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fbstract. Risk aversion and the riskiness of assets are interpreted

in terms of a model of portfolio choice where the maximsnd is conditiomal
on the probability of satisfying & mirimum conztraint on the future value
of the portfolio. It is a consequence that the riskiness of the average
asset in the portfoliec increases with wealth, and when expected value is
the maximend, low-risk low-return asscts are inferior goods. The model
also gives straightforward explanations of the Allais paradox and other

puzzling patterns of choice mdar risk.
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1. Introdustion

Acccrrdii:ll,g to Telsexr (1955}, 2 person maximizes the expected value of his
portfolic subject to the condition that the prebability of a "disaster" does
not exceed some critical level. According to the earlier Cramer-Foy criterion,
the probability is minimized (Roy 1952). The latter gives a pilausible
explanation of behavior in some mituations, but It is teo Limited in sScope To
be more than 2 special hypothesis. On the other hand, the Telzer critericn
is incomplete since it does not cover the case where the required conditien

is not satisfied.

In this paper we formulate & zimple model of portfolio choice where the
eriterion function te be maximized is conditionzi; (i) the probability = of
gatisfying a minimum requirement on the future value of the portfolio——the
minimum may be much better than whar would normally be called a disastrous
ovtcome--if w is less than some acceptable level m#; (ii) expected value
if m I ogn, The concept of an acceptable probability is familisr from the
standard statistical practi;e of taking some probability level as good enough
for the purpose, say,; of detecting batches of ‘items containing m:-}'e than a
. certain fraction of defectives, The ¢lassical Heyman-Pearson yule-ds gimilar:
a epecified probability of avoiding a Type I error is considered acceptable.
Terms 1Ike "reasonable risk™ and "seceptable risk" In commor use carry the

same Idea.

In ordinary languege, a low-risk low-return asset has:

Yieslding a relatively low yet reasonable return and small

a much lower or higher one. At the other extreme, & hipgh j-return

asset is likely to have a wvery low future value + able




chances of a relatively high onpe. {i—!i;::—:"is-.‘r: low-retimn assets would not

sall, and ang" low-pisk asset which is high-return to begin with cannot keep
i'i_:s status long--its price would be bid up.) It js a direct conseguence of
the portfolic model in Section 2 that a uﬁalthiarlperﬂnn will have Tiskier

and therefore higher yielding assets,

= U=ing an extension of the portfolic model, Section 3 gives strikingly
simple resolutions of the Allais paradox and other puzzling choices under
risk that have figured prominently in the literatursa. Section 4 makes sSooe

concluding remarks.

2. A Model of Portfelio Cholce

It p> 0 be the given price vector and Z ¢ the random vector of
future veal values of n assets. (Mo asset is a]:re.'.ulut!.ly riskless with fu_:turﬂ
values in real terms.) Suppose a person has an investment budpet constraint
p'x z A, x 2 EI:. He wiah:es to maximize E(v)}'x, where -E{v} * fE{'FIL g
E{vn]]' and E(v.) i= the expected value ¢f v., subject to the condition
that the probability PF{v'x £ B¥} iIs at lesst =% > 0. B% »> 0 iz a minfmm
or floor requirement on the future value of the portfolio which he wants
satisfied with probability t* or better, and the parameter w* reflects his

attitude towards risk: a higher w* means greater risk aversion. Let

a(b) = Blv 2 b) = j:n o Jo Elwav, ... odv

b‘.i.
where £{v) is the joint prebability density of wv. Thizs would be a
subjective estimate since that is what matters for a decision even though it

would of course be influenced by past chservation.

We assume that: (i) = is a quasi-concave functicn, which has the

plaueible implication of nondecreaszing rates of substitution among the elements
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of b at a constant level of wib}; lii} =, = @7/eb, = ¢ only if by 1z so
high that I; f*{vildvi = 0, where F‘tu:1 iz the density of Vie in which
; ;

came (k) = 0. Thus in what wonld bBe interest, ﬂi < Q.

The ¥ procblem

" ; > > , o >
It is obvious that PFv'x & BA} = & if and only 4f Jor some b, h'x = B*

and - w{h) 2 g%, fccordingly. suppose that we have The following Y problem:

Maximize V = E{v)'x subiect to
.g"‘{zl =A-p'x =40 (1)
ggfz} = h'x - B¥ = 0 {2}
g2(z) = #(b) — =& 2 0 (3)
s Ew.EY RO ()

&

If glz) = {gliz}, gzizj, gjiz]] >0 for some z = 0 (which is generally the
case when the comstraint set defined by (1)-(z} is nonemnpty) the Kuhn-Tucker
conditions (1)-(12}, where we write E. = Efvi}, are necessary and sufficieat

forr = = :P +o aolve the problem {see Appendix AY.

E. - op; ¥ #b. =0 - {5
EEi - upy * Ebi}xi = 0 (6]
Bx; + v 0 (73
(Bx, + yx )b, = = (8)
(A - p'ala = (9}
{b'x - BR)E = 0 {10)
(n{b) - &)y = 0 i
i G z 4 (12)

i=4, oovy, B, (IFf it iz clear from the context, 0 syperscripts to dencte

solution values of the wariables will vsually be omitted.)
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Since E. > 0 for some I, a >0 in (5) se (1) is a2 binding constraint
from (9) and therefore . =D for'some -i. Fence from (T, & > ¢ implias
¥ * 0. Condition (2} requires T:ui = 0 and s >0 for zome i, =o that in
(8), vy > 0 implies £ > 0 unless T, = 0. But the latter implies w(b) =0
which violates (3). Therefore, both (2) and (3) are Lhinding or both are not.

In the latter case the problem reduces to the uninteresting one of maximizing

V subject only to the budget comstraint. We shall therefore take £, v > 0.

If %, =0, < bolds in (7) and b, = 0 in (8). Thus b; > 0 dimplies

Xs > 0. From (5} and (6]},

%5

{Ei % ﬂbi}.-’Pi = a if ¥ > 0. {1z}

=0 if fEi + Ehi}fpi <q {13)

Ao zszet with a relatively low Ei.-"p: could be bought provided it can
"compensate” by having a sufficiently high hifpi, and we would ezll it a

low-risk low-veturn asset.

We propose therefore to measure the riskiness of an asset in terms of
its b./p.--it is more Tisky if the lstter is lower. This view, which doces
not comflict with the idea that an asset i= more risky if the variance of its
future value is lerger, agrees with the commonsense notion that an asset's
riskiness is price dependent. Clearly. one would say that less risk attaches
to buying an asset if its price were lower. From (13) and {i4). ap asset will
net be bought if for the same expected value (per dollar's worth, in all thst
follows where appropriate) it is more risky than anocther, or if for the szame
risk its expected value iz less., MNote also that in (11), the compements of

b would have toc be lower on average if w* were higher. Creater risk
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aversion thus implies am evaluation of assets that says they are more risky.

Variations in p, A, B® and =% penerzte the demand function
% = 9(p, &, BE*, w&). If the list of hi > 0 and X, > f remainz the sama,

one has the Slutsky-type equation

ax; /3ps = Bxifﬁpi;ﬂgcﬂﬁst

- x. dx.SBA {15}
i

where E = (B, ¥, V), B=0b'x, and = = m{b) (see Appendix BE). One should

expect , however, that if the arguments of the demand function vary sufficiently,

the list of assets in the portfolioc would charnge.

Suppese b, bj > 0 and Eifpi < Ej.ufpn_j sc that hifpi > bjfgi from
{i14). Let dA > 0. If an extra dollar were spent only om j, V would be
larger by the amount E. fp‘ < a which cannot be uptlmal since AVSAA = a.
(As usual, tb& Lagrange mult1p_iur @ gives the sena;ti?ity of the solution
value ¥ = V0 of the objective function to the corresponding constraint A.)
(n the other hand, if Hj were increased by ome unit and xs reduced by
e = bjfbi to maintain the B¥ constraint, there would be an additicopal
outlay of Pj - cp. ¥ ¢ but ¥ would:'be lapger by Ej - cEi > 0. An extra
dollar allocated this way raizes V¥V by the amoumt {Ej - :Ei}f{pi E cpi} = .
This means that with higher &, not only would the average asset have & higher
expected return as it should, there would be reducticns in the quantitiea of
lower yielding, less risky assets. The latter are thus inferior goods when
one has 2 ¥V objective, and at a sufficiently high &, they would be
completely displaced from the portfolic. (One alsc expects new aﬁaeta to

enter the portfolic at some high A; see Appendix C.)
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l=t dB® =« 0 instead, and put dxi = {Pifpi}dxj to satisfy the A
of
constraint. Since dfbi = dhi =0 in

&R = hidxi + debi + hjdxj + xjﬂbj (163

we have {hj_..-"Pj - bi,.-’pi}p}.d}'__j < 0 mo that ;1:—:3. >0 and dx, £ 0 a=s in the

case of dA > O.

Fimily, let dr* < 0 so that |:|3:|-3._ = ﬂ{ﬂjhi}d‘bj + a where & * Q.
Putting dBE =0 in {16}, {bjfpj - bifpi}pid:(j * {:»:j..-"#j - ::ifﬁihj&bj = -ax..
Using (&), “j;“j " xifii and again, dmj >0 and dx. < 0.

We have treated B* as a parameter independent of A for the sake of
convenience, but one can reasonably expect that B¥ = ${h) where 4¢"(A) Z 0.

At the same time, one must require

3V/2A + 3V/3B%-4(A) > © (17)

for otherwise, an increase in A& would not raise V. HWe will assume that
dT(AASH(A) = 1 {(18)

which iz plausible and gives (17}. (E{v}'x = ap'x - Bb'x > 0 from (B) so
that oA > f¢(a). Foting that o = 23V/3A and @ = 3V/3(-BK), we get (17}
weing (18).) While a higher A thus increases B* as well, the net
qualitative effect is that of A. Collecting the previous results, we

therafora have

Proposition 1. If A is higher ex =% lower in the V problem, not only
is the expacted value per dollar of the portfolio higher, less risky and lower

yielding assets are displaced by riskier ones.




The ¥ .problem

If the .V problem is not solvable, the % constraint bhas to be relaxed
since A iz a datum and B% = 4(A), and one can only maximize = = w(b)
subject to (1), {2} andé {4). For a sclution the corresponding Kuhn-Tucker

conditions are necessary and sufficient, of which we need state only the

following:
: L3
~HBy + vhi gl (5')
{-ppi + ubi}xi = (&'}

i=1, vssest, where u and v are the Lagrange multipliers associated with
(1) and (2) respectively. It is straightforward to show that p >0, u > 0
if and omly if v > 0, amd x, > 0 if and omly if b, > 0. A Slutsky-type
equation can also be deriwved which has (B, v) = const in place of

(B, w, V3 = const in (15).

From (5') and (£'), all assets included in the portfolic are egually
risky, and riskier cnes are excluded. If A is higher, the sclutiom value

;0 iﬂ shoulé be higher, which requires

as/fak + In/3RE-4%(R) > . 17"}
But mmder (18} we also have (17°). (From ('), upt = wi(A). Since p = aw/f3A
ad v = dw/3(-B*), (17') Follows.) Thus at a high scough' X, ¥ 2 ¢ and

the w critericn is replaced by the ¥V sriterion. We therefore have

Propositien 2. In the w problem, all assets in the portfolic have the
same risk, ané the risk level increases with £. At some value of 4, the
¥ problem is replaced by the V problem but (Proposition 1) the riskiness

of the average -asset still imereases with A.
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Izcussion

The idea behind portfolic diversifieation is *o veduce the chances of
+ggtting a low outcome. This censideration is directly Incorporated 3in the
model described above by a cendition imposed on the prebability of mesting a
floow rﬂ%uirumnut on the future value of the portfolic. At a Iow level of A,
the probability ie maximized. When the probability level =% = attainable,
the objective = =max s converted into a comstraint % = v&  For the
maximization of expected walue. At that stage, lower yielding and less risky
assets—which are defined in terms of the ¥ problem-—are displaced by higher
yielding and riskier cnes. (There could not be such a displacement in the
T F max stage zince one has to have the lower yielding assets to begin with

before they can be displaced.)

The features of the model and its implications seem consistent with
general kmowledge. We can think of a persan'% ;* level %; an individeal
psychological parameter independent of A. Some Persons, e.g. the classioal
entrepreneur, appear naturally less risk-averse than others. Propoeition 1
implies that wealth and a low degree of risk aversion are substitutes for the
Eeneration of more wealth. Entrepreneurs with low w#'s go into high-risik
high-return ventures with relatively small amounts of capital and the successful
cnes make large gains. It is alsec a comnen saying that & wealthiar PEDSOD Can
afford to take more risks. DPropesition 1 implie= that he takes not only
absclutely more (which might be expected) but alse relatively more, Perhaps
the most interesting implication iz that the expected value of the portfolio
in&raaaes more than in proporticm to 2. This means that.the multiplicative

power of wealth is greater with more wealth, whick can be tested against the

facts.
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3. & Extension

In thia-. section we extend the portfolic model to provide & framework for
explaining =ome interesting patterns of choice that have been observed from

various experiments.

In addition to the n assets of Section 2, consider an "asset" {or gamble)
Ej (j =142, =u.) which has a price n:]j vhoze future . value is a discrete
rendom variahle z’j' In all that follows, ':LI = ¢ wnless stated otherwize.
Weite 8.(c,) = Plz = c; £¢;} where C. is the set of possible valves of
Z., and assume that ¥ and z, are independent so that tlih]ﬁj{c_j) =
PivEb & 2; 2 c; £ C;}. With G, available—one unit may be bought or none
at all-—the V problem has to be extended to the following: Maximize

?i = BE{v)'x + E(zi] subject to
A-ptx - 2o (1)
Bl 4+ c.;j-- BE = EI : . a2 ¥
w(p)eles) - Zg (")
(x, b} £ 0. = {ut)

If there iz ne solution to this 'ﬂ'j .pmhlmn, one would paximize 1{h}ﬁj{{:j}

subject to (1"}, (2') and (4']. -

The guestion of buying inswrance will serve to introduce sSome terminology

to be used. Lat GI be an insurance policy which would cover a possible loss

-1l whose probability is r for a price q * 0. Although g, > vL, wmeny

-

people--not all--buy insurance. The alternative is GE {no inswrance), the

outcomes of w‘hich'an. then -L and 0 with probabilitiss T and 1 - p

respectively.
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Ttz only net outcome is ¢, = 0 Since the logs is covered

Consider G, .
1 1

if it occurs, and E1 =1, f, in effect reduces A in the YV prohlem to
XL

A-ag go we zhall may that ©, has a negative A effect. With G the

"'1’ 1] 'E"
possible outcomes are <L and 0. GSiance 32{—L} = 1, the result with

e, -L is equivalent to that of raising the floor requirement in the ¥

preblem to BA + L, and we shall speak of a negative B* eaffact in this case.
If ¢, = o, E2 = 1 = v which virtually increases the w#* constraint level
in the V problem te w##/{1 - r), in which case we =zhall say there iz a
n&ga‘l:i:re x* affect. Thus with G-'; there iz only a negative A effect,

while with G, there is either a negative B* effect or a negative vk

effect (not both, since ag = -1, ov -::g = 0). Depending on their relative
magnitudes, one can have ¥1 > “2 and buy insurance.

In the celebrated 5t. Petersburg paradox (see Samuelson 1977 for a recent
discuszion), a fair coin is tossed repeatedly and the game terminates when a
head shows up, Eiving & monetary prize of 20 if it terminates with the Nth
toss (K =1, 2, ...}. Since the expected value E;::L ‘E'_H EH iz infinite,
the argument is that a person would be willipg to pay any amount (that he has
available) for a ticket tc play the game. However, no one who has thought

ghowut it seems willing to do so.

Let CG_ be a ticket to participate in the game and G, the "amset"

meaning nopparticipation. The vu preblem iz just the originsl V problem,
50 ?# = V. Therefore if 53 is to be considered at all, the constraint Set
defined by (1')-(4'} must be nonempty in the first place. Suppose g, = A.

The negative A effect iz so large that x = 0, and one then requires a €y

such that ¢, Z g% and 8, £ wk, Kow B.le,d = 2fe, (e.g. the probability
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of winning at least €4 is 1/32). In terms of aur [ramework, one rejects Gﬂ
simply Decause one cannot meet the B* and w%* copstraints simultaneously.
(If & = 1600 say, how likely is it that one would have BA S 2 and o+ S 1,
er B*¥ S 4 and w* S 1/2, or ...7) But if q, A and q, is sufficiently

low 3o that the comstrelfnt set iz nonempty. “ne would play the game.

The Tamous Allaie paradox involves four optioms which are related ag
in Table I. The probabilities of the possible monetary cutcomes w * y > 0

are indicated in the top row, and 0 < P 2E, fT,, vy being relatively

small (say .01}. Appropriate values are assigned such that, writing

Ed = E{zj}, S EE and therefore LT < EH. It turns out that meny persons

who choose GE over GE alse choose EE ovar GT' vielating the "streong

independence axiom" (zee the symposium on this subject in the October 1957

isaue of Ecomometrica and cf, Encarnacifin 1969). fcoording to this axiom, the

choice between G& and GE should be independent of the ocutcomes in the Ty

column where they are the same, and similarly for G, and EE!' But 55 and

G.’ are identicsl except for their r, outcomes, and the same iz true about

3

G, =nd Gﬂ' The axiom thus requires that if €_ is chosen over GE'
= .

G7 il o GE.

S0 must

Consider the comparison between ES and EE. 55 gives a sure outcome

of ¥, =0 ¢, Ty and 95 = ji. With Gﬁ there are three possibilities:

(i} e, =0 and B, =1; (i1} e =§ and 8. =1 - 7.5 (i) €, = W and

HE =r,. If (1) holds, GE is better because of its positive B# effact.

If {ii} holds, both options would have the mame B%* gffect but GE

inferior on zccount of its negative wh effect. In case (181), G, is

batter om w#* but EE iz better on B*. If the advantage of GE cn *® ig

-

s



sufficiently greater than the advantage of &, eon  B#* so that ?q > FE,
ghall say that =% is the deciding criterion in choosing G, over G .

‘Clearly, ©G. can be chosen.

F
E
B

Consider G g Gl o Ifroe. 2o 2 D.oB 208 =01, cwhEnce ?E}‘p‘_lr
since.ﬁ Ea i E."'-Ir1I which explains the observed patiern. of choices. If

Cq = ¥ E.? = 1 - Yo and if 5 T oWy E-E = 'y A T,- ’-'!E would be inferior
on: % but better on B¥, so if BY is the deciding criteriom the results

.y
are also explained.

O0f more recent crigin is the obeervation from experiments that risk
aversion is common in @ choice between pesitive prospecta but risk seeking
seems to take place in the case of pegative prospects -(Eee Kshneman and

Tversky 1979, p. 2668, and the references cited there). The optione in Table

IT involve monetary outcomes W > ¥ > 0. and prohabilities s, & s, > 51 =0,
The ocutcomes with 511 and Gi? are the negatiwe of those with """g and n"ﬂ-
3 1 .. A4 - 5 .= 0 d " £,
respectively, =20 E = E if E = E 7, V¥Values are assizned so-that E
and .E::I":I are egual o aboirt the same. The majority of respondents who choose
the safer GE‘ owvern Glﬂ alzo choose the riskier G, overn G*j' {Note that
iF %, = 8.5 Gg would never be picked over Glﬂ.]
Consider Gg and G“-_I'_"' if Cq = ¥ ‘E'g = :‘.-‘_1 T Say and. 1iF Cyg: T Ma
B =15 +ig & would be bhetter on B& bt G, on w®, s0 if the

10 1 ac 10 o
latter iz the-deciding eriterion, ﬂg would ke chogen.

Suppose 5. > 0. If ¢ =e¢, 0,8 =8 and @& _ =35 in which

3 11 12 i 3 12 2!
;- o © = i - = H
case '3;12 would beat C11' Suppose s, = 0 Then 244 y and ﬂ?_l i
Cyp T 0, ﬁﬂ =5, G11 wounld be better on ¥ but -!:1? on Bt =a




if the latter is the deciding criterien, G, would be chosen.

fp interesting special case of Table II which has been investigated by

Kabneman and Tversky (1979, p. 273) puts s, =35 ., 8 = 0, w = Zy. Inm

1 o L
addition, advance bonuses are given sc that R and G T PO R
Thus, in terms of $otgl]l F=aomes Treludine *he boanvens, Gg becomes  identical
e & and’ & te G, .. The same pattern of choices is observed-—there

1i 14 1z

iz an apparent reversal of preferences--and can be explained in the same way.
The A effects of the bonuses are the same for Gg and Gm so- they do not

count in the choice between them, and similarly for Gii and 512'

Firally, consider the results summarized by Grether amd Flott (1970),
vwhere in experimental situation (i) a person is made to choose between @ less
risky :313 and a riskier Gln—~their expected values are pearly the Same-——
while in (ii) he is asked his minimum selling prices for them. Most subjects
who choose 313 In (i) place a higher vaiuve on Giu in {ii}. A&n explanation
is immediate from the portfolic mwodel. A person in (i) is wealthier since
he has both assets, so it is not surprising that he should put a higher

b

valuation on the riskisr of the two.

While various explanaticns of zome of the choices concerning E1 te G,
exist in the literature, none seems to cover all of them (see Kahneman and
Tversky 1979, p. 284; Machina 13827, p. 308; Loomes and Sugden 1982, p- 8149).

The explanatory power of the portfolic model thus seems greater.
4. Concluding Pemaxks

Risk aversion in this paper iz of course differemt from the usual

Arrow-Fratt sense, and our interpretation of the rigkiness of an asset is
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also different from that of current analysis (see e.g. Nachman 1973). In our

- view, the concepts in this paper correspond more closely to ordinary language.

In particular, the contrast between low-risk low-veturn assets and high-risk
high-return assets has a precise formulation in the ¥ preblem of the portfolio
model. Several consequences are interesting: the riskiness of an azset depends
on its price; a more risk-averse perszon evaluates the same assets as more risky;
& lesg qfsk-avarﬁe person (e.g. the classical entrepreneur) has a riskisr and
higher yielding portfolio; similarly, a wealthier Person takes relatively more
risks, so the expected value per dollar of his portfolic is higher, and therefore
more wealth will generate increazingly greater wealth. A1l these appear to be
commenplace chservations, but they do not seem fortheoming from more standard

analysis (see Casz=z and Stiglitz 1972, p- 350).

As a by-product, the portfolio model gives straightforward explanations
of the Allais paradox and other puzzling patterns of choice in rizk situstions.
Especially interesting is the "preference reversal phenomencn™ which torns out

to have the simplest explanaticn.




Eppendix A

Fegtricting u = (x, b} throughout by u 2 0, Bsuppose: (i) = 1=
a3 differentiable guasiconcave fumetion; (ii} glu) > ¢ for some u3 (1ii)
for a1l u, glu) 20 dmplies 9g'(u) # 0 (& =1, 2, 3) whera Ug'(u) is
the vector of partial derivatives of g (u); and (iv) g(x, b} 5 0 for some
(x, b} with 2 ¥ Qg -and Ei > 0 for seme i. Applying Theorem 1 of Kuhn
and Tucker (1951) and Theorems 1({b) and 2(b) of Arrow and Emthoven (1261},
the conditions (1)-{12}, where the superscripts in (xn, bn} are suppressed,
are then necessary and sufficient for {xn. hnj +o solve the V problem.

Copditions (iii) snd (iv) are clearly satisfied, and we have assumed £E).

That (ii)} holdes in general is skown by

Prepesition A: If the constraint set is nonempty and hifpi 4 hgfpj for
T &

some 1, j with bi, l':'j, xe Ji:.l » 0, them g{u) > 0 for some u 2 D

‘Procf: Suppose f(x, b) is in the constraint set and bifpi ¥ by/p, im
particular. Putting dx. = db; = 0 for all i #1, 2, it suffices to

show the possibility of

Py, Tty T 0 ~
ridhi + 'zdbz * 0
hidxi + aidbi + b?dxz + xzdb? >
S -
gx, = —(plfp?}dxd - ks kK, > 0 {a1)
dh, = =(m, fn,)db, - k., k, > 0 ' (82)

~
ke
]

hipifpﬂﬁﬂﬁl + Exi - xguifxg}dhi > kibﬂ + K% (A3)
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Ke can always choose dx, and dJ:-1_ 80 that the left side of (A1) is

positive, and then choose "k, and &k, sufficiently small =mo.that -(A3) helds.

2
It is thus possible to have (A1)-(A3).
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Appendix B

Consider the equation= impliec by s bi, a, B, ¥y > 0 in (6) and
(8)-{11). Taking their total differentials gives the following sy=tem (which

thus includes the relationships deriving from those equations ).

0 Bl -p b a e a dp

8L T{“ij) 1] LY {:i} db -1 x
-p' o ¢ o 0 de | = | -da+ x'dp (B1)
b’ o 4] ] 0 da dB#* - x'dh

0 [wi}' ] C ] dy det

where “ij = a:i,rm}j- Ginee the matrix -E-rrij'.ll is symeetric, 30 is the
coafficient matrix. Let 0 be the determinant of the ceefficient matrix and

‘I?:lm1 +he cofactor of its [k, h)=-element. We have
hi.-’apj . {“Dji + 1]_- Dh+1,i}fﬂ (B2)

ox, /3h = - n?u+1,i;n. (B3)

Lutdpjil’u for a particular j and dp. = 0 for all i¥ §, amd
choose dA so that 4V = B{v)'dx = 0. From the equations in (5},
agp'dx = E{v)'dx + Eb'dx and therefore op'dx = gh'dx. Putting dB* = 0 and
dh = 0 in ¢B1), bB'dx = 0 so that p'dx = §. Hence -—dA % x"dp ﬂ:‘:l in

(B1), and

= ab, . D {B%)
It :

(B2)-(B4) then give {15}. Since Bij = Dji’ the matrix of substitution terws

is symmetric; negative semidefiniteness also follows along the lines of

Samuelson (19%7, pp. 109-113).
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Appendix O
While hi > 0 implies %X, * © as noted earlier, the reverse does not
hold. If x * 0, (14} gives bi = if and oply if Eifpj < g. Copsidar
a situsticn where, in the solution {Hﬂ, bﬂ} to the V¥V problem, xg e

md@meMMMMiam%}nﬁmmhﬂﬁ:QMul

o

j # i. Apother problem iz cbtained by changing 4 to A - dA where

di = pilﬁ:i > 0 and :rr.g - d:-:i = 0. A=z can be quici:.t:..-. verified, conditions
(1)-(12) are satisfied by (x° - dx, b7} where dx, =0 forall §#1i, and
the same a, 8, v. (In particular, (1) is still binding and because s =0,
20 Is (2).) Thus with a budget of A - dA, aszet i iz mot bought. But

#ith a larger budget, it enters the portfolic.
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