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Lexicographic Consumer Theory

J. Encarnaciin

Lbstract

Thiz paper develops some implications of consumer choice when
rreferences are lexicographic, by formulating the consumer's choice
4s a nonlinear programming problem. Under certain conditions, it
Tturns out that some familiar results of standard consumer theory
(including the Slutsky equation) have sn:logues under lexicographic
choice. It iz suggested that qualtity variations--where some goods in
the consumer's marker basket are replaced by similar goods of different

guality--find an eazier explanation with vector-valued utility,




Lexicographic Consumer Theary

Jozi Encarnacifm, Jr.

1. Introduction

The purpose of this paper is to develop some implications of
consumer theory based on lexicographic preferences that represents the
desirability of a consumption bundle in terms of a vector-valued utility
function (Georgescu-Reogen [5], Chipman [1], Encarnacifn [3], Day and
Robinson [2]). A natural application of Kuhn-Tucker nonlinear programming

[8] provides a model for the purpose.

Section 2 is a quick review of lexicographic preferences. (For a
survey of thiz literature, see Fizhburn [4].) Section 3 takes the
consumer's choice as a nonlinear programming problem, and a special case
that parallels standard theory is treated in Section b which gives a
generalization of the Slutsky equation. Section 5 :nnsidevs "ouality
variations" (Houthakker [6])--where some goods are replaced by similar

goods of different quality in the consumer's market basket——which find

an easier explanation with vector-valued utility.

2. Lexicographic Preferences

It is aszsumed that rthere are wvarions criteriz of choiece which are
ranked in order of importance or priority. To each point x = {xl. iy xn}

in the consumption goods space corresponds a utility vecter u(x) = Euifx},




ui{x}, +se) wWhere U, (i=1,2, ...) is a real-valued function such
that uitx} = uiEy} if x 1is preferred tc y on the basis of the ith
criterion. Suppose that x  is preferred to vy if and only if the Firsr
nonvanishing difference u;(x} = e pogitive,; i.e.
the preference ordering of the x's is given by the lexicopraphic crdering
of the ulx}'s. C€all such a preference ordering an L-ordering. L-ordéering
is rather unrealistic (cf. Malinvaud {9, p- 20]), or else it i= largely
superflucus for purposes of explaining consumer behavior sipce the First
component of the utility vector would then normally suffice to determine
the choice (Houthakker [7, p. 711]). A simple modification however results
in & richer structure of preferences that has greater explanatory power

than the standard utility function.

Suppose theve exist critical or satisfactory levels uiJE guch
that if ui{ﬂ} = ui*, the consumer considerz x acceptable in terms of
the ith criterion. More precisely, writing vitx} = min{uiix), ui*},
let the preference ordering be given by the lexicopraphic ordering of the
vectors wix) = Eviix}, vo{x), ...} and call it an L*-ordering.
Accordingly, a criterion other than the first can be the determinant of
choice subject to appropriate constraints regarding higher pricrity

criteria. Specifically, if ﬂn iz the budget copstraint set and

A, = ix e ai_l[ui{x} = m;x{vj{ylly E ﬁi_l}} (1)

i=1,2, ..., then xP will be chosen oniy if x0 ¢ BaVA DAL ...
One goes through the choige criteria sequentially, boginning with the

most important and discarding from further consideration those alternatives




that fail to satisfy the constraint =x e A; at each stage, until just
one alterpnative is left. The ui* are thus like objectives which are

to be attained in the order of their importance.

Eszentially different wants and needs (e.g. for water, Tood,
shelter, medical services, etc. which are nomsubstitutable since no
amount of one can satisfy the need for another) are then to be represented
by different components of the utility wector. But asz with the standard
utility function, substitution possibilities exist within each component
of the wtility wvector. Alsag, nothing prevents tradecffz among some
choice criteria once eritical levels are surpassed. For example, u

k

may be a function of 4, L%-crdering iz thus quite flexible

- ity uk—l'
as an apalytical framework, and it is possible te think of the standard
ptility funetion as such a Ly s the implicit assumption being that pricr

constraints on choice are always exceeded.

3. The Mcdel

et p >0 be the given price vector and ¥ > 0 the budget, and
write 8. = m;“ivi{y}|y E A,  F. If 8, <u®, it would be fortuitous
fom 31 to have more than one element since this would mean that ﬂi
has & "flat" section that happens to coincide with part of {x|p'x = B}.

In general, it would be excepticnal for 4; to have more than one

element if A, < u, ®.
o =

Let j be the smallest index in {k|.ﬂLk iz a one-element set}.

Excluding the exceptional cases described above, the consumer would have



the following problem:

Maximize uj{x} {2}
subject to u.(x} - u* Z o A A (a3}
B-p'xZa {4)

A O 5

In the event that the exceptiomal casze holds for a particular f, then
¢ simply replaces ui* in (3). With this understanding, our discussion

will foeus on the problem given by (2)-(5).

We need two theorems from Kuhn and Tucker [8] on the problem of
maximizing g(x) subject te F(x) 2 0, where F(x) is a vector whose
components: are differentizble functions of x £ 0: (i) If a certain

regularity condition (the Kuhn-Tucker constraint gualification]) is

1w

satisfied--it would be satisfied if the constraint set  {x|P(x) 2 Oy &0}
is convex--the following conditions are necessary for a parvicular % to

galve the problem:

vglx) + P()'a S g (6)
(Telx) + TR(x)"A)'x = @ (7")
F{x) = 0 (8"}

Fix)}'x =0 {ar)

ey (20")

S (111}

where Veg{x) is the gradient of £ at x, VF(x) +the Jacobian of E,
and & a vector of Lagrange multipliers. (i) Further, if gl{x) and the

elements of F(x) are concave functions, the above conditions are alse



snFEFicient.

Assuming that for esch i, lxlui{x} = 8} is convex for any peal
8, tThe conditions (3)}-(5) define a convex set. We therefore have the

following necessary conditions:

ﬁui e B
A T T _'.l,_—.i'.- T = - i
EKF i£1 i lD*r =) il e e S 1] {6)
Euj o=l aui
Eax 8 .E_ L i )%, =0 o (7)
r " ist T
u.lx) —u.® g Ty (8a)
B=p'x 2D {8b)
[ui{x] - ui*j li = ¢ CEE Rt et S { Sa)
(B - p'x} Xpmal {9b)
e (10)
e T {11)

A5 in the case of the standard utility function, each wu. is unique up
1

to a positive monotonme transformation; hénce we can take it that the

uirs dre concave functions. Conditions (6)-(11) are therefore also

sufficient.

Write
. j-1 1]
g K
UP = + 451 li = [(12)



U.* 0 for some r, or the consumer would he at a point of complete
satiety. Fuling ocut the latrer, Ao = 0 from (B), so that using (9b),
B -p'x=0 in (8b). From (7),

lﬂ = urfpr Eorlald: v .ewalrhaw g ow g (13)
» X = 0. 2 could be interpreted asz the "marginal

I i}

utility™ of income, except that it is mow a weighted sum of marginal

utility components. Also,

A S Rttt E ) (1u)

=

which iz similar to another familiar presult in Standard theory. IF all

of (Ra) are sarisfied as striet inequalities, then a1l A, =0 o (9a)

i
so that (14) reduces 1o B = {Eujfﬂur}ftaujfﬂxs} for' %, x_* O

=

Only in such a case do we have marginal rates of substitution (with

Tespect to the utility cooponent being maximized) equal to relative prices.

It iz clear that demand functions from the model are homogeneaus
of degree zero. Looking at (B)-{11), multipiving B and B by the same
H > 0 merely changes RD to EDIu without affecting the solurion x.
4150, the revealed preference property (Samuelson [10, p. 111]) is satis-

fied, since thiz iz not contingent on real-vwalued utility functions but

only on comsistent preferences.

4. A Special Casze

To determine how the =alution x changes in response to changas in

the parameters P and B, we can examine the relatively =imple case where

W e



e |

the maximand . remains the same and all the indices r and i such

that X, * G and li > 0, respectively, also remain the same. In this
case we can work with the equations in (6) and (8a) implied by the x >0
in {7} and the lj * 0 in (9a). Taking their total differentials gives

the following system (which accordingly includes only those relaticnships

that derive from those equations):

Tt el TR : B ] [ xdp”
[ W Uy ws g el [ax o3P
T 0 a 4] dli 8]
: : : : § R (15)
5 ALE a ) da,
?uj_l ¢] -1 0
-n' R o Q dlﬂ E
where H = (xw ) W = BEu o= fw + Ej_l ] a?u Saw Aw E=—dB +
5 rg- " s e e i=1 i e e
Es X, dps, dx = del. T dxn]', and similarly for dp. HNote that
e the ccefficient matrix is symmetric. Let- D be the
determinant of this matrix and ﬂts the cofactor of its (t, s)-element.
Then
= i I
o a s a8 Y (16)
Epr
and
Exs _Dﬂi- 5
= - 17
T 5 (17

¥hich are similar to standard results,




A generalized wersion of the Slutsky equation can alsc be shown.

Let dpr F 0 for a particular r and dPt =0 for'all t Fr, am

choogse dB so that duj =3 EEujHHxSI dx_ = 0. From (13) and (12),

) dx. = e B
0 g Py g E soq dEE e i

after putting duj 0. But from each equation in {8a), EE {Euifaxsj dxs i
maltiplying by 1i and summing over i, both zides of (18) vanish.

Hepee E = 0 in {15).-and we hawe (oF. {(16))

dx AE FE
b = s {15}
o s L] IF
r|u[i]=const
where u[j] is a vector conzisting of uj and those among Uiy sees uj—i
as have corresponding equations in (Bal). MNoting that Dps = Dﬁr’ the

implicaticon for the left-hand =ide of [(19) iz clear. Finally, putting

{19} and (17) in (18},

x|

3 Ex*i B
— = = - K — (20)
BPT apvlu[j1=cnnst e p=const

which is analogous to the Slutsky eguaticn of standard theory.

We have been assuming in this special case that the component of
the utrility vector being maximiZed remains the same, as alsoc the Iiat af
goods in positive amounts and the list of binding constraints. In general,
such restrictive conditions will fail to hold. While the consumer's
choice problem is always determinate, we expect that sufficiently large
changes in income will change the maximand and the list of goods appearing

in' the consumer's market basket. In particular, at a sufficiently higher




level of income, higher guality goods wauld replace gsimilar goods of

lower quality.

4. Cuality Variatioms

In the treatment of this tepic by Theil [11] and Houthakker [6],

4 commodity iz a set of related goods (measured in the same physical

units) of different guality levels, the price of = good being higher

i1ts quality is higher. Judgment of guality is that of the consumer,

can always ignore a higher-priced geod unlessz its quality iIs higher.

Theil and Houthakker consider the guality and guantity pertaining to

if

Who

each

commodity as separate arguments in the utility function. However, their

formulations do not indicate why quality levels might be expected to
with income, which is the empirical observation to be explained. We

sketch a different approach supgested by our previous discussion.

In place of the notation X, for the amount of good v, let

X., Dbe the amount of commodity o whose quality is o. We expect

that

Euifﬂxcu =0t ddentically Topr-gsome: I o, o3 That iz, somergodds do

not contribute towards scoe objectives. Also, if two goods beloog to

R ; 2 L .
the same commodity class c, Ju /éx  » 0 and Euifaxcg > 0 for some

otherwige there would be no baziszs for classifving then together.

i

HWe propose to say that good €8 has higher quality than ce if

3. fow ., - du. /3w  forall i, with > holding for at least one
R T

If > holds for J, we would then say that ¢f 1s superior to co

with Tespect to uj.

i.
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If «<B bhas higher quality than ca and superior with respect
To “j’ we would expect cf to replace ca in the consumer's market
choice at a sufficiently high income. To illustrats, let the solutien
to the problem (2)-(5) be represented by point e in Fig. 1, abstracting
from other goods. The (absoclute value of the) slope of the Trepresenta-
tive" constraint ui*, i <j, is greater than that of the budget line
ba, which itself is steeper than uj—inﬂifferanc& curves. With more

income, the new solution would have a higher u, resulting from the

3
dizplacement of some X by X g and a sufficiently large increase
in income would lead to complete displacement of the lower-guality good.
Similarly, a sufficient reduction in income would imply zerc consumption
of the higher-quality good. Accordingly we expect different income
classes to consume different goods, the income-consumption path being

indicated by arrows in Fig. 1, since any good becomes inferior at a

sufficiently high income level if a higher-quality good is available.

Price implications cam alsoc be seen from Fig. 1. If both goods
are being consumed, a higher (lower) price for either u;e implies a
reduction (am increase) in the quantity of the higher-guality good and
an increase {a decrease) in that of the lower-guality one. Results are
not symmetric, however, if only one of them is being cﬂnsumed.r In this
case, an increase in its price implies 2 decrease in the guantity
purchased, but a price reduction need not lead to a quantify increase.
What may happen instead is a decrease because of a higher-quality good

entering the consumer's basket.
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