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Guasi-concavity iz Lthe criterion for well-behavedness in our
composition functions. WNegishi (1963) haz shown how Lo generate gquasi-

concave compositicn Tunmetions when the srgiment functicons &re conCoATE.

We show here that one can generate guasi-copcave composition
functions even when the sroument fumeticons are nonconcave. The trick
is to find interesting and "compatible” subfamilies in the guasi-concave
femily that, in composition, compensate for nonconcavity of the
argument functions and sz s result keep the composition function within

the guazi-conceve family.




Some Well-DBehaved Composition Functions Involving
Nonconcave Argiument Functions

Haul V. Fabkells

Guasi-concavity is the criterion for well-behavedness in our
compogsition functions. This choice is natural in many senses. TFirst

& gquesi-concave Tunction f displays s convex level set

4 = fx:elx) = Gjrsra} ¢ >0, D= domain

L

Arviel (1976) gives a proof (he may not be the first to show this)

that shows that only guasi-concave fumetions display convex level
sets. This means that only guasi-concave Puncticons allow for weli-
behaved indifference curves snd well-behaved iscquants. The guasi-
concave fanily is alsc of great importance in mathemsticel programming.
Arrow and Enthowven (1961) extended the ¥ubn-Tucker-Legrsnge Sufficiency
Theorem to guasi-concave constraint and objective functions. In the
area of value theory, Uzawa (1964) has shown that clasz of quasi-
coneae fimecticng forme & unigue cla=s of numérical representeticms of
the Uzawa Proference Ordering Axioms. That this class of functions has
endeared itself to economists is no surprise. These pages are just snother

tribute to that endesrment.

The Mramework

Iet. X bean = x p &allocaticon matriz with the representative

element being K > O, the amcunt of Ii Eoing to sotivits
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are interssted in the propertics of fhe gonposition @sp

Wo= UF:EH_ e

In the foregoing, when we mention F, U and W we wnderstand their
domadng of definition s given sbove. Likewise, when we give a
property to describe F, we mean this property to be true of every

ol ement rj af F.

An' interesting composition map result on quesi-concave functions
snd which will serve =8 our point of departure i= the HKegishi flEEE‘J' and

Berge (1963) result:

If U is nondecreasing and quesi-concave and if F is
nondecreasing and conceve, then the composition map
W= 1UF is nondecreasiag and cuasi-concave. If U is
furthermore concave, W= UF ls-concave.
This gives & way to gensrete quasi-concave functions ;‘?can other gqu-si-
concave functions. HNote that F i limited to conceve fumeticns sad
this scmetizmes poses & problem in applicaticn when it is desired that
F displey properties pol eOcompassed by concavity such ms S8y Bcale
ercnomies. Thua we are interested in complimenting the result of

Begishi and Berge by focusing on conditions that allow for the generation

of quasi-concave composition functions when the F iz nodeconcave (by




nonecneare means It can have elementsz mob of the concase Temily but does

. not exclude copcave functions). An example of 2 nonconcave Tunction is

rx) = t::-:E a+b>1

The fumnction allows for eeoncmien of scele or nondiminishing merginal
utility for seome interval (as when the eating of the first apple makes

the second more delicious (Gormsn, 1959)).

The (h, ¥) - Concave Family of Functions

In 1976, Arviel introduced s new family of funetions that
gathered wiider itz wings mangy subfemilies of intereét in rathematical

programming. He defined it thus:

Definition 1: A function £ on B is [k, 8] — conceve if for every

o |
¥t 3 in 5 and to D % to £ 1,

(1) 2 (D) + (2 - 2R(F)) 5 ¢ >t ol + (1 -8) ()

1

where h and ¢ are real-velued functions with inverses b and

=1
b respectively.

The: scope of this Tamily iz very wide. If we let Bk = identity and

& = identity (function, we get the definition of the concave subfamily:

lettipg b = ddentity and $ = log, we get the well-known log=-conceve

Tamiiy. For specifle purposes we oeed to specify b and .




Cor gwn specificatica for' B and ¢ Iz as followss 1et g

|
&

te = nondecressing strictly comcave function with an Inverse g . We
will say that a function f is (i, g) - conmeave if it iz (h = idemtity,
¢ = g} — concave function. Likewise sn (h =g, ¢ = identity) -

cancave functicn we designate as (g, 1) - conesve function. It is

1

easy-Lo see the Tollowing:

Proposition 1: Iet U be nondecreasing snd (g, i) - concawe. Let
the transformstion ¥ be nondecressing amd (i, g} -
cocncave. Then the composiiion fupcticn W= UF iz

nondecreasing and conceve.

Proof: Since F is (i, g) - concave, for every P g X in

: 41
the domain HT and for every O g t £ I, we have

Flaxt + (1 - £)52) = g'l{tgF{xl} + {1 - t)g F))
Since U is nondecreasing

TR + (1 - £)%) 3 Ule (tar(x) + (1 - £)F(F))
Since U is (g, i) — concave, we have

Ol eeP ) + (1 - £)gR(X¥)) 3 tor(x) % (@ - t)P(F)
5o that

H{t::{l + [1 - t}J{E = z‘r;-'-'it):l + (1 = t}?:‘?] = tHE:?.]'.'.I + (1 = 'I:]'W(IQII

QED




A

Thus a combinaticn of & {g, i) - conceve U snd an (i, g) - concave
F produces® = concave W = UF which is then well-behaved by our
eriterion. Note thet we did not use the properties of g din the proof.
Ig reslity, for the shove rezoit, oy g with loverse E_l wili do.
We will use the properties of g to show that the femilies that we

use gre of interest In economics, f.e., that they themgelves are well-

behaved. We first deal with the {i, g) - concave Tfamily snd show the

falleswding property of g.
-1

Lemma 1: If g 48 concave and nondecreasing and its inverse g

exigts, Then g_l 15 CORTeXs.

Bemark: The existence of 5_1 iz mssured if the domain and the range
have the same dimension and the Jacobisn determinsnt of &

ig moovanishing.

Prmf:letxlmdf'bcinﬂm.Iefﬂﬂtsl.ﬁincegis

CCoOCEVE

g{txl + (1 - t}:(E} z ";Et{l'{l! + {1 - %) L:(2]

-1 5, ¥ =
Since g exists, there exist points ¥ =and ¥ in ' (the range

aof g) such that
- 2 = B
xl = llyl} and XT m.g (¥ ) ¥

Substituting these into the sbove ineguality gives
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In fact, the concave family is not only & subset but a proper subset of

- the (i, g) - concave femily. To show thisz we have

“Broposition 3: There exists (i, g) - concave function which is mot

CONCEYE.

-

Froof: Iet g = log which is strictly conceve snd nondecreasing and mo .

is allowed. If g is log the definition 1 collepses to

(2) 2T + (1 -t) ) 3 o)t syt

R i }:‘?!in R, and 0 £t g 1.
log £{tX + (1 - t)xa} > t{log £x) + (1 - t) 1:15-1"[1:2]!

which ghows that if £ is (i, log) - concave, log £ is concave in

Rn. Bow consider the function.

-+

FlX) = x* x

log £(X) = 2 log X, * 2leg X, which is concave in X so thet £(X)
is (i, log) - concave. But £ is obvicusly not concave in RE.

2L.E.D.

Are (i, g) - concave functions well-behsved? Are they guasi-concave?

Proposition 4: Every (i, g) - concave function is also guasi-conceve.

L

Tet D% tg 1. Suppose ffIl}

Proofs . Tet: X- el Xo. e sn e

.




8
%), Sioee T is {i, g) - concave
P+ (1 - 1) % g (rer(il) + (1 - %) £(F)
Since - g is nondecreasing a.*:-d'- f{‘.{l} 2 f{IE'J
tee() + (1 - 2)ale() 3 erld)
é; tThat
5_1{tgf{x;] + {1 - t]gf(ﬂgl z g*lgffx?} = f;xE}
and T ip guasi-concave. _ Q.E.D.

To be interesting, the (i, g) - concave family must include members of

ioterest +o economists.

Proposition 5: The following functions are (i, g) - concave functions:

I o
(a) #(x) = ® = o FE et iae G o
e=] = . :
i In .
B} o0 = AleI rx1, ez 0, Ja=2
i=1 i=1

Proof: (a} From the proof of Proof 3, we know that £ is (i, log) -
_concave if log f is coucave. .Teke the log of X)) in
in (a) %o get
: n
log £(X) = E-:'i log =,
i=1

which i concave




(b} Again teke the log to gZet
\ r

log £lX) = log & + - & log [Ea;:{f}
j=l™

The parenthesized expressicn is a s of cobcave funetions and thus

-

concEve (- Z;:l » 0. 8o log £{X) is copcave. Q.BE.D.

These two are the Cobb-Douglas (minus the constant returns to
scale property) and the CES functioms (again without constant returns to

scale property) respectively.

We now turn emwr stiention to (g, i) - concave functions.

Proposition 6: Every (g, i)} - concave fu ctioms f is slso concave but

not rice—versa.

1
AT beingilmﬁﬂﬁtﬁl. Sipce £ is

o
8
24

[_.

{g, i} = concave we have

f{g'l ttgh{l} + (1 -1%) gh{?} z tf{}:l} + {1 - t) £(F)

=1
Since g £s concave, g = convex implying that

e e + (128) g 2+ (1-t) ¥
fpplying the nmdﬂcﬁasiug property of f, we get

et + (1 - 23 > wr() + (1 = t) £(x)

end f is concave. To prove the second part. consider the function

f(¥) = x which i8 concave. If £ is (g, i} - concave we have for
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i
every X and :E? in El

f‘fg_litﬁ:ixl] + {1 - ¢) gfﬂ:l - 1:.1‘{}1'1]! + {1 - t) f{x2]
g7 (el + 1 -1 gl)) > B+ (L-3) 2

Since f is an idenvity function. But this is a contradiction if

g_l iz convex. Q.E.D.

So (g, 1) - concave functions are also well behaved. 'in exarple

of this type of function is £({X} = log x. We have the following scheme

quasi-cancare

1 i{i; g) ‘= concave

SConcave

(g, i) - concave

Cne of the most important subfemilies of the (i, g) - concave femily is
the (i, log) — conceve Tamily. ‘If £ is (i, log) — conecave, 1y I is

the domein of f. In fact. i% has =snother very interesting property:

Proposition T: The (i, log) - concave class of functions is closed under

mltiplication
1 e 1:1 2 L=
Froof: Iet & and f b®e (i, log) - comcave. Iet ¥ and X be in

Flf and 0 £ t £ 1. We have from (2)

ri{t‘}:‘l + (1 -t} 1'2} z fifxl}t ref}rz}l't i.a T2




g0 thet
P+ (1 - 1) B e + (1 -2 3 () 2okt

L R e
P

The way we gepRereted guasi--poncave conposition Tunetions Trom
other guasi-concave functions involves & kind of symmetric compensetion.
The nonceoncavity of F is compensated for by the "very concave” nature
o [.. This t:mu'binatinﬁ of centripetal and centrifugal forces produces
concavity. Howewver, tﬁ-&r& is yet monocther way to generate quasi-concave
functions when P iz poncconocave. Oor specificaticon Tfor g is unchansed.

We szhow the following:

Proposition 8: Iet U Te = nopdecressing (g, g) - concave Tunction.

et the transformetion F be s nondecreasing: (i, g) -
concaye functicn. Then the coapesition Tunetioon:

W= UF is nondecresesing snd {(i. g) - concave.

Proof: Let J{l and ‘(2 be in Fi; O g% < Xk Sipes F ois [f,g) -

cConcays.

X+ (1 -t} B > g (tegP() + (1 - t) gF(x5)

Since U is nondecressing sny (g, g) - concave, we hawve

WX + (1 - &) ) = UFET + {1 - %) RE] z




W™ (tgF() * {1 - £) 2R(E)) >

el (teUP(XL) + {1 - ¢) gUF({x") =
gL (tgWir)) + (1 - £} gW(xD)

which ghows that W 1s {i, g} - coneave. Q-E.D.

Yow a (g, g) — concave function is (i, g) - concave but
need not be concave nor (g, i)} - concave. That it iz (i, g) - coneave

follows hecause:
£ + (1= 2)X) > £l (talxh) + (1 -¢) g(X)) =
s‘l{tgr{):l} £ (1 - £} gffIE]-}

The second inmegquality defines (g, g) - concevity while the first follows
from the convexity of g_l gnd the nondecreasing property of f. Thus

a {g, g) - coneave function is also quasi-concave.

Note that the concave family is closed under sddition tut .ot
under multipiication. The guasi-conceve family on the other hand has no

N

apperent closure property.

Ly



Applicetions:

(a) The Existence of the Bergson Social Welfare Punction and Convex

-

cocial Indifference Curves.

We' now lotefpret U to be an amslgamation functicn and T to
be the sst of individusl wtility funciicms. ¥ is then the zoods
allocation matrix and 1 is the index for goods and j the index for
individuals. Negishi defines the Bergson Socisl Welfare Function B(X)

as follows: Consider the programming problem.

W Wi} I
Moy (X} = ur{x)

b Exii v = S A

=1

Suppose X¥ solves the programming problem. Then the Bergson Sociml
Welfare Function B(X)} = W(X*). We then have the following extensicn

of the Negishi resnlt:
If either:

{a) U is quesi-concave and nondecressing and F  is nendecressing

and concare
{e) © iz {g, i) - concave and nondecreasing snd 7 iz non-
decreasing snd (i, g) - concave

(e} U is (g, g) - concave and nondecreasing and F is

(i, &) - concave and nondecreasing




then the Bergscn Sccial Welfsre Function exists with coovex social

indifference curves.

Wepishi's result stemsfron the quasi-concaviiy snd the pondecréasing
character of - W(X). That is, if we allow scme amoumt of nondiminishing
marginal wbility in the individusl wtility Tunctions, we would stiil get
convex social indifference curve. Note that W(X*) can be mmderstood to
be defined over the set of all goods since X* can ba defined To be &

function of Exilﬁ 2 o S O

{b) The Household Producticn Model

Iet U be the household utility function over the set of
commodities Z. Iet Z = F(X) where F dig the m component transform-

ption W(X) =subject to budget constreint ¥. i.e.

M. WX} = ui{rX))

Bx
32

Bt X P, ==X -
5=1 j=:|.ij i

If F iz conceve, nondecreasing and differentisble and U isg
guasi-conoave . nondecreasing and differentisble, then the hmmehn:nlﬁ.. problem
cen be solved wia the Arrow-Entheoven extension of the Enhn=-Tucker Suffi-
cieney resuit. We heave shown that if F ds (1, g) - concave and U is
(g, i) - concave, & sclution in the Arrow-Enthoven sense also exists. Tﬂg

gaeme result is resched if E is (i, g) - concave and U is (g, g} -

coneave. The housebold indifference curve would also be convex.
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