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The Symmetry axion which introduces a sense of fairness
in the Nash axicm svectes for the Z-persen allocation gane Jdoes
not apply to more general allowable utility ssaces. Ye
zeplace 1t with the THinimized Inecgquality axiomn™ which includes
the Syermeiry axiom. Ho o showr that the Hash bargaining gselution
iz pobust against this replacement and by Hash's oum uniguensss

rasult, still remains unicue.



In an attemt to Jdefine a guitahle choicae rule which nicks

the solution to a two—person allocation gams, Hazh {1353} consigersd
as desirable six axioms, viz., individual rationality, Teasibilitw,
Parato ontimality, indejendence of irrelevant alternatives & Lz Magh,
Himﬂegenf_‘.anc:e of linear rransformation, and symomatry. The first
three are nomdebatable. The fourth, the way fagh defined it (every-
thing +i11l be formally defined later} lesves little rwoom fox
didcussion. Tt just says that if an allecation solves the game with
foaziblae set T, it alzs solwss agame -with a smaller feasible-set
TrcT if the allocation fs still) in T'. The Fifth axiom iz =
concession to the Von Maumann-orgenstern result that linear
tranzforms of VE=M otility foncticoms numerically represent the same
underlyving preference relations [(J. Von Heumann and 0. Jorgensteri,
1247). Ghe sixth, the axion of symmetry, is interesting bub presants
som: problems. MWash wanted the idea of "Fzirness" inbedded in his
awiom system. Ho one quarrels with "fairness” at least in princinle.
It is the way he introduvced it that, we argue, can stand improvement.

To nroperly discuss tnis, let us first set dowm the formal structure

of the madel.

Let T be tha choice set. Let S be the 2-dimensiomal
utility space into which every point in T is mapped. If we endow
each of the two smlayers with a V=M wtility functions, 5 is a

closed, Dounded from asove and convex subset of the two—dimensional



Euclidean space (Owen, 1963). Our probisr then iz how & mick a
point in 5. In actual allacation games, it is cammonmlace o fing
that the nore one player gets, the less the other will Mave. Eeat
1itrle vwill 3 ;-:la:.rer accept as a price for cooperation? It is
natural to assmme that a player will set as a price of cooneration
that amount that he can obtain by unilateral actien resardiess of
the maneuvers of the other. In game Eheory, this is the maximin
value of the game for the player. Let U* = [u*, v*} £ 5, 4im B
be the vector of maximin values for ths 2 players. Hote that the
maximin valwes are in utility terms. The version of the Jame with
U* and 5 iz written as (U*, S). A solution, O = (@, ¥} +to the

allocation game 1s that picked by a choice rule Ty does,
r {5, %) =1
Tne Symmetry axiom of Hash goes as follows:
If 5 satisfies the following:

(a) Symmetry, i.e., (9, v} € S+ (v, u) £ 5§ B
(b} nu* = p=*

Then u = %
=

-

Thig is a conditional axiom. If S ; 15 symmetric, and the raximin
walues are identical for the two nlayers, the solution on S should
exhibic welfars equity, i.e., T = ¥. Thas faa'.:;:nn':ﬂa means that
equal initial positions imoly equal final positions. It is the
apolicability of the axiom to certain econfigurations of 5 +that

oomes to mind,




Fiqures (la) and {1L) give confiqurations to vhich the Symmetry axiom
applies since they ave syometric around the 45° line. PFigures (Za)
and {21 are nonsTmetric and thos o not allow the Symmetry axiom

Lo apnly.

L
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Thit iz no problem were there some stricture for S5 to be always
syEmetrics . In fact, that can only happen Ly the remtest of
chances. The inteation is good but the irplamantation can vary wall
be empiy. Baing & conditicn within a conditicm, it can easily be
remdered void. "Fairness™ we Delisve deserves a hettar Jdeal than
that. Thsre iz another resEson, a minor technical oma, why Hash's
symmetry axion should be podified. It renders the nroof of the Hash
thearam mora complicated tham it should really bhe. Thos, hNere; we
propose to replace Nash's "axion of symmetry” with an "axiom of
mimdimized inecuality." Je show that the axiom of symmetry iz a

proper subset of the "adom of minimized ineguality.”

e meovose the Sollowing set of axioms:

W, (Individual Rationality): (0, W) > (u*, v*)
W, (Feasibility): (u, v} £ 5

N, (Faretol:s’ If m, vi € 8§ and (n, ¥) 2 (u, =)

3 o
then a=1u and v = v
H, (11& & la Hasn): If (i, ¥) £ T< S and
(i, vl=rx (5, %), then {u, vl =r {T, T =
B, (ILD: If r {5, U% = {1, ¥}, then b
r (T, @, u* + & , uzv*+ﬂ-21={u,ﬁ+31, -:12?1'+.32} ]

a, >0, B.cE
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:5 fiiinimized Inemmality): Let u* = v® and let ¥ (5, U*) =

(%, ¥)s DLet T Se the Pareto afficient subset of

5. Let.E (u, ¥} be the fuclidean distance of the
orthogonal Line comnecting {u, ¥} and the 457 Tine.

Tiuen

= e, T 2 E fo, ¥ ¥ (g, ¥} & P

b

Let us first discuss 4. asa "fairness” condition. G?El’.‘ifiﬂ:ﬂ.l.ly,
e Focus on how it relates to Hash's Symmetry axiom., First of ail,
S can he either symstric or nonsymmetric. Thas the condition will
always apply. We now show that the meinjmized Tmequality axiom’

includes the “Symmetry axiom.”

Proposition 1: If moiat (2, ¥) satisfies the Symmetry axiom, it

sattafias MEN byt ot Ticoe=-versd.

Proof: Let S be symmetric and let u* = w*. By the Symmebry
axiom, @O =7 or that the scolacien should be on the 45°
lime. ®ut this alwaye satisfies MIA since E {4, v} =0,
i.e., the Eoclidsan distance of an orthogonal line from
the peint to the 45° line is minimized, and
EAdd, &) = 0, ¥ {la, ¥} & 5. Taus a solution that
satisfies tae Symmetry axiom satisfies MIa. If 5 is
not symmetric, the Syrmetry axiom does not apply bt

HIA doesz. o LD
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Bemark 1: Thus MIA is more gencral than the Symmetry axior. The
probler with strengthening an axiom in an axion systes is
Lhat you run the cisk of Jerailing some existonce result
dowm the line. e shall sec that this does not hammen

nere gnd that an arbitrarion rile exists that satisfies

ths system,

Hemark 2: UIA allows imequality to exist if S is net
syEmetric. Wiat it does not allew is UIRECESSAT YT
inequality. Tt caspot supsrsede € .2 Pareto axiom but
once this is satisfied, the Tield is its oomi. Mow thers
is still an open philosophical guestion hHere. hy should
Pareto take orecedence owsr emity? e do not ald-ess

this mquestion hore.

Hdemarl 3: The central problem connected with ganeralizing an
axiom in a svsten with a sinoleton for a universe is :

. = B

axistence. If the mniverse is nonesmty after the exten-

gion, the wnigueness broperty, if showm for the original

set of axioms, remains, ~
Consider the Wash arbitraticn function-
g (M, v1 = {u - u¥) (v = ¥) =

Wa prove the following:




Proposition 2: (Exisrence)

Let (0, ¥ £ 5 be soch that (4, ¥ > (%, v*) and

Vifn, vk &8

g (2, v =g (a, ¥

Ten (3, ¥} satisfies Hy =N

Proof: g is clearly contimous aid 5 is comsact 30 g attains
a maximam in 5 and {n, V) is well-defined. Tt

satisfies wy and H, by comstruction. It sztisfies

Hy bacanse if & (E-w) £.5 such that fa, v > {8, ¥,

then g (u, ¥} > ¢ {8, ¥ contradicting tihe maxinality of
(i, 7. et T OS5 and et {u, ¥) e T L=

(u, ¥) € T3 g (u, v} =g (@ ¥. Then (G, ¥) i= not
maximal over 5. Tous W, is satisfied. et 5S¢ be

aS + B where a & 8 are vectors we defined. Then

g (e, u+ 8, 27+ 133} & {ﬂlu + E'l = ::lut - E’l}
b, B met T8 = B =iitia [, v

= 4t G (. =

Then H5 is sariaf el. T show that it satisfies HIA

Df Hﬁ-*




et PC S5 be the set of Pareto elficient voints in 5.
Thies fu, ¥} € P. If u=%, then (a, ¥} is on the
45° line and E(u, ¥) = 9 % E{n, v}, {u, ¥} € P since

only ome point on the 45° line is an element of P.

Supnome B V. Lett £ > 0 and conzidar the poin®
(L~ & ¥+ ) £ P Clearly ®(u - €, v + € Z(a, 7).
biowr

<4
+

g {2 - e, €} = {{u—€) = u*} ({7 + ) — v*)
= {1 = e} {v +£) - (0 - elv* — (T + EJu* + nryx
d} —
=uv + UE - €F — £ = QU 4+ gvr — Fur -

EQ® o iyt

o e . = = =
= a4+ glu-v) =8 —u¥Ffn + %) + g=

lmg{ﬁ—t;\_"+E}=ﬁ‘?+u[E—;}-u*{-,:+1|_r}

g R, - = e
+ u* > optwr — gf{g + 7] 4+ gt = b P
This contradicts the maximality g (G, 7).
Bt
Thus N, iz satisfied. H.E.D.

=]

o,

Z: - What we have shown iz that the Hash avbhitvation rule
tisfies a2 more general set of degirables than the set
of Mash axioms. The stroke of genius of Hash is &o
figure out just vhat is minimal safficient for his

unicqueness result.
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the Eﬁmr:tr}" axion iz & uniguensss lemma which Jass
R ey . ‘

to show contradiction with IE"'EEE‘-t to. M.

-
‘_‘E'rnpnsif_i.n:a 3: The @olution (4, ¥) that satisfies Hy - =
et e,
ul g
Procf: Sinee WIR or I, iz a strengthening of Hash's Syrmetrcy

. axicm and since tiwe axiom system with (ITA replaced hy the
Symmetry axiom allows oaly a unigue solution By the iTagh
bargaining theorem, ‘il = ‘.-JG guarantees 2 wWigque
enlution. QoE T

3t a \J J 1 } L]
Sunmary

i.T.l t:.-m fc.‘:r;gninq, WE slesstili;utuﬂ t.& '_ﬁ.ni.!q.'?eﬂ Inequality
axiom"” Im:' @ash's "s.:,rmmut:y axicm” so that the “faime.ss rotion
woald apply to general mf;guratiﬂns of the feasmlu: wkility Space.
We Siwowed that the "Hnimized Inequality axiom” is more general than
the “Symmetry axiom.” We showed further that the Hash arbitration
solution alsoe satisfies the new ser of axioms. Finally, it iz clear
that the solution should be unimque, if it exists, since it is unicue
for a weaker set of axioms. The gencralization of these resulis to

n-players iz straightforward.
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