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{ ARSTTACT

[ He show that (1) @ social ordering omn R > 0 that satiefies

ll' HStrtmg Paretoness, Invariance with regpect to a Positive Troportional
Transformation and Lower Semi-Continuity does not exist and (2)

that a social ordering on I > O that satisfies Weak Paretoness,

Invariance with respect to an Affine Transformation and Lower Semi-

Continuity is trivial.




CONTTAUITY 107 TRAMSTORMATION IMVARIANT SOCIAL GRDERINGS:
THO DIPOSETIRTLITIES

by Hanl V. Pabella

Traneformaticn Imrariance (TI) as a condition for social
welfare funckichs was originally motivatsd by the result That the
Ton t-ievma:m—:'hrqensté:rn ukility functions are unigue only uo o a

linear transformation (Von Hewnann and Morgenstern, 1947; Owen, 196E).

The condition was made popular in the group choice context by

J. Hash (1950, 1953) whose famous solution to the TWwo—person
bargaining game was invariant with respect to any affipe transforma-
ticn of the individeal wtility funciions. The idea then iz to
insulate the social ordering from transformations of the utility
functione that remain true to the underlying individual preference
orderings. Social srderings and welfare. functions that satisfy TI ?

will be the focus of thiz paper. By transfsrmation here, we will

mean linear transformation.

Explorations in this ey -a-r-r:. done nommally in mn;unctl.m
with a natural f."i.:ﬂt-l.lrﬂ."- .m the are.a of group cholce, namely, the
Paretian axiom. ©Osborpe (1975) proved the following interesting
result. It is impossible to find a resal-valued function F: Ri;—il'
witich satisfies tle sak Pareto axiom and the Axiom of Invariance
with respect to an Affine Transformation. - In order to prove the
alaim, he proved a lemha, now koown @s the "Osborne lemma®:

" ; Lo T I i
Let o he a real-walued fiction on T-‘-+ -




Suppose the following properties:

() If x. >y, then G {x ... x) 26 (% ... % ., ¥,

xi"'l PO e for all 1 g%

(B Glx) > 6{y) iff G{x) 2 Gliy), V x, v ¢ 12

and positive real wector A,

Then there are nonfegative Taal constants < and

3 o cn

monctone Increasing function v owver R' such that

Gix) = v{rxi':i:l

ien

Note that (A} is the Weak Pareto condition while (B) is the TI
axiom. The procf of the leema iz rather invelwed. Haneko and
Hakamura (1373) using the Osborne lemma showed that a certain set of
desirable axioms mimicking the Mash axioms allow a unigue mumerical
reprezentation which they called the "Hash Social Welfare Punction.™
Fabella (1332) using the same lemma and introdvcing the idea of .

Texit fees" showed that another set of Nash-like axions al=soc allow a

unigue representation. =

In this paper we set ourselves the task of showing that soccial
orderings satisfying combinaticons of TI -and the Paretism axiom may
be inconsistent hut we do this without resorting to the Usborne lasma.

Instead we tack on another nrooerty of interest and controversy in



group choice: contingity. In Dt:.her words, our result would not be
that a certain get of axioms is not representable by & Function which
iz tae Ogborne result bHut that the zet of axioms are not inconsistent
and thus a priori not representable. Osborne does not show the

latter. Eut why continnity?

Lexicographic Drf_lﬂ't'im has two non—features: it is not real=-
valued and. it iz not contionous. So continuity :augqe_sts itself
haturally. Joc more than that, continuity in a function allows a
varisty ‘of creraticms that render analysis much sasier, the very same
copsideration that prompted G. Debren (19559} to remark of a wtility
function: ~In fact, this function would be of little interest if it
were not continuous...” He was consistent vhen he relegated to the
footnotes his remark of a few lines on the most famous non-continucus
ordering, the lexicageaphic one. We start with a representable and

La priori & conslstent system WILS.

Definition 1: An ordering R over 0 = R:Q iz called WILC

if it satisfies the followimg:
(a1} t=ak Pareto Comditions: WV A, ™ ¢ i, &/ >3 => ARR

(A2} Invariance with Iesrecﬁ to a Positive Proporticonal Transformatiom:
VA, BefQ AW <> (A) &R (AB) , A>0
if APB <=> ARE and BRA (- for 'not')

then NAFB <=> (MAA) P (AB), A > D




{A3) Lower Semi—Contimuity: ¥V A'efi, the set {B : m ¢ 0 : APB}

is open

Remark 1: R may be rendered as "no worse than® andd P as Thether

han™,

Hemark 2: Condition {AZ) assumes that one can in fact perform the
transformation stated. When 0 iz a space of vectors
of real-valued functions, this operation is feasihla.

It is not clear whether the same operation is pamiesible
for representations of preferences over Ay, an extension
of the real line ("generalized utility fonetions,"
(Fichter, 1959)). The lexicographic ordering for

exarple allows a generalized utility representation.
He now show the following:

Proposition 1: WILC iz representable.

a
Froof : Consider the function Elxy=0 I8 s o

It cbwicusly satisfies (Al). Let A, B e {6

I n n

Let T(1) > £(B) . f{cA) = H &,a. = T c. I a. >
5 m e . S i
i=1 i=1 =1

n -

It f:i ]'.l'hi = £{cBy. Thus (A2, et f£(n) = £(B).

i=1 =

Let ¢* = {e} > 0, be such that £(A) > £(3 + EX).,




Lel tae open soiere be 503, e¥. Then

£{A) > £(C) © e S(8, ¢*) which satisfies

g {a3). Q. 2.

We now prowve the following lemna.

~Temna: B A, BefR sochthat A>3, all % and A >0 gome %

and AMRE end BRA if Wil

g E-Q_E : Supmoze APY whenever A =By '-Ti and A & 3
soms f. Consider A= Eal. e B Tl
= i:'Jl, I o Az e ::1:_”:-. g CRLEE
Lat a, > ‘:nl_. so APE by assumntion. T By {(A3),

there exists an e*-naighboriood W(B, £%), £ > &,
aromwl B, sach that A PR ¢ W(H, ©%.

Congider B' = 35 Yo o - eiay . T RY Se iE )

y -
Frr sazll encugh v oo, Considar

- . o i 't ’ " - - - 't I

A [’Al, Jhi 1}, V. #1. ' Pind A and AR,
Consider the origin O = {6 , 8; .., o).

Let (7, £%} be the e%-neigiborhood arowd o,

'For small enough A, AA € M(0, £*). 'Consider the

1*
set B" = (o, ¥, 0, -., o). By our assumntion

B P D, ¥obte as well that for any

11 0y l:j;LE-'jl - .vi ard - (XBYY RN, o=@
ThE - (AR} T B and b tra::s:i.tiviﬁ;.r of WL,
(A8') PO. Thus (A3') P (AA') contradicting

{A2). L ELD.




Remark 3: One should note that the proof resorts to the null
vector 0 = {0, 0, .., 0). This is a particnlar
feature of WILC which resists generalization. The
lemma on the basis of the null vector says that there
are elements in @ for which Pareto domination doesz not

lead to strict preference.

Depending on one's philosophical persuvasion, WILC can
present a moral problem. If 2 is the space of utilities, what
Proposition 2 says is that, if faced with a choice between sacri-

ficimg one membar l.'T..Tk = ) ‘and sacrificing all members (Ui =0k, WY,

i
society tosses a fair coin to determine its course of action. If
society's survival is paramount, then tossing 2 falr coin is Dot
sensible. Apparently, societies do choose to uphold the survival of
the collective to the detriment of the ocne. The story of Thessus

and the inotaur shows thiz, Humen sacrifies o the gods were gory
witnesses to this societal preference. Capital punishment in modern
times attests to this as well. Ue thus need to cuﬁstruct a4 choice

rule that reflects this tendency. In other wnrd;, wa nesd =0

strengthen the Weak Pareto condition {Al). e have the following:

Definition 2: An or ring 2 ever § = B

iz SELCif
&0

it satisfias (AZ), (A3} and (A1Y) Strong Pareto: ¥ A, B g 0,

e 'h’l and A > B, soms i -+ MFB.




Provogition 2: (Impossibility 1) SIIC is inconsistent.

Froof : The set satisfying SILC is a subset of the
set satisfying WYIIC sgince Al' iE a
strengthening of {Al). By Lemma above,

2 A, B e 0 such that A z B, ?i,nz-a
some i and A 4 B. Thus the gas satisfying

S5ILD is empEy. [0 0

Remark 4: Domain is an important ingredient in the inconsistancy
of SILC. Recall that the proof reguires the mull
vector 0 = (o, 0, .., 0. If the lowest possible
individual position iz represented Ly utility zero, one
cannot construct a cholce rule that decides in favor of
the majority the classic utilitarian dilemma: do you
surrender a member who you know is innocent to keep the
horde frem descending on the neighborhood and putting
everyona to the sword? The problem is however soclwed by
just defining o = R:I.:l so that ?[ us iz a candidate
i=1
choice function. This is consonant with a result that
can deduced immediately from the Osborne lesma, namely,

there does mot exist a real-valued function satisfying

= n
Strong Paretoness and TT  owver Rzﬂ

Eecause of the null vector requirement Proposi-

tion 3 is a weak resulr. It only serves to show that




the domain of definition may be crucial for certain
choice rules. e now turn to a strengthened TI axion.
we substitute affine transformation in lieu of positive

proportional transformation.

Definition 3: an ordering ® over R =R is WIAC if

it satisfies the following:

(Al) Weak Paretoness
{A2') Invariance with respect to an affine transformation: °

B, B E'R; ARE <w> [3% + &) R [(AB + &k, A =,

d-e Rn. This is true alsoe far P.

(33} Lower semi-—continpity: YV A e [, the =ec

1Bz, B £ R, . APB} 1is opan

Bemark 5: A rule that satisfies WIAC gatisfies WILEC since

(2"} is a strengthening of ([(A2).

Proposition 3: (Imposs. ility (2} of a pontrivial choice rule).
A choice rule satisfying WIAC is trivisl,

Toas: R BN BN RY
Proof

{a) Let APE whenever A z B, V., A > B some i,

Iet A= qal, Bar By orr B d; .-p d) and




B = '[1:'1. ]2'2; bjr s hk,’ By sema
A ]:-i >d, = that A, B £ 0. Hobte that w hawe

remumbered the coordinates so that all k elemsnts
in A unequal to corresponding clements in B are
in frent. et a, > b, ¥, k- Thus RPE.

i - i [t

BY (A2a), = am c¢*-peighborhood (D, e*) of

By £* > 0, such that APE's N(3, £*%).

Let -B® = [bl_. }':-1, e bk' g A o Y. For

small enough Y. B®c W(B, £*). Consider the n

Vectors, l={11, R ':"':I-r.* :Il.i I Feomese ) ne

and. 8= {8 cuus 8§, 8, =0), i=k+l...n.

L
Fi.rﬁ_ the affine transforms of R & B®, (A& + F)

a_ﬁd (A8 + §) while letting A +o, j=1 ...k
and Ei= dy F = 1 ... K. Consider the alement

D= {d, dl’ d} of . For small enough .‘-Lj,

(AR + §) is as clogse to D as is desired. Let
Hi{D, £*) be the ¢ neighborhood around D.

Cle 1y, (A& + 4§) ¢ WD, &} for lj small encugh.
Cmgid&r '1|:nw1 the elament of 2, E" = I{"..:ai" =
ﬂ;h£+1-&+T:_b_;('ﬂ=&1; Ny s SSEe R LG B B

in other words all elements in B" equals 4

excent the k+ 1"_'].1 element equalling d + vy, ¥ > 0.

Clearly by (Al), BYBD. How (iB® + &) z B"




{823

a¥l 1 and BT+ &) > B" Ffor iws k41 Thus
by as.ml:ptim (ka*+ &) P BB D .m:
(IB° + &) P D. Thas (0B + &) P (A + 8,

contradicting (A2).

Let ﬁ={31 e Bor B g e Ao d ... d and

B=by cee By Bl e By 8 a.. dd;

al,hizd, dx o, sothat A, B c il Lat

moxh, G ... @ ygiAa wh, i=e*l ... K
1 1 L B G

Thus A > B some i but A<B some i, let

APE. Consider ithe veckor L = {11 e AE, J‘j = 1}

Y, ¥ &, and Iet ﬁ=l[vi51.. EE,E

" SR L
; e e
Pimd (XA + §) and (AR 4+ 8). Taat Ao = Oy
3
W g aned et ol =l el oo e
i=1 i

Conzider the set D= (d; dg wony dY g8, For

11}‘_"* (A8 + &Y B D by {2l). Consider the set

e,

8 o -
B = {hl ﬂf b’E+l nrm hk' d-; - & 'ﬂ} ?.i. l L =
B* haz all elements equal o 4 axcept
N a
he-r]. e ,}h. By ¥}, BYR Di and, by
transitivity of ordering WIAC, . {AA + §) R BY.
put for small encugh 11. B® 5 HBBE + .05, £*) and

by (A2}, (AR + 8} P (AB + &). Thus

{*a + &) P B®, a contradiction. 0.E.D.




The difference between Proposition 2 and 3 must be emphasized,
Proposition 3 is valid even if the domain of definition is

2 Tk
restricted to D = K

s It ie therefore a far stronger result.
-

Continuity, though an interesting mathematical animal, iz no
more than a very useful technical tocl in economics. It has no
- . .
inherent intuitive economic meaning. The Parstian and the
Transformation Invariance axioms are on the other hand invested with
economic significance. Continmity is dispensable and that's what
The question we want answersd is:

we're going to exploit. Do we

attain consistency if we drop continuity? The answer is ves.

Proposition 4: The lexicographic cheoice rule, L, satisfies both
the set (Al') and (A2) and the set (al) and
(BZF) .
froof If A>*B, all i, A > B, some i, ALE and
PLA. - If MTA. [cA) L (oB) an®  {oR+ dl-T
{cB + d). If A p B, aAlSH

Since & particular cho.ce rule

is attained.

satisfies the axioms, consistency

0.E.D.




SEemuat

We have shown that Strong Paretoness, Proportional Transfor-
mation Invariance and Continuity, together, form an inonnsistent
systen orer Rgﬂ and m choice rule can repregent the system.
Likewise we showed that Weak Pareroness, Affine Transformation
Invariance and Im-a.: Semi-Continuity, together, allow only a trivial
choice rule. On the other hand, dropping the continuity assumption
makes l&lf_i.ﬂngraphi-.c c;rderim; a canc'l:i.dat-u as a choice .1.-u.1e.,
Restricting the domain of definition to a strictly positive space
allows a repragentation that zatizfies Strong P.a.‘:r:tuﬂe.ss. Prc-pcrr—
tional Transformation Invariance an.ﬂ Continuity. The main results
hera, ganarated without ﬂ-ue. dshorne Lemma, differ from thus-e..that
can be generated from the Lemma in that those involve nonrepresen—
tability hy a function r::rhile cur results zero in on the consistency

of the systems themselves.
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