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< e show that analysis of control problewns with a
"reduction set,” i.e., a subset of the con*rol voctor that
satigfies certain strong conditions, avoids the “curse of

e

dimensionality.” Tae problem boils down to solving n

.4

static equations in n  unlmowns (the control plus the
state wvariables) and leapfrogs the Z-point boundary value

problem that besets more gensral control nroblems.




A CLAST OF REDOCIRIE DYVATIC OUMTROL PROBLENS

by Raul V. Fabella

The application of optimal control to modelling of aconomic
and other phenconena is heavily hamstrung by the "corse of dimension-—
ality.”™ The latter referz to the humungus and almost always
hopaloss analveical enterprise comnected with the solution of the
ganerated Hamiltonian ecuationz. If k is small; SaV ﬁf&ctiy Ty
.i.l:-qe- . there is exactly one state wariahle, which by desimm
characterizes meny an application of optimal contrel, the problem
can lend itself to doable but still fairly difficult analysis.
Problems with more than one state variable ordinarily lend themselves
only to mmerical analysis. This naturally involves numerically

specif:,*in:g the relevant parmtérs and hoping that the set of

specj.fj_;:atima allows convergence to an eguilibrius solution.

_++ . In-this note, we consider.a class of control problems that do
not entail tremendous analvtical difficulty., We call thesae
problens, teducible dypnamic control problems, because the optimal
control variables are solwed from a system of static equationsg with-

out confirontimg the Hamiltonian eguation system.

The Optimal Control Approach

Optimal control approach to dymamic ﬂgtimiz.at.iﬂﬂ problems
reduces to the specification and maximization of the Hani tonian

function:
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x  ‘heing the k-vector state warizble, wu iz the m—vactor comirol
varizbhle and 3  dis the k=vector costate warishle, IX{x, 1, t} 15
the chdective functicen and fix, u, £t} = % iz the system of k
equaticns of moticn; one for each state wvarianle., Tor' a mactionin,

it iz necesgary that (Intriligator, 1271)

i) S o= O

[ii} A = =34 8%

all within the relevant time intexrval. There are & o egquactions in
(i) and. E o eguations-din {ii). Hobte that (i} dig-a fanctionof =,
2 amd A so thet from (1) 3 i can be smclved as 3 Dunstion of
ard A, EBEg. (ii), together with the k=vector % = fix, un, £, forms a
2k gystem of differential equaticms. The u satisfying (1) will

-
behiave according as the elements of A and x behave and their <
hehawior in time (x{t), Att}) forms a soliuticn of the 2-point
boundary value vroblem with 2% canonical ecuations. This is ™
Frﬂmﬂnduuziy 2ifficalt if aot ultimstelv imposgible in 1Es most

general form. In the next for poges; we define 2 slass of problams

widch avoidsg the "corse of dimensicoality.”




Redutible Dynanic Conteol Problems
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Definition 1:
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i oydecaliled "reducticg set™ if It omarisfiss Tha

- following proverties:

£

(i1}

{iii)

{iv)

()

(i)

S5 :
n is 2 k—element set. Wa now renumber the Set u
T | n - 3 E - f T T

=
such that numbers 1, 2; ..., k refers to elements of wu-.

Egery u, € g° maps cne to.one into the elements of the
k-vector x. We now let %, be the x element mapped
i}

into Ly u,.

- ] il
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whare a/a iz the cosplemsnt of 1 in u.

f= b )
htui} Ii G | e = | M, £ 1

i=1

Ii_:r:; W t:l -
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i:_-m!{lr:;__g.f"uﬂ. e} = I, ix, _m{uﬁ, =

g, h* # 0, g° = h™ =0

Definition 2:

A control problem is "reducible” if the ser w* . x* (the

union of the optimal comtrol vector and the optimal state vactor)




solves the system of o+ K single vericd eguaticnss: 0 equations
fram 17 maximizing conditions and k& from the set of eguaticns

of motion with known orevious neriod's state wecioT.

Pesmarics

In esgencs, redocisility chomg the multiperiod dmamic
problem to a series of single oaricd "static" problems recuiring at
each time only the knowledge of the previcus pericd's state wector.
This latter is always available even in pericd 1 gincs the inmitial

pariod state vector iz one boundary constraing,

Proposition:

A dynamice control problem with a “"redoction =set;” 1.11:'r iz

reduciblie.

Proof:

e S .

The relavant Hamiltonianm for this problem if wu exists im:

T .
o
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Gote that in (i) there are X equations; in (ii) there are mk

_ equations and in (1ii) there are again k equations. From (i) wa

hamwe
=, i £
e = ﬂ:l..""igi g; S T
5Lk B bz T ) W T IS
3l i
from sropexty (vi) of a reduction set uw . Thus all i, im (i)

and (iii) are determined and [iii) becomes:
(13"} —-3gfax = 1

Morr (11} and (iii) are both Functions of [, u':'; u.-'uﬂ] ar mEk

Unkmowns . % iz a function of e, ﬁ'ﬂ, Muﬂ], Defina” .7

:'ci L Ty xiﬂ ware Xy is the wvalue of =tate variable % at

cyrrent period aned ::.lﬂ _is its value at the imnmediabely preceding
period. Haturally, -xi':' is always hnowun even as xfol ;. tha

initial state vector. is aiszo koown at initial periocd. How there

are k edquations in x S0 we have

ik

(iw) Wy — K = q:itui} Eitx, u,.-"ua, £t} + £ {x., u,.-“u:', £}
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Tite gystem consishing of {(ii}, {(iii) and {iv) has m+k static
equaticns in wy + k gtatic unknowms. These eqaarions are static
in the sense that x and u do not need to be solved from z system

of differential egquation=. The elements of the set (u*v x¥) Form

e o+ K ymimoame, 0 o i

The central idea of this clazs of reducible optimal control
problems iz the structure that allows thn:e cogtate wariable to be
conztant, This structure rosts on the exiztence the raduction
susset wuo. With the costate wvariablas constant, we need not solve
the two—point boundary wvaluve problen with 2%k Jdifferential ecuaticns.
Imstead, by knowing the last pariod's state vector {or the initial
state vector wien ,mz::i-xl.l is in guastion), we can solve the m+k
static equations in wm+k varfables (u, x ). The "curse of

dimensionality” is avoided.

Reinvestment and Beat Dues: An Example -

Consider a firs maximizing accumlated dividends defined asg
(L-s)7" where =" iz the nrofit at any givern pﬂmt im t:li_fne:.. e
' is a concave function of operating capital C. TFow operating

capital grows tirough reisvestment (for the moment, no borrowing ia

allowed), i.e., ~
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Since an /aC iz not a function of &, we get ontimal C from
: foo - a . e

here., wWith optimal € we get optimal & from (3).

=

From (2} it is clear that optimal operating capital co¥

£alle with a vizse in § =ince =° iz a nondecreasing concave

-
A Fupeklion of O, Thiz f= sghown in Fig. 1.
* slope = § + ¢
2
51‘:';“3 = |5'|._|_ o .—3-‘__,_,.,-'5".
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The decrease in £ forces a drop in Pl This & rise’ in’ Den:

exactions (by say the.political bosses) decreases the interoal
savings rate by firms. Fires would then tend to grow slower undar

a sitpation of heavier rent dues. (For application of the result to

aggressive rent—seeking see FPabella, 1985) .




wiere 6 I the proportion of oporating capital used - bo sarivica
rant duss. Hobe that rant—dues &0 does pot imseosre the profit

outlook. The problem for the firm is

o
v

A II {1- 3]|'|T1'r E-ptdt
o

e -:’: = s = iC

The Hamiltomian is

o= {(L-8yr + A{sn - Gcl}e"ﬁt

Clearly the reduction set is a singleton {s}. B and g are all
plng. and minne identities satisfying {vi}. Thepe is onlv oog
state C wvariable satisfying (ii), C = sr* - 6C and

Tl su, £k = {1 -5}z which satisfies (iii) and (iv). The i

copditions are

T
(1) 38fAs = = +AF = DX =1 =0
x *
aw AW e o=l
(2] =9 aC = [{E—5] . T F e 8 e ﬂ;ﬂ
or Fr /A = gk B £

With previous pericd's state variable i kmonamiy

an that
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In the oreceding pages we have formally defined the structura
of a class of contrxol sroblem that allows reducibility, i.e., allows
the optimal control wvector and the state vector to be solved from a
s¥atem of sietic seguations once ths last period's grate vector is

1
¥

mowmt.  The peculiarity is genevated by the existence of a reduction

1 L& 1 ™ : o
subaet 1w of the control wvector. @ that satisfies certain

simplifying assumptions:

Ty,

{a) the cardinality of the state variable Set

that of the reduction ot --

This allows the shadow prices

el and allaws the

oA

equation

last porlosl

It may be diEficaltite

that allows redusibiliity. We

duss apd reinvestment. 5S5till tha

i

full bhlowm non—reducible control

only mamerical sismmlation.
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