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This paper argues that a nucher of consistency conditions for
group choice cannot he considered as fundamental requirements since there
are group decision vules which st&m.ntherwiﬁe reascnable that do not
zatizfy them. In order to nreserve Pareto optimality, which is essential,
these rules represent possible alternatives by lexicographically crdered
‘rectors that depend on the feasible set (because an alternative's Pareto

orooerty depends on the availsble alzernatives). PRevised wversions of the

econsisztency conditions are satisfied by the decision rules considered.
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1 [ntroduction

enmber of spopositions have heen copsidered in the litoraturs one social
choice theory 23 poszible desiderata for rational op conzsistent™ proup
decisipas. Indepandence of irrelevant alternatives, path independence, and

the Chernoff-Sen condirion called o are among the more praminent. The purpose
of this paper is ito show that these "consisTtency copnditiona™ (see Sen (1977},
mec. L) cannot be considared as fundamental requirements since there are

decizion rules which seem otherwize reasonable that do not satisfy them. Im

[
o4

order to preserve Pareto optimality, which is essential, these rules reguire
that tha alternpatives be repressated by lexicographically ordered vectors
sl on. the feasible set. The: consistency conditions. are Chen

vislazed bacause thay ignore such dependence.

ection I Etates our assimptions and Seciion ) describes a well defined
#cision sule ag 2 particular example satisfying the assumprions. Section B

'
*ne consigtTency conditions shows That their oregsent fopmulations feil buat

ergicns sugpssted by ouwrcassumptions- Tern oot 1o ke theorems:

2. -Asgumptions

group of individuals Indexed by k =1, ..., 0 Dbe put in & situation

At

whers They have to decids as'a group on & course of action ©o be tTaken. The
available alrernacives constitute a nonnull set A io the et X of all

possible alternatives, and a rule op procedure f iz needed to determioe a



nonmull subser F(A) as the group's choice in A. Conditions may be placed
on- £ 59 that choices would conform to what are considered a3 pecessary or 8T

b
least veazonable reguirements.

=g R - k
Eash individual &k is assumed’ to bave a peafereince systam 1 far
evaluating possible alternatives x, ¥, -.. in ¥, which implics & subsysten

i . - e
Li for evaluating alternatives in any A. From a knowledge of U one can

I

! X i
infer whether or not x?hy {k prefers = to ¥)l. Then R s, i~ FPiKﬂu

where - stands for nmegation, is an ordering relation (i.e. one which is
; Fla: k .
reflexive, complete and transitive) en X. If (x, y} € B, we will write

xﬂky.

Lat [Uk} = fUl, iy UH} and fﬂk} = {Rl, iy EH}- Uzing motation

without superscript k for the group, the corresponding concepts for the
group are U and R. The relationship between the group's ordering relaticn

o - 22 B 6 arcd individual preference systems is usually put in the

A'I

L 5
= ${{R }}, where R
A ( & ) A
iz better written, however, as R, = ¢E1U;}} to allow for the possibility

form R iz k's ordering on A. This relationship

that {RE} may tot suffice 1o determine R, - One might have the following

schema.

ity

FR (1)

R 1 R

L
A
It iz poszible (az will be seen in the next section) to have & group cecision

rule where {Uk} determines the group's U which with {U:} yields R,

! - Foa
and R, is not determined solely by {Ri}. The formulation R, = LISk S



5 : b
AsEumes no difference berween G{ and E .

Az usual we will B4y that x is Pareto inferior (or; simply, infericr)

%

to. y if yka for all k and yP“x for some h, in which case we will

dlzo say that y deminates x f(or yDx}. If x iz io & and not inferior

toany ¥ in A, then x is Pareto optimil in A. We want £ to be such

that only Pareto optimal points can be in £{A).

Assumstion 1. If = is Pareto infericr in 4. then % s gat in
B —

£la).

We will zay thar an ordering relation Q on X is nondictaterial if

there iz no &k such that Qﬂ = Ri for-all: A.

Assumption 2. There is a nondictarorial ordering relation O on X

that iz determined by (U},

A0 example is provided by what Sen [1977) calls the "majority elosure mathad, "

i.e. the trapsirive closure of the majority decision relation, which would

Pave x0y if and only if there exist Toa eevy £, € X ‘glch that »-=%..
- L

LA R e - T A SR . i Ze gets.at leszst ax many votes o the
ETQUp as s does in a pairwise comparison. The problem with this method

48 it stands, however, is that it allows an inferior-alternative ta belong

to the choice set (Ferejohn and Grether (1277)). Since Assumption 1 is

generally consider=d mandatory, we need a davice thar wonld pEImiT a6

Jtheruise reasonable § to serve as part of a group desision pracedure

Azsumption 3. xR,y if and only if the first nenvanishing component of

rﬂix} - rﬁiy} iz nonnegative, where: ralx) = EPAExJ. ql=))s; puimd = 1 if



. - . - - = i
% da Fareto optimal Im 4, o €x) = 2 ocherwise: and  g{x) = gqly) if and
- A

cpty EF - sy
|

The function q 1= either peal-wvalued or vector-valued; in the latter case,
qlx} > giy) means that the First noovanishing componsnt of glx) - qiy) is

pogicive, i.e. the glx)'s are ordered lexicographically. Cinally,

Assumption 4. F(A) = Ix e A] Wy = A: xR, k-

Noting that not every x in A can be infarior if A is a closed set,
which we assume, the lexicographic ordering of the alternatives by Assumption
3 amsgures A nonnell FUA) that contains no dominated points. In effect the
procedure £ would have two stages f1 and f? whare fl Firzgt zealacts

Pareto optimal points after which £, then picks cut the choices in accordance

g
with Q. Specifically, define

A, = 5.(8) = fze &| Vv e Ar ~ yDx}

A=l Y Bee N Yy e Ags = k.

2 bl
Than S} = fszl{m} =-f.. Let ws say that x is (-greatest in a set B
i
1E w for-zll 3 s B. We nsre the following relaticnships.

Lemma 1. If A<= B, then if x iz G-greatest in B, x is

O-graatest in &,

Legma ‘2. If gz B, I then P.nal-::ﬂ.l.

Lemma 3. le:_alliﬂ El = fz“‘1 naz}.

Lemma 1 is cbvious. Since AAB, = {xe N8| ¥y e B: -~ yIx}, and

(€ BB B Ny eBs -y = (xed &Yy enr-yk) if A< B,



iR

we get Lemma 2. From the fact that A, MNB, = ﬂl, {x c A -I""'LE-l,[

Yy e A : xiyl < Ix e & N Ell Jye "‘1”’31’ Oy} gives Lemma 3.

E

Lemma 4. If xsﬂlﬂhz and AEC: B, than X E A,

Suppose the hypothesis iz true, so that x ¢ Alr‘l Et {because 8, e 31} and
¥y e B,: xQy. Since A, C B, x is Q-greatest in A, by Leama 1. Hence

xE &2 given that X € H.I.

Lemma 5. fi,{'th BE} o EEHTLUE'J{}'

Suppose x £ fE{AzUBz}. Then x € .&zu Bz and ¥Yye A_EU B,: wly. Since
.I'l.?'uh..i"ﬂ-‘E =iy« Alf Yze A vzl Wiy ¢ Bll ¥z« By yOz}, it folleows that

KEhIUBl and ‘I"zchlu B, : wlz.

Lemma 6. If xc A, UB, and x is Q-greatest in ﬁEU B,, then

X E HEUEE.

If the hypothesis is true, then xQy forall y e A UB, =1ye A__If
Yze A, yoel WU iy e Ell Vze By vz}, So if x e A W B, we have

X E AEUEE,

In the next section we will describe a particular rule satizfying the
Assumptions (i.e. Assumptions I to %) that relates the group choice to indiwidual
preference systems in a precise way. It is of some interest since the ordering

i O R T itself lexicographic.
3. Lexicographic Preferences

The concept of lexicographic preferences assumes that there are multiple

criteria of choice which are ranked in order of Importance or priority
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and ugF *c.s then k prefers ¥ to x sud = to = hecause

and v satisfy the first criterion and = do€s not, while ¥ =3

% by the second criterion.

o chgerrartions need to be made for lacer reference. First,

preference ordering over three sufficiently differant alternatives

3% can Be seen From (2}: Second, & particular preference ordering

3 2

W

recover W, which iz k

Usine the definition of L#% without superseript k To get

both

Seme possibilities are shown in the following schemd, where the symbols

before a colon denote the u?H values that suffice to give the ranking

nf

%, v. and =z after the colon, arranged In desranding ovder of preference.

(2]

The secand to the bortom line of (2}, for example, says that if u¥® = b,

k4

bt ter than

=

BatTerd ¥ vz results also frem b, a, b,. Thus. R does mot suf
- [

£
i

7R

-l

el LT

I L = e £ —y ATV oy ™o ok
from more than one set of udr (i wm 1,2y oot waluss. Per awanple, Lhe

To

for

the group, we oeed only detsrmine the group's u% valies as functions of the

tndividual ui wvalues. For this purpose we define u? as the median of
: L
u¥11 veny uSH, op uf = mad Eu?k}, i=1, 2, ..., assuming an odd number of
i k

pevsons in the group. The rationale is that with respect to any particular

eriterion u., Black's (1948) theorem on single-peaked preferences { over
I

v - I‘.
s preference system underlying the definition of L=,
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poszible "eandidates" for u?3 is applicable . since each k5 will want the
Eroup's u'fj to be as close as possible to his own ug-l'-’. Any higher walioe
implies an uonecesgarily high constraint om u. while anything lower iz less
than satisfactory, sco there would be no advantage for anyone to misrepresent

Wiz true ufk. Accordingly, the menbers coild vote For the wvalwe of u, that

i

iz to serve as u?, and only the median wu® would win by simple majority

rule oorer any other candidate.

We now put xOQy eguivalent to - yL¥x =0 that glx) = fvllix},

rfix}, wwwd in AssumpTion d.-and dszsumption & then gives the choice set

Ehich we denote by FR(A) to distinguish it from other possihle £(A). This
makes f% a two-stage procedurs, as in Section 2. Given a choice between

B and v Iif nooone vortes for: y over x and someone votes For ox o over
% is dropped from further consideration as a possible choice. Since pairwise
Eomparizons can be made among all the ezlements of &, oply Fareto optimal points
i1l survive the first stage. The second stage then orders the remaining points
dmxicographically on the basis of the group's wv* wvalues dertermined previously,

i
gwing: FR(A),

The first stage is T@céssary because, as in the case ul Llis Lajui..,

Ingure method, the second stage by itself would not gusrantee Pareto optimality.
: : i

or example, let u(x} > u.ly) for i=1,2,3 and u (x} <u ly) = up.

ppoge: That

G

Tyt Mo AN Ty

Hinj m. {i =1, 2,3)
re M. is a majority in the group G that finds = and 'y satisfactory

m. A& minority that considers v less than satisfactory as regards v -
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Both alrernatives therefore meet the group's u% targets for i =1
and yi¥x because of wu . Bur ipdividuals in =, prefer x to y om

account of u, {if not because of a prior critericn) so everyone prefers

X T Y.

Beferring back to schema {1} the F% rule described above makes the
group's U (i.e. the ordeping implied by L#*} a function of {Uk?, The
pﬂix]'s in Assumption 3 are determined by {Uk} and the qfx}'s by U,
%iving Rﬂ- The comnection between {Rki, which yields {RE}¢ and Ha thus
lies only in the first component of r,(x). We claim that the £% rule iz

pot unreasonable, relying only on repeated use of simple majority decision so i

that squal weights are given to all members' preferences, given the assumption
that the members have the same priority ranking of the same set nf‘nij¢tiv¢3.3
Thiz might zeem to be a wery special assumptiecn, but it is a common experience
for an appointed committes to receive terms of reference that specify the
shjectives of its assignment, though admittadly the priority ranking among

Them is not always made clear. At any rate the cbjective here 13 not a general
‘model of group decision but zimply a well defined rule that not only satizfies
the fAsgumptions but also distinguishes bhetween W'} and ka}. it will serwve

a: a specific counter-example to a oumber of consistency conditions.

¥nrakami (1961) showed in his fovmulation of Arvow's (1963} impossibilicy
heorem that no group choice Fumction g (reserving the use of f for a

nerion sarisfying the Assumptions) can satisfy all the following Five
3/

itions.

Free triple. There is at least one subset T of three alternatives im

~over which each k can have any possible Eﬁ.




iondictatorship. There iz no k sush thar forall =, ¥ in

R e R A T b B v A

L]
“t
e

Indepandence of Irpelevant alternarives (IIRj. gli) is invariant »

ragpect To any changes in (Bl that de oot change {RE}.

S

teto. princinla. (=} = glte +F) f Py forail k.

Collective rationality (OR). g(d) = {x ¢ 4| Yy e & =Ry}, whave B

18 réflaxive, complete and transitive on X.

E
i

-

The pos=ibility of any preference ordering over three slteérnatives has
already besn noted in schema (2), and the nondictatorship condition obwiously
holds, By constroction, % satisfies the Paveto princinle. That laaves

IIR and CR which are discussed in the lext secrion.
L. CTongiztency Conditions

dreow’s originel rationale for the ITIR condition was that g(4) should be

=ty

incapendent of alternatives outside 4 (dreow (I§83), o. 26). Thiz is done

by LIR; but it goes farther by alsc regquiring that the group’s ordering on A
Si o

depend only on [R:}.— W= observe that F&(4) is in fact independent of
-y oAl AT . : : AL k
poIints no¥ in A, bHut IIR ean be violated becauze the zame’ iR} may result
1
1
From different {7 }--as alveady noted in coonection with schema {2)--—which is

what deteéermines ®,. The IIR condition as stated is thus really two conditions

in ona. The literal objective of Arrow's requirement can be accomplished by a

o

straightforward reformulation.

Condition ITR'. g{A) iz independent of IR, .}, where X - A is the

portiofl wts mnat in oAl



A review of the £% rale shows that no information about (R, o b is needed
Uk b

e

to determime FA(A), so IIE' is sarisfied by g =1

Comparing the CR condition with &ssumption %, CR makes the stronger
regquirement of a transitive R on ¥ that iz independent of A. Arrow's
argument is that this would make group choice independent of the particular
sequence in which the feaszible alternatives are presented for choice: “the
bagsic problem i= ... the independence of the final choice from the path to it.
Transitivity will insure this indepsndence; from a2ny [feazible smet] there will
be a chosen alternative™ (Arrow {1953},:9. 120). . But then, transitiwvity on A
and not necessarily on N would do for the purpose, as in the Assumptions.
The CR condition demands more than is oeeded and is therefore an unnecessary

requiremant .

Plott {1973} ha= pointed out that if path independence ["the Independence
of the final choice from the path to it™ in the literal sense) is the objective
of transitivity, one may even dispense with the latter if path independence

can be had without it. He has proposed a formalization of this property:

Path independence (PI). If A = BA\JC, then g(Aa) = glg{8)}V glC)).

Clearly f£(A) is path independent In the literal sense since R, iz transitive,
yet it can violate PI. Since PI implies Condition & (Chernoff (195%), Sen

(1977)), a vielation of o will also show failure of PI.
Condition a. If AC B, then A¢lg(B) <€ gla).

This condition has been considered as a "fundamental consistency reguirement
of choice"™ by many writers (see the references cited by Sen (1%77), p. 57 and

Kelly (1978), p. 26, n. 2). But suppose thar A = {x, y}, x and y both



Pavetc optimal in &, and B = fx, y, z}. Cne may have =0y and 0=

(e.g. =!=y and ylL¥z) while: x is inferior to z and ¥ iz not. Then

ALFYE(R) = {3} But (A = {x]l so that « Fails 1o hold for g = £.

Condition a seems a very natural requirement if the group’s evaluation
of alternatives iz indepepdent of the feazible 'zet. [oing Yenn diagrans for
o shows fte intuitive veagzopablepess 1F gach point in A and B has a Tvalus"”
to the greun which doe=z not depend onm A or B, so that contour lines could
be drawn to locate g{A) and g(B). Under the Assumptions, howewver, the valus
of an alternative is & vesior .:hrhusﬂ first component depends on the faasihle set,

0 -that a can be wvielated. Similar pemarks apply to the PI condition.

The idea behind the PI condition is that the choice in A = BUIC
should come’ from the choices in B and. © and should nor depend on Bow A
is disaggregated intoc B and C. But this means that if the condition iz to
be reazcpable, the cholices in B apd ©  should at least quElify as possible
candidates for choice in tha larger set &, which requires ander the Assumptions

that they not be inferior in A. A revised wersion takes this requirement

into account.

Theoram P1'. IFf A= BULE & f(B) 2 .IL_I A o g A ,ﬂ._“ Lhan

£LA) = £UE(BY L £(C)).

Proof. Suppose the hypothesis 1s True. Firat we snow thal
£{a) C £(£(B) V£(C)). Clearly A, € B \JC . Hence if x & F(R), then
£

x £ A, % iz Q-gresrest in A ., and x-EElU{'.‘,l- Alsa, HEUL'E{: A s

=0 that = iz 0[O=greatest Ao E2 L E? by Lemma 1. Thigwith X E F.'lu il

and lemma 6 gives x & EE '-.J Cos and therefore = ¢ EIBEU C?L



=i g

To show F(F(R)WIE(C)) . F£{a), supposa that x e FIE(BILIF(C)).
TRIZ MEARS" X E BEKJ 32 and: x 0I5 Qegrestest In BEKJ ﬂ?- Since
Hrkflf: (=R, wehave x £4 g0 that = Ay if ¥ iz O-greatest in
AL - This’ig =o., by Lemma I, aince ﬂl [ gl Blﬁj ﬁi ard x. IE O-Freatest in
. WIC, . by Lemna 5, From the fact that x £ B?EJ C? dod 15 O=préabest in
W C.. This completes the proof of PI'T, which we label as a thecrem from

the  Assumptions.

The rationale for o is that an alterpnative choszen in B, IT =still
available when the feasible set has heen reduced to A, sbould be among those

chogen in A because it is Thest"™ in the largar set and should therefore he

best alge in the smalle

L

one. This seemz reasooable enough, but it implicitly
assumes that the choices in A gualify as possible choices in B, which may
not be the case. This is a2 recurring ctheme in violations of the consistency

conditions, and when the assumpiion is made explicit, as im PI', the results

heorem a'. If &€ 3 & £(A) < 8,, then AME(B) C £(a).

Proaf. Lat the hypothesis be True. The conclusion is falsified if and

only 1f there iz an x suchothat =€ A% 3? fir- ~x E ﬁz- Suppose such an
x. Sloce A C B, Lemma 2 gives ACIE, C A; so that x &€ ﬂ1f1 B, since

%= £ ASVE,.  and 31fﬁ B, =B But A, = 31 from the hypothesi=z, and

T

therefore x € A, -by Lemma %, contradicting = x £ A,.

Four relatsed conditions may be discussed together. Condition B+ was
introduced by Bordes (1976}, B by Sen (1969}, e by Blair {1974 )--as raported

by Sen (1977), p. 69--and & by Sen (1971).

Property B+, If A€ B & AMg(E) # 9, then gla) < -aftglB).



o

Condition 8. If =& glA) & yegla) B A C B, then ¢ g(B) if

i

and oaly if y e g{3).

Condition e, If A& & B, them = (g(Bl < gla} & - pla)C giell.

Fh

=

i
e
-
s
2
=
=5
=

xegla) & yepla) & A€ B, chen {lx} £ g{B)}

———

Since 8+ implies B, & implies £, and € implies 4 (Sen (1977)), the following
wiolatien of § alsoc shows failure of the others. Suppose x is inferior in

B and ¥y is not. Then G} # g(B) bur iy} = g(B) is possible.

These copditions put regquirements on alternarives chosen in A when the
feasible set is enlarged to B. As with PI and a, they Fail to hold because
of the possibiliry that an alternative chesen in a set may be dominated in

a larger sat. Suppose this possibility is restricted.

Theores §+'. IFf A B & £la)s El & aNf(B) # 8, then

FLA) < A LYLF(R).

Proof. Suppose there exists y € A A E(B), and suppose x € A< B
and x.£ £{a). Thea x is O-greatest in A and therefors xQy since
¥ £ &, =0 that x & £(B) sidce y & £(B) and = is undominated in B

given the proviso that. f(a} < 3. . Hence x £ A F1IE{B].

If 8, € and & are similarly revised by adding fla) < 51 to their
hypotheses, the resulting propositions--call them 87, €' and &'
respectively--hecome thecrems. For suppose the hypothesis of &' s tzue.
Then x and y are Q-greatest in A, and both belong to B,. Therefore

if % 1is Q-grestest also in B, =0 mist y, and vice versa. FPropositicns

1:



e '

e’ and §' follow directly from &', which makes all noints in £(A) belong

to £{B) or none at all, so that f(B) canaot be a proper subset of flA)

Sen's (1371) Condition y, which is equivalent to the following statement,

ig quite different from the others as it follows from the Assumptions.
Theorem . If x:& FLA) & x =2 E(Bl, then x & ELALTE).

Proof. Under the hypothesis, x iz in A, and in 3, and Q-greatast

-

“therefore X € ﬂ“lu 51 and x iz CQ-greatest in 'ﬁ'l U B,

F
=y
i

giving the conclusion.

The resson for the difference is the fact that the hypothesis of v does
not allow % to be inferior in any of the sets congidered. Plott's (1973)
Axiom E, also called the Generalized Condorcet (GC) property by Blair, et al.
{19767, iz a weaker werzion of y. It iz therefore alzo true and shown in a

similar way.
Theorem B. If xe A & Yy ed: xe #({x, v}), then x ¢ £(A).

There are other consistency conditions--Axioms 1 and 2 of Plott (1873)
which am variations of the PI condition, o- of Sen (1977} and B3 of Batra
and Pattanaik (1972) which are weaker versions of o, and &% of Richelson
(1978} which iz a weaker version of f--that are failed by £, but suitable
reformulations are congsequences of the Assumptions. In each case, the
needed amendment {indicated by square brackets below) is simply to make the
alternatives qualify as possible choices in some appropriate set. We
merely catalogue those conseguences, omitting the proofs which are similar

te Tthose ahowve,
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Theorem AL1T. [If £(A - B) < h, & F{AMB) < 4 , then]

E(A) = F(£(A - BY WV E(ANB)Y).

Theorss A2'. If ANEERY £ [& ANEER) = fiyls then

F{a) = F({A - B)W (A MF(B})).

Theorem o-". If A0 [&Y¥x, vy A: £({x, v1) & H.li. then

4z e £(A): (W¥ye A: 2 £liy, z})).

Theorem B3'. If {x, y} C & [& {x, vy} C a1 & ftix, y1) = ixl,

then - (y ¢ £(A) & - x ¢ £{a)).

Theorem &6%*. Ef f({x, y}) = {x, y} C B [ £({x, ¥} < E._L], then

Cix} # #(BY & {y} 2 £(B)).
3. Coneleding Ohservations

We have seen that a number of conditions for group decisicn can be failed by an
internally consistent and not unreasonable procedurs, and Thepefore they cannot
be essential. When these conditions are reformulatad so that the alternatives
being considerad at least gualify as possible choices, the revized versions turm
out to be conssgquences of the Assumptions of this paper. The key observation is
that if choice iz required to satisfy Pareto optimality, the alternatives are
better represented analytically by lexicographically ordered wectors. This
permits a class of group orderings which do not automatically satisfyr the
requirement, e.g. the majority closure method and L# ordering. to serve as the

second stage in a two-stage procedure.

A related chgervation concerns the value of an alternative, which cannot

be invariant with respect to changes in the feasible sat if itz Pareto property
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{i.e. whether it is inferior cr not) is relevant. Thizs is a feature of group

choice which iz absent from individua! decisionmaking, zo that conditions on
choice that might be compslling for an individual arve not epeceszarily =o for the

greup. In particular, while it seems quite reasonable to say that one can infer

an Individual's choices over larger sets from his choices over two-element sets,

thiz peed not be the case for the group.



= T
HOTES

1. Bopdes (1976) makes a distinction between consistency and ratisnality
in group choice: "Consistency is concerned with what happens to choices when
the set of available alternatives expands or coeptracts. Rarionality is
concerned with how the choices are related to a binary relation on the set af

all alternatives” (p. 451). As will be seen, howewer, there may be no such

bipary relation in group choice, in which case one would hawve consistency

conditions only.

2. CF. Savage (1958}, pp. 172-173, in whoss Formuiation of a group
decision problem assumed the same urilizy function for the members of the
group but allowed them to have "different ... judgments as To questicns of

i il

i Priipey

N

mplicitly assumed that the group has a finite number of

members (Fishburn (1370}).

%, Arvow restricted the dependence of R, o {RA' an the ground that
{EEE contains all the admissibls information needed to determine R,, Ziven

o)
]
i

v standard individual utility functions of the "opdinal™ type. As schema
{1} indicates and the ewample of Section 3 shows, one need not be bound by

this reastriction.
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