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Ahstract

REesults of wvaricus experiments reported in recent litarature have
sheun repeated violations of expected utility theory. In the model
of this paper, expected utility is cnly the first of three criteria
that determing choices mnder uncertainty--the zecond criteriom iz the
p!ﬂhflhi]it? of doing better than cr at lpast maintaining the status
quo, and the third i1s the maximum possible gaip. Choice being thos
Euiltidimengicmal, the observed viclations get accounted for: the
Allais and BEllsberg paradoxes, probabilistic insprance, risk seeking
with negative prospects, translation effects, prefersnce reversals,

and Tversky intransitivities.




mﬂ.tidjmsiﬂnéi Chodce and Preference Reversals

By José Encarnacidn, Jr.*

Recent papers by Panl Schoemaker (1982) and by Paul Slovic and Sarah
Licbtmate:u (1983) have made even more prooounced the difficulties for
existing theory regarding choice under uncertainty that David Grether and
Charles Plott (1979) and alss David Kahneman and Amos Tversky (1979) had
brought to the attention of scopomists. In addition to "praference reversals",
*intransitivities” call for an explanation. Much earlier of course, the
Allais paradox was an enbarassment to the von Nemmann-Morgenstern expected
‘mtility model, as alsc the pattern of choices observed by Danisl Ellshberg
{1961} . If the broad outlines of expected utility theory are to be maintained,
reformelation is recessaTy in order to accomodate the puzzling facts

It have been observed.

Section I presents a model of binary choice that provides in Section
forward explanations of most of the prefersnce puzziles. Testing
iz discussed in Section IIX, and Section IV copsiders the case of

2 two alternatives. The Ellsberg paradox which belongs to a different

48 treated in Section V. Section VI is a concluding remark.

I. & Model of Binary Choice

A ‘i;{:, &} Be the von Nemmann-Morgenstern utility of the consequence
x if s £ 5 is the truoe state of natuve. Merely for

. ‘ ciby, we ﬂefj.m; 5 sothat s £ 5 has a probebility

g will say that there is a positive prospect with the pair

¥ pix; ¥l = 0 & wixi s w’ or iy, s> uu



for some’ 5 £ 5, WIerd uu iz the wbility of the status qu:r;-y otherwize,
we will say that prospects are nonpositive. Putting un = 0 for the gbility
corresponding o "dizaster”, we will assvsse o * 0 throoghownt the following

discussion.

Az ¢ 8| ulx; 3):-> uﬂf' if pilx; ¥ >0
Lt : .
{s £ 5{ ulx, 5) = u'} octherwise

end define the probabiliry

blx; ¥} = ) ksl

£ 8 5 0E sy

Niote that bi{x; x) is simply the probability Priu(x, s) » uﬂ} if the
latter is positive; otherwise, bix; x) = Priulx, s} = uﬂ}. For notational
conwenience we Wwill write bix] = bix; x}. %We will derncte the expected

ubkility of x by
afx] = s pla) alx, =)
and write

L= =3ﬁ uix, =t

For the mayimmm grility possible with Xx.

While al(x} and ci{x)} depend only on x given p = pi(s). bi{x:y}
depands alsc on ¥ becanse of the way S'{x;v} iz defined. If there iz
a positive prospect so there iz a chance of doing better than the status
gua, it is plangible that the probability of doing o would be a critarion

of chodce in some circumstances; if prospects are nonpositive however, ooe
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would be concermed instead with the probability of maintaining the status
uas. Clearly; one would rather have b higher than lower, and similarly

with oo

Tt a* (0.« a* < 1} and B*{0< B* < 1) be given for the moment.
In order to define the choice on {x, v}, -

write

I
4]
*

ftalx) + aly)/2 if alx, ¥) =
b, Gesy) = {
alx) otherwise

r{hl:t;y} By pxllsd EE. Blx, vl =ip* 5
U-I{:H'.:y} = JL
bix ;v} otherwise
ﬂ3lix ryl = e({x)
alx, y) = | atx} - aly) |[/max{aix), a(y)} and 8(x, ¥v) = | Blxay) -

=) |. We note that olx; ¥} could be small even if the absoluote
laix) - aly)| is large provided that max{ai{x), aly)} i=
agh; also, EF.I{.‘-{;E,I'}I = !11{3";:{! if olx, 7) = e*, and similarly,

R <
-.'.l_lzh';x} alis e i

- m mean that x is chosen over v. Owr fundamental assumprticon
f the first nonvanishing difference !J'i-[:r: :yd - El'i {y 7 x),

is positive. We will write xR, ¥ if Ui [ ) z !.'Fi 5 i =)

'_':: = uj {v;x} for all j < i; and x{li? i¥f :H:Ri:.' and not

our assymption, w0y if ]’Eﬂ'i}." (= :d:z:,f oFr :{'I‘_'zy. e

Fisn & is effective in the choice of x owver w if

.:.'b ig effective if Jﬂ.':z]?' and o 1f ;r:c:]:.r-

cographic formulation. the first criterion of cheice
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is expected utility a. If @, the relative difference betwesn the expected
utilities, is larger than o*, the alternative with the higher a is chosen
énd that is the end of the matter. However if o is sufficiently small,

I oix; ¥) = a*, then o, is the same for both alternatives and does

not distinguish between them. We will say then that x and ¥y are within

g* of each other, or that x and v are eifectively indifferent with respect
to a, so that one turns to the second criterion: the probability b of
doing better than the status gquo if possible, or at least maintaining the
status quo if not. In effect we are assuming expected utility indifference
bands that get wider with higher max{a{x), aly}}. Suppose a high afx) >
aly). Then with o* not too large, afy) would alsoc be relatively high if
¥y is within &* of x, and one would be willing to forego the higher a
with x if & larger b can be had with ¥. The larger is o*, the greater

is the extent to which a person is willing to give up a laxger a for the

sake of a hicher b.

a*. If B exceeds

s

A similar situation holds in regard to b when a
E*, the aljterpative with the higher b is chosen. If B is sufficiantly
small however, so that x and y are effectively indifferent as regards b
as well ags a, one turns to the third criterion: the maximal ¢ that ig
possible. The larger is #*, the more a person is willing to trade a larager

B for a higher c.

We consider a* as a tradeoff parameter whose value is an individual
characteristic and independent of any particular decision problem. A perscn
with a higher a* is simply willing to trade off more & for b, The mmber

B* is different. Let gix) = m.ins ulx, s) and write Q(x. v) = lglx] -
=
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gy} |/min{qix), giy)}. The larger is O, i.e. the larger is the relative
difference between the worst possible outcomes, the greater wonld be the
recret if the alternative with the higher ¢ is rejected and what turns
out is the worst possible outcome of the one chosen. We therefore postulate
that £" = h{Q) with h*'{@) <0 =so that £* = f*(y, ¥) iz a fonction of
% and y. If the worst possible cutcomes are the same S0 0 =0, tha
Possibility of regret in ocur sense does not arise. The value of the trade-
 Off parameter £* = h(0) thus indicates the extent to which a person is
_ﬁ.ll.ing t.-n trade off b for c, wcomplicated by any regret aspects. We
the fimction h to be characteristic of an individual, in the same
a person’'s indifference map in consumer theory is an individual

Stic.

assumption is that 0 < g* < 1 and 0 < g% < 1. Considey, however,
al specification O =oa* % 1 and O = f* = 1. The standara

: fility model can be subsumed under the special Sase o* =0 where

we with the higher a will always be chosen, and only when a
both alternatives would the second criterion become

Special case obtaing with a* = 1 and 8% = O identically.
ELility does pot comnt becanse o = a*: tha alternstive with

1 always be chosen, and only when b is the same could

A third special cage is had with a* =1 and 8% = 1

351** ¢ is always the effective criterion. Bach special

in itz ownowav.
iT. Explanations

il Of Section I, a wide range of chservatioms, including
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some por pecessarily in coefiict with expected wtility theory bur interesting
noetheless, com be eatily explained.

In Table 1. the entriss M > = > 0 are the Doney payoffs corresponding
to differenr options zad States of natore, the lztter labeled by their

pociahiliries Py TPy TP, E251=i in Tehie 1 2od in the other rables

o 4

o fodlow.)] According to the “independence m"‘.f-"’ S0 nemed hy Pani
Smsaclisan (1952), the choice between x and vy should be independect of
the payoffcs in the Py coluen where they ave the same, sad similarly for
x* and ¥'. Since x and x° are identical sacept for their Py pavoffs,
and e Same iz froe shoot ¥ and ¥5, ohe Dust: then bave ="0gT If Oy,
Yet, which is the Allsis' paradox, mOSt persons indicate =xCy bt ¥y Ox°
for some specifications of the probsbiliries and pavoffs (= relatively
large compared to ammupal inoome}. We note that alx)} - aly) = alx*) - aly”}
2o alx, ¥} > alx*, ¥') since maxialx), aly)) < max{a{x'), aly"}}). One
can therefore have olx, v} > a* z aix', ¥'} shence, if alx) > aly), =C.¥
but the second criterion could be effective in the choice on fx', y'i.
With = large, OQix", ¥') would be large and £* s=mall, and if Bix", ¥
> §* &= secemg likely. g’czx'. The Allajs paradow is thos resclved with

criterion a effective in the chofce on fx, v} and b in Ix*, y'}.

An experiment of Kabnesan and Tversky shows thet a majority of persons
who might buy regular insvrance would mot buy what they call probahilistic
insurance. In Tablel, x is the pwrchase of regular inswrance for a price
m to protect against the possible loss of M whose (low) probability is
P, *+ D, where p, = p, {the amounts m and M need not be the same in

differsnt tables): vy is the oprtion of being wminswred; and x* is the
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purchase of an insurance policy where the probability of coverage in the
event of lo=s iz 1/2. If the utility function is concave in the relevant
range and xCy, one nust also have x'Cy in the expected utility model.
The usual pattern cbserved is yCx' if xCy. In the experiment, the suhjects
had a supposedly bare preference for x owver y. Accordingly, suppose

*C.¥y with ao(x, ¥} barely larger than o*. Since alx', ¥} < aix, vy}, one
would then have alx', v) = a*, and yr:z.'-:' might be axpected since Py is

large and therefors £(x', ¥) > §* is likely.

=y
Kahneman and Tversky have alsc drawn attention to the Fact that people
who exhibit risk aversion when the possible payoffs are nonnegative often
choose the riskier alternative when the payoffs are mpltiplied by -1. In
Table 3 where Hbm}ﬂandptapzﬁpj. the expected values of x and
¥ are about the same: the expected values of x" and w' are therefore
alee about the same. The typical respense is y'Ox" if xCv. Considering
the expecced values involved, suppose o i {x, ¥} and Ix', ¥'}.
Then the simple explanation would be that b is effective in both cases:

ﬂ:zj" and y'“cz:i*.

B similar account suffices for the effect observed by John Payne,
Dan Laughhunn and Roy Crum (1980, 1981}, In their experiments the expected
ves of x and y are the same, the range of cutcomes of y falls within
of x, and x has a larger probability of a positive payoff than does
ﬁ!niti.cally, suppose the cutcomes of x  are Moy MW, and T s those
m,, m, and m,, and Mg < ... <m, <0 <m. Consider a
ef I{x, v} to {x', v'} by adding a constant k to the

oees of x and vy to define x' and y' respectively, such that
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my + k< 0 < m, + ¥. All payoffs of w' are then pogitive while x' ha=
a possible negative outcome. The usual pattern of choices is xCy and

y'Ox" o which is explainable by JCCEE" ard y*czx'.

Table 4 has PE= =) an advance bonus of 2m being awarded in the

5t
choice on {x, v} and 4m on {x", y'}. In terms of payoffs plus bonuses,
®x and x" are thias identical, az are v anpd w'. kKahneman .a.mi Twarsky
have found, howewver, that the common pattern is =xCy and _r.r"c::".. Evidently
the advance bonpsswhich is independent of ocne's chodce, iz in each cage
considered as part of the status goo. Suppose that in both cases, a = a*
and £* < 172, wnich do not seem unlikely. Then one has xczg_ and j"'czl'.
explaining the chserved choices. FProspects being nonpositive with {x', v'},
one iz concerned with the probability of the status quo which iz 1/2 for v!

and O for x'jf

In Table 5, By = Py > Py = Pgr Py is sizeable and Py ﬂmall'
(Kahneman and Tversky used p, = 0.45 and p, = 0.001 in their experiment) .
Locking at the p:.;nh&hiliti.es and paycffs inwvolved, expected utility theory
requires x'Cy*' if xCy. However, the majority pattern is =Cy and y'Cx'.
It is straightforward to show that alx, ¥) = a* implies u{xT, ¥} z ok,
Suppose ‘a is not effective in {x, ¥} S0 it is alsc not effective in
fx*, ¥'}. Since Bi{x', ¥')} is much smaller than Bi{x, ¥}, one can sasily

have 8{x', y') = 8* < 8(x, y) in which case xC,y ad y¥'Cx'.

The Grether and Plott (1978) results corroborate thoge of the
Lichtenstein and Slovic (1971) experiment on preference reversals. Lottery
ticket x gives & relatively high probability of a modzrate payoff, amd

v gives a middling probahility of a larger payoff. With either ticket the

F 3
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poggible lo=ze is relatively small, and the expected values are shout the
=amé.  In situstion (i)} the subjects are made to choose betwsen x  and ¥
in {iiﬁ.they are asked to indicate their minimm selling prices separately
for x and y. It turns cut thar many persons who choose x owver v in
(i} place a higher walue cn y in (1i). We observe that ginca (ii) does

not involwe ﬁﬁﬂw:iue en 1%, v} but reguives spacific valuations of x &nd
¥ instead, it would be natural to express the latter in terms of alx) and
e2{y] to determime the selling prices. If aly) > af(x}, one would therefore
e a-hiqhar prica for w. If afx, v ps a¥*  however, whic; would be

Likely, xC.y iIn (i} is explained.

Following Tversky {1969), let us say that x is adjacent to ¥y if
x gives a slightly smaller probability of 4 comewhat larger ‘pavyol coopared
o, ¥, othar popsikle outcomes beling zero. Accordingly, if x iz adfacant
to ¥, Qix, ¥) =0 and gt = W{0). Suppoge x is adjacemt to weoar o
Z, and z to w. Tversky's experiment shows that one can have XUy, yCE
and  z0w but wix, which may be called & d=cyole. £ is thos not Eransitive
and, more strongly, some binary choices produce cyclea. We note that if x
is adjacent to v, it would be Likely that afx, v - R T R S o E*,
in which case ALY ¥C.2  and ZCW. But w iz not adjacent £o X, and
although fw, x} = a* would also be Iikely, mo would H(w, %) > % = K0
in which case wC. % since w has a higher “Bb. In what might Be salled a

3

Tvexsky oycle, < is effective in each binary choice ewcept rhe last where

%

r 1% effective and a cycle 15 pfrodoced.
1¥¥. Test=s and Parameter Estimation

fccording to our model, Lichtenstein—Slovic reversals will moc Fatalaihy




if afx, ¥) is large encugh. An axperiment recently reported by Werner
Pommerehne, Friedrich Schpeider amd Peter Tweifal {19582} seems €0 Sucgest
thar revergals are less freopent If the payolfs of % and ¥ are more
differentiated, but as Grether and FPloti (1983 point out,; a¥perimental
regults wnder different conditions need not be occoparable. In terms of our
mdel, a lower frequency of reversals would be Jdue to the fact that o = o

ig - gatisfied less oftan, but this regquires the same group of Subjects.

Suppose that in a Grether-FPlott type of experiment, cne finde that for

& number of sdbjects, A0y in gituaticon (i) and a Bigher waline for » in
{ii). Cail this Fhase I 'of a 'larger experiment. To simplify matters, Includs
in - the exparimental group: & for Phase IT only those subjects in Fhase I who
pPlaced a higher value for vy din (ii). nAccordingly, aly) * ailx) for the
subjects in G, wiere the frequency of reversals is given By the 3Ty cazes
amcng them. ILet there be a new option x* in plaps of =x, such that x°
cffers a somewhat smaller pavoff than x but ig otherwise the same a5 %

in regard to the pogsible loss and the probabilities imwnlwved, o that

alx'} < alx). With alx) = aiy) we then have alx'; ¥ = =ix; ¥v1; =35 if

afxy ¥ = u* o< pi{x", ¥ in which case wC.x'; thars would be mo reversals

1
in Phasze IT. Thies a higher frequency of reversals in Fhass II would
£falgify the model, and a lower frequency would mean that sobe DECSORS
whc showed reversals in Fhase I (for whom milx, v) = a*] do not show
reversals in Phase IT (4fx', y) > o*]. Por such a person, the shift from
a reversal to a nonreversal th:gn provides an interval estimate of his o®
given -afx), afy}l and alx'}. (The vtility function would have to be

inferred from experiments where a > o¥ in order that expectad utility

would ba the sffective criterion.]
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The Tversky type of experiment whers Erﬁlts d4ppear can also be uzed to
test the model or provide parameter estimates. Becall that there, scome
aw::jec:ts exhibited a 4-cycle. Call that Phase I of a larger experimant. To
simplify matters, exclude from the experimental group G in Fhase II those
subjects who prodoced J=cyclas {e_g., Oy, vz and =Cx} in Phage T.
Consider a ééw option w' in place of w, such that =z is adiacent to w'
and w' ig closer to = {in an cbviouvs sense] than ie wy; 50 that where
Glz, w) = a* and Az, w = E%*, we also have oz, w') = g* and Eilz, w')
= B*,. in which casza zcjw‘- But now if Biw', x) = B < Biw, %] -so that
xCw', there would be no cycles in Phase TI. Thus a higher fregquency of
crcles in Phase IT would falgify the model, and a lowsr Erequency wonld mean
that gome parsens in G whe oroduced cycles in Phase I (for whom Bisr, %}
= f*! do nor produce cycles in Phase IX (B{w", x} - f*}. For such a person,
the shifr from a cycle to a noncycle then provides an interval estimate of
his g% = b(S). ([Fixing Q0 in an appropriately modified Tversky experiment,

one would also he able to estimate G8% = Ll (o)

Suppose that following the abowve procedures, we have cbtained estimates
of a* and B* = h{0). Ve can then formmlate appropriate options x, y and

z with zere minimm payoffs, so 5% = hid) throvghout ., such that

a(x} < aly) < alz}, bhix) > byl > biz) .

afx, i - o, oy, =) oy oiE, z) @ oa*

Bl=, ¥} > B*, Py, z1 > g=,

According o the model, we will have a J=cycle : xCv, y0z —amd zox,

because Y. yczz and  2C.x, which thus provides ancther test.




IV. The Choloe Tuncrion

The fact that some hinary choices prodoce cycles raises the gqoastion
of choice on 2 sst of more then two alternatives. In the model of Section
T, eriterion 2 has firsr priority and only when the two alternatives
considered are within o of each other does criterion b come into play,
and only when they are alaon within B* of sach other does criterion o
@t to be effective. Such considerations can be easily extended o the

case of sore than two altermatrives.

Bméting:th:s:tafﬂmmatimby A, whichk for simplicity we tEke

to be finite, let

A =ixe !‘L—II"E e A = :Rig} FTwd, 2.3

where AD=L and Ri_ iz as Gefined in Seciion T. Mmisﬁf

glafy, the st of elsemis chosen 3n A, Iis given Dby

SO0 = 2,0\ By A, = By

Writing afx ) = maxfalx)| x ¢ B}, we bave & = {xeaf alx,. 2 = arhs

ie_, h,l, ig the set of elements o A that are within o* of :1,uhid']1'

has maximel expected utility. If A, 1s not & singleton, =, narrows the

choice €0 2, Iat A =fxealdscs: wix, =} > o} and write

maxibix) | xe A AR} if A na’ £8

bix)} ={

max{hix}| x ¢ A} otherwise.

In other words, x, =aximizes the prohability of isproving on the status

goo if there iz & positive prospect with Az SEReTWLSS =, mEN It P
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the prcbability of maintaining the status gquo. Thus 12 = {x & in.j[ Htxz, x]
L
= Et*{x:. x¥)}. Finally, if A, iz still not a singleton, R, narrows down

the' cheice to A, = {x = ?..2[ elx} = max}.

Given any feasible &, ‘the choice gfa) iz thus well defined. The
implication for the Tversky cycle is thar gi{x, v, z, w}} = {w}, which can

be tested.

Consider now what gi{{x, y, z}) might be if y is a prchability
mixture of x and =z such that aly) = (alx) + a(z))/2. Expected utility
theory requires that giix, v, z}) # {¢}; i.e., the "in-between™ ¥ can
never bhe the choice. In Table &, O < My € aee © m,
each state is 0.25. Gordon Becker, Morris DeGroot and Jacch Marschak (1963)

and the probability of

have found thatr some subjects choose y. Suppose alx) < a(z). Since
alz) - aly) = afy) - alx), afy, 2) = a* < alx, v) is possible, in which

cage wloM and either YO X or ?CE::.

1

V. Embiguous Frobabilitiss

The preceding discussicn haz assumed that in each case there is a
mnicae probsbility functicon p = pis} ‘that is used as the basis for the
calculations that determine cholice. The p un3ed iz a matter of sobjective
beligf--it iz the most credible--even if usvally grovnded on obgerwved
relative frequemcies or stated "objective™ probabilities. But consider
Table 7 where 91 = 1S3 is nown while o

2
pots the matter in & different clagsz, and Ellsherg has found that the

ard p, are unknown. This

typical responses arge xCy and y'Cx', wviolating the independence axiom.

Permitting zero probapilities, apparently it is a relevant consideration
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that on  {x, ¥} one is assured of a 1/3 probability of winning with x
while the probability with v could be 0 {it counld be 2/3 but one doas
not knowl ; on the other hand, om ({x*, v'} +the probability is 2/3 with

¥' but possibly omnly 1/3 with =x' (it could be 3/3 but again, one does not

know). The probabilities are "ambiguous", as Ellsherg put it.

Let Alp! be the degree of belief in p, and write B = {p] A(p} =
max}. B need not be a singleton, 5o Wwe now make the comservarive assumption

that

= min E
alx) e {3 ¢ Pls) ulx, s)l.

The criteria b and ¢ can be similarly defined in terms of min . Suppose
BpEB

that in the Ellsberg paradox, every p satisfying P, = 1/3 has the same

credibility. Then alx) > a{y} and aly') > a(x'), whence ¥  and

y'Cx' if a = a*, which seems likely.

VI. Concluding Remark

In the model of this paper, a person faced with a choice under
uncertainty follows three criteris in order of priority. Confromted with
a set of alternatives, he first selects that subset of effectively indifferent
altexnatives that includes maximal elements with respect to expected utility.
If the result is a singleton, the expected utility criterion sufficas. If
not, as happens in most of the -prefﬁt'anne puzzles, he narrows dosm the
selecticn by looking at the probability of doing better than the atat:..m‘
que 1f possible, or at least maintaining the status gquo. One weuld of
course prefer that this probability be higher than lower. He thus picks

out from the First subset that subset of effectively indifferent alternatives
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that includes maximal elements with respect to this probability. The end
of- it all, however, is the mawximal gain possible, which becomes the

effective criterion when the first two criteria do not yield a singletom.
Cholce being thus multidimensiopal, different criteria apply in different

circumstances, and a hroad range of chservations cam be accounted fm:.i"'

For alternative approaches, see the recent contributions by Kahneman
and Tversky, Graham Loomes and Robert Sugden (1982), Mark Machina (1982),
and David Bell (1982). These other theories explain some but not all of the

phenomend referred o in this paper.
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1. The status quo is independently "given" for the decisicn problem

&t hand. It is that which, ceteris paribus, a person would want to improve

on or-at least maintain.

2. Eguivalent to the formal postulate P2 of Lecnard Savage (1954),

thig is different from Savage's nonformal "sure-thing principle®: see

L

Jos& EncarnBcitn (1989).

3. "Framing" effects (Tversky and Kahneman, 1981}, where apparently
equivalent decision problems evoke different responses depending on how they
are formulated; can Elso be explained in termz of what iz conzidered the

status quo.

4. Standard expected vrility theory, where the utility function is
bounded, suffices to dispose of the well knowm St. Petershurg paradox: ses

Fenneth Arrow (1971, ch. 2).
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