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Abstract

The Symmetry axiom which introduces a gense of fairness
in the Mash axiom system for the 2-person allocation game does
not apply to more general allowable utility spaces. We
devaelop the concept of subsymmetric sets and replace the
Symmetry axiom with the "Hinimized Inequality axiom™ which
includes the Syrmetry axiom. We show that the ¥ash bargaining
solution is robust against this generalization and by Nash's own

unigqueness result, still remains unigue.




AN EXTENSION OF FATARMESS IN MASH: A REVISION™
by R.V. Fabella

In an-attempt to define & suitable choice role which plicks
the zoluticn to a two-person allocaticn game, Hash [1353)
El;ﬂ:ﬂiﬂtrﬂd az desirable zix azioms, viz., i_n-:liv:i.du.a!. rationality,
feasihility, Parets eptimality, independence of irrelevant alter—
natives 3 la Mash, independence of linear transformation, and
symeetry. The first three are nondebatable. The fourth, the way
Rash defined it (everything will be formally defined later) leaves
little room for discussion. It just says that if an allocation |
solvea the game with feasible set T, it also solves a game with a
smaller feasible Sset T'"C T if the allocation is still in T'.
The £fifth axicom is a concession to the Von Neumann—srgsnstern
result that linear transforms of VM= utility functions mmerically
represent the same undarlving preference relationz (J. Von Heamann
md 0. Horgenstern, 1947). The sixth, the axion of symmetry, is
interesting but presents some problems. Hash wanted the iﬂﬂa of
"fairnesz" imbedded in his axiom system,. Ho one quirrels with
"fairmess™ at least in principle. It is the way he introduced it
that, we argque, can stand isprovement. To properly discuss this,

let us first set down the formal structure of the model,

*I would like to thank Prof. Jos& Encarnacifn, Jr. for giving
a counterexample that led to this rather complete revision of
DP 8504. I also would like to thank Prof. Rolando Danao for a
lengthy discussion of the proofz. The errors remaining are mine
alone.




Lat T be the choice set. Let 5 be the 2-dimensicnal
utility gpace into which eVery point in F iz manped. If we andsir
each of the two players with a VH-M wtility functions, S5 i= a
closed, bounded frow above and convex subset of the two-dimensional
Euclidean space (Owen, 1568). OCur problem then i= how to pick a
point in S. In actuoal allocation games, it is comonplace to £ind
that the more one player qe.t!'.., the less the other will hawe, How
little will a player accepnt 8% a price for cooperation? T is
natural to assywme that a pia:,rer will sét‘. as a pr.i.:ﬂ of cooperation
that amount that he can obtain by unilateral action regardless of
the maneuwrers of the other, In game £h¢nry, this is; the maximin
value of the game for the slayer. Let U* = -[u*., o B .-
i=1,2, he the veckar of maxinin values for the 2 players. Hote
that the maximin values are in gtility terms. The version of the

game with U* and 5 is written as (U*, 5). A solutieon,

U= (2, ¥J to the allocation game is that picked by a cholece rule

r, il.e.,

r {5, U%) =

The Symmetry axiom of Wash goes as follows:

If &5 satisfiez the followimy:

{a} Symmetry, i.e., G, ¥ ¢ 5 = (v, u) 55




This is a conditicnal axiom. If 5 iz symmetric, and the maximin
values are identical for the two players, the solution on 5§

should exhibit welfare aguity, i.e., U = 7¥. Thus fairness means
that egual initial pesitions imply equal final positions, It i=
‘tq.he applicability of the axiom to certain configurations of 5 that
comes to mind,

T

Fiqures (la) and (1b) give configqurations to which the
Symmetry axiom applies since they are :mtric around the 45* 1ine,
Figures (2a) and (2b) are nomnsymmetric and thus do not allow the

SymmetTy axiom o apply.

Fig, 1
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This is no problem were there some stricture for 5 0 he uli-:.ﬁys
symmatric., In fact, that can only happen by the remotest of
chances. The intention is good but the implementation can very
H_:'!'L.'I. be empty. Being a condition within a condition, it can easily
ba rendered woid. "Faimmess™ we believe deserves a better deal
than that. There is another reason, a minor technical one, why
Bash's Symmetry axiom should be modified, It renders the proof of
the Hash theorem more complicated than it should really be., Thus,
6T, we propoge o replace Mash's "exiom of symmetry™ with an
“"axion of minimized inequality.™ We show that the axiom of 7
SYmI2LrY is a proper subset of the "axiom of minimized inequality.™
To do this, we need to develop the concept and the propoexties of

subhsymmetric fets.
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Symmetric and Subsymmetric Sets

In the following, w2 will develop the machinery which we

will need to proceed in the next section. This will inwvolwe

properties of symmetric and subsymmetric sets,

Pafinition 1: A set 5 is symmetric if (o, ¥} £ 5+ (v, u} £ 5.

et

Pafinitien 2: P(5) is the Pareto-efficient subset of set 5,

e

i.e., if (o', v') e P(s¥, & (o, ¥ €5, u>u' and

vy ar g oxu' cand v o whl

Definition 3r A set 5 iz subsymmetric if we can oonstructh a

aymmetric and convex set 55 such that S 55 and
P{S) C Pi(s5). We call S5 the shadow symmetric superset

af S,

Definition 4: A point (u®, v°) £ § is called the "regression"

of the point (u, v} ¢ 5 if 0 =v" = (u + v)/2. The set

of all regressions is called the regressicn set.

In two-space, the regression of any point is clearly on the 45°

line., We prove the following:

Lemma 1: If S5 is symmetric and convex, them (u,v) ¢ 5 ++ (u®, v} € 5.




Froof: By symmetry, (u, v) ¢ B (w, ul g 3. If u=1v, the

claim follows. Let u > v. Find @, O0z2a=21, sucn

that ao + (1 =-a)v = (o + W) 2. Aoply o to (o, ¥) and

'fv, u} 2o that

alu, v} + {(I=a) (v, u) = (o + (l-alv, ov+ {(l-gu} £ 5

by convexity, Let B =

B[ b

= Apply @ ¢o the last point and

its interchange in 5 o qet

{§u+{1;u}v+%+.f].;:l.'rur%v_'i_{l;{:} +E,:-_ui-__3_';ﬁv}-h
+ + 1
{uz L uz Y = ! 4

The reqression . set of a symometric and convex set S in

2-space is a portion of the 45° line,.

Definition 5: Let € be the angle between the wvertical axis and

any line tangent (where well=-defined) to 5 on P(5). Lﬂt_

9% be the angle between the vertical awxis and a“line

orthogonal to the 45° line.

=25 ' = a1 -,

Lamma 2: A line connecting (u, v} and (v, u), i.ee; Alu; w)
FAT=w v, wfae 1 S Nes cds an orthogonal
projection on the 45° line .anid contains the reqgression of 4

[u.- v} -




Proof: Let u > V. Consider point (v, v}i. Sobtract this from
(a, ¥ aml (v, u) toget f{(u-w%, 0 and {0, o= ¥).
A line cemnecting the latter two points is orthogonal to the
45* line. By geometry, & line dropped from the intersection
of 45° line with the conmnecting line and orthogonal to the
horizontal axis bisects the distance (0, u - ¥). ILikewise,
a line from the intersection orthogonal to the wvertical axie

_bisects (u - v, 0), Thus the intersection has coordinates

=% o=

{ i 5 Y}, the regressiocn of f[u; ¥}. Q.E.D.

lemma 3: If 5 is symmetric and convex them 0 z 8° above the

45° :L_.]'_ne and & < 6* below the 45% 1line.

Proof: Suppose © < @° above the 45° line, Then there exists

points {u, v] and (uw', ¥v'}) in P(s} such that

(uy, vh + (1-3) (v, m) > (u', v') for some A, 1> 24> 2.
Clearly, then, S cannot be comvex since (v, u) € § and
{(v', ") £ 5 and For some A, A%, A%{n, v} +

(I=2%) fw, )} g5, Q.E.D.

Definition 6: © > 7° tove 45° line and O £ 0° below 45° line

together form the slope rule.’

Temma 4: Along an crthogomal projection on the 45* line, glu, v) =

{u=un*) [v -w*} with u* = v*, is monotonic increasing as

{u, v} approaches the 45° line.



Proof: Take (u, v} with u > v. Consider the point
(fu-¢, v+e}, € > o. Clearly, (u-¢, v+ ) ison a
line orthogonal to the 45° line. Now glu-g, v+g)} =
uv + E{u=v) = ya® — vy 4 gy — E:2 ok — ert = gw + oe{u—-¥)

2
2 i L B T R T -

lim glu=g, w4} = uw + gln=vw) + yys
£ f
= ur® — yyk > gy, v) = gv + aryd

—aat - gy

Thig is troe for gll points on an orthogonal projection on

the 45° line, 0.E.D.

Lemma 53 A symmetric and convex set 5 iz also subsymmetric buk

not vice=versa.

Froof: Let 5 be symmetric and convex. Let S be itself the

shadow symmetric superset, Clearly, S s and P(3) n:;_ P(S) .

The converse is obvions., OLE.D.

3. Fairness Extended
We propoge the Tollowing set of axioms:

N, (Individnal Rationality): (&, ¥} > (u*, v%)
K, (Fensibility): (u, V) € S
W,y {Pareto): If (u, v) €5 and {u, v} > (&, )

then. u =14 and v =7




7] (11a & la Mash)y: IEf (&, ¥} £ T £ 5 and
(3, ¥} =r (S, O*), then {8, ¥} = r (T, O*)
N {ILTY: If xr {5, ™) = [, ¥}, then
o e A« R El; a, v + B) = (e, T+ Hl. a ¥ + BEJ
ay >0, Gi c E
M., (Minimized Imeguality): Let u* = v* and let
r{S, U*) = {g, vJ. If 5 is subsymmetric, then

E({u, v} < E{a, ¥) i, w) & P{E)

Let u=s first discuss d, as a "fairness" condition. Specifi-
cally we focus on how it relates to Hash's Symmetry Axiom. First
of all the "Minimized Inequality Axiom" applies to both symmetric
and nonsymmetric sets and is thus more gemeral. We show that the

HIA includes the Symmetry axiom.

Proposition 1: If point (4, ¥) satisfies the Symmetry axiom, it

gatisfies MIA but not vice-versa.

Procf: Let 5 ba symmetric and lat wo* = v¥, Ey the Symmetry
axiom, U = W% or that the solontion should be on the A5
line. But this always satisfies HIA since by Lemma 5, 5 iz
subsymsetric and E{u, ¥) = 0, i.e., the Euclidsan distance
af an orthogomal line from the point to the 457 line is
minimized, and Ef{u, ¥} 2 0, %, ¥v] £ 5. Thu= a golation

that satisfies the Symmetry axiom satisfies MIA., If S5 is




e T

e

subsymmetric and nonsymmetriec, the Symmetry axiom does not

anply bk MTA does,

[l

=B

Remark 1l: Thus MIA iz more general than the Symmetry axiom, The
problem with strengthening an axiom in an axiom System iz
that vou run the risk of derailing some existence result
down the line. e shall see that this does not happen here
and that an arbitration rule exists that satisfies the

System.

Remark 2: HIA allows inequality to exist if 5 is not symmetric,
L it does not allow is unnecessary inequality. It cannot
supersede the Pareto axiom but cnce this is satisfied, the
field is its oum. WNow there is still an open philosomhical
question here. Vhy should Pareto take Drecedance over

equity? We do not address this guestion here,

Remark 3: The central problem connocted with g'an-em]_lﬂngan
axiom ia z sysies with a singleton for a miverse is
exigstence. If the universe is nonemeby after the extensicon,
the mli_quen;sﬁ propexrty, if showm for the urigi.::ml set of

AX10ME, romains.

E&fu."m we prove the main result, we first Pronvve the following.
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Levma 6: (u, ¥) satisfies WIn if (u, ¥v) maximizes

b

roof:

=

gia, v} = (o =-u®) (v=vt]

By definition 5 & 55 and PI(S) C P(S5) where 55 is
symmetric and Convex. 55 contains 1ts regrassion st by
Lemma 1. <Connect (§, ¥) with its corresponding regressicn
on- 457 line, ' Thig lins iz orthogonal o the 45% line siace
by Lesma 2, this line extended connects (u, ¥v) and (%, O).
Clearly, L C. 55 since 55 iz convex, FPour possibilitias

arise:

{a} Zf{u, ¥} e L8}, fu, v} # (u, ¥ and_  {u, ¥v) g 1l.
Then glu, ¥} < gin, v} by Lemnma 4, and {(u, ¥) is

not maximal, & contradiction,

bl F{n, %) £ P55} and (', ¥') £ 1. such that
(o, ¥} < (0", v'} and Eilu2, v} < Elg, v}. This means
that for some point in PS5}, the slope mile iz

violated and 55 iz not convex, a contradiction.

fc) o Siu; vk B(5) such:othat [u, v > (', ¥} e 1. Then
gla, ¥ *ogfn', v') > giu, ¥v) ocontradicting the

maxiralitv.of (2, ¥).

(@ The enly possibility left is that E{u, ¥) < Efu, v)

#(a, v) ¢ P(S). Q.E.D.

e AL
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The role of the shadow symmetric superset in this case is
crucial. We now go to the principal result. Consider the Xash

arkitration Ffunction:

glu. ¥} = {u =y} (v~yt)

We prove the following:

Proposition 2: (Existence)

Let (U, ¥} € 5 be soch that {(u, ¥) > {u*, ¥v2) 'and
¥{u, v} £ =

gld, ¥ 2 glu, v}

Then (O, ¥} satizfies 'Hl - HE'

. Proof: g is clearly continuous and 5 is compact so g attains

a maximum in 5§ and (u, v) is well-defined. It satisfies
N, and N, by construction. It satisfies Ha_bemuse'“lf

B{u, v] e 8 such that (u, ¥) > (3, ¥, <then

giu, ¥} > g(S, ¥) contradicting the maximality of (3, 7).
fet T ¢ S and let {1a, E}i E T4 et (0, ¥) €T  gla, v
z gld, V). Them (#, ¥ is not maximal over 5. Thus u,
ig gatisfied. Iet S5' be oS + f where o & B are

vectors we defined. Then




Yy

gile, 1+ BI » AT + 52} = {ulu + El - nrlu* - El}l

l[uzir * Ez - nzv* - BE] = 2,0, gia, )

-

Thuesry Hs is satigfied. That it satizfies MIA or tlﬁ is given by
Lemma 6. o o o 8
-~
Remark 4: 'What we have shown is that the Nash arhitration razle
satisfies a more general set of desirables than the set of
Wash axioms. The stroke of genius of Wash is to figure out

- jost what ‘is minimal sufficient for his uniqueness result.

- Remark 5: Technically, what we avoided by using MIA instead of
the Symmetry axiom iz 'a undicuences lemma which Hash uses to

show contradiction with respect to o

Proposition 3: The solutiom (G, ¥) +that satigfiss W, - N

unrdogue.

Proof: Since HIR.aT -‘-JE is 2 strengthening of Wash's Symmetry axiom
and since the axiom system with MIA replaced by the Symmetry
axiom allows only & unique solution by the Hash bargaining

theorem, ", = Hﬁ guarantees & unigoe solution. o.E.D,
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SummaTy

In the foregoing, we substituted the "Minimized Inequality
axiom"” for Hash's "Symetry axiom™ 5o that the "fairness" notion
would apply to more general configqurations of the feasible utility
space. * We developed the concept and g:en:erateﬂ some properties of
subsymmetric sets. Ue then showed that the "Minimized Ineguality
axiom™ is more general than the "Symmetry axiom.® UWe showed
forther that the ash arbitration solution also satisfies the new
set of axioms, Pinallyy it is clear that the solution sl}ﬂﬂlld.h&
migque, if it exists, since it. is unigoe for a weaker set of
axioms. The generalization of these results o n players iz

straightforward,
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