there is a new plan at every t,
the b path would consist of oply the left endpoints of :-:ﬂ = Elee . Bt}
Bk inm:;ams froem 8 to: T foel  hiy =0T o1 BiTlL Howevar:
Strotz's main point was that the optimal plan must use an exponential disccunt
fomotion 1F consistency is to be assured no matfer wher another decision is

made, and the flaw in Strotz's argubent does not of course make the 5

solption the corrsct one.

The: & solotion iz consistent only if the decigion points T, are
gpecifiad in advance, which would be a gratuitous assyumption. Hotice that if
the timing of decigions were known beforenand. the W path itself would
gualify as 5 plan, there woald be oo conflict at later decizion points, and
there would be no inconsistency problem in the first place. There is such a
problefn precisely because a fresh appraisal can be made at any time. Though
the &  solution is analytically interssting in ii=selkf, it does not sSolvs

the problem as formolataed By strm'.:-:_g""

S. Strotz Simply Revised

B= Styrotz has shown (pp. 171-172) , the cnly sure way of resolwing the
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inponsistency problsm of Section 3 ls for a person to adgnpt, throogh
advcation and "social pressurs” {p. 177}, an exponential fanction o Cio U

in place of the original wit - ). The ® solution does go wrong however,
not because it differs from §, but for a much simpler reason. Remembering
that (8] is bazed on (4} as the mawimand, there is no reason why one should
have T = — &(0} after (4') has replaced (4). In Fact, putting © = — @i}

fails to make uge of the one property of w that, in the nature of the case,

is moot e Lot

A person who analyzes the inconsistency problem would see that his
conbrol over the conswmption path 1z effective oply wmitil the next decizion
point, which could be any time after v, . His original w gives the specific
distribution of weights that he assigns over the planning period. but that
ﬂ.i.ﬂ:l:ributit:.m has to he replaced by an evponential ene if he is to have a
‘consistent Plan. Since he controls only the present and not the foture, which
-iil the subject of later decizions, the only reasonable thing that he can be
expected to do is to give the right weight to the future in making his present
decision. Let a satisfy wf-JUfE witidt = 1;}'3 e Cdr. Purting r e a
in (4°), which we will call the A solution, he gets a consistent plan by

macedwmi sing ¢-: gigee (7T} becomes simply
Flede) rlzit)) = a pZpiq 7y

End therefors, as in the ¥ scolubicn, the new plan at any later tirme i
merely a continuation of the original onme at Toe The differsnce.is that
the A =olution assigns the correct relative weights to the present and

the future in accordance with the original discomnt function.
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Botes

1. As Tischer {1980, p: 232, n, 30) has noted, "The remarkable feature
of the Kydland-Frescott result iz that it can apparentiy oodur even 31T the
Policy authority is maximizing the sxpected utility of the represcntative

individval and if individual tastes are consistent throngh time.*

2. Curlously Pollak says, for large n  in the discrete decision ~ase,
that frq{;.:.rfvtu]: iz "close to" - %{0)] "at almcat every point, and that the
approximakion becomes closer™ as n gets largey {p. 208}, The more precise
Ftatement ig that for any q, (Bi} iz true at every T and false almost

eTETwiara

3. There iz an existence and unigueness issue about the S salution
but thar iz secondary to the more imoortant question of whether it does
Solve Strxotz's inconsistency probles-——see Peleg and Tmari (1973) and

ol dman (1920) .
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