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A LEXICOGRAFHIC ARBITRATION MODEL

By Jomé Encarnacifn., Jr.

Assuming that the parties te a conflict have

lexicopraphic preferences, an arbitration model is

formulated whose proposed solution satisfies five
reaszonable conditions. TFour of these conditisns are
analogous to the four coenditions that characterize
the ¥ash saoluytion to the bargaining procblem. The
fifth condition. called "nonfaveritism,"” is new. It
turns out that if any possible solution is raquired
te satisfy the five conditfons, it can only be the

proposed solut jon.

1. Introduction

This paper is concerned with the problem of finding a "fair" sclution
to a cenflict between two individuals or parties. The conflict arises
hecause if either person Wwere to have his way, he would choose a peint
in the feasihle set different from what the other person would choose.
If the parties to the conflict feel that some agreement would be better

than none, an arbiter is then needed to decide for both of them in a

marner that does not deliberately favor either one over the other.

In the context of game theory, Luce and Raiffa "define an

arhitration scheme to be a function, i.e. rule, which associates to

each conflict, i.e¢. two-persen nen-strictly competitive game, a unigue

paveff to the players" [7, p- 121]}. The Hash solution [8]., for exampis&




P

maximizes (afiter a suitable transformation) the produact of the two
players' utiliries which are of the von Heumann-Morgenstern "cardinal
utility™ type. What iz especially interesting about the Nash solutien
is that given the cardinal utility assumptions, it satisfies four
apparently reasconable conditions and it is the only soelution that does

8o (cE.[7, pp. 126-127]).

In this paper we will instead treat the problem under the
assumption that the two individuals' preferences are representable by
lexicographic utility functions (see Fishburn [5] for a survey of this
literature, the major references being Georgescu-Foegen [6] and
Chipman [2]). It will turn out that our proposed solution (though a set
and met in general a unigue point) satisfies four properties similar to
the Hash conditions and also a fifth comdition, called "nonfavoritism,"

that we introduce: moreowver, it is the only solution that does so.

After a guick review of lenicographic utility functions in Section
2, The model will be described in Section 3. BSection % gives some
properties of the solution, and Section 5 extends the results to the

case of more than two persons. Section £ is a concluding remark.

2. Lexicographic Utility

We assume that alternatives are evaluated in terms of various

eriteria of choice s Ups «eey SO that to each alterpativa X
corresponds a vector ufx) = {uﬂfx}, uzfx}, -x2}. Each u, is a real
valued Funetion (like the standard utility function, admitting of

arbitrary positive monotonic transformations) that indicates the

desirability of ® on the basis of the ith criterion. We postulate
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particular- walues oF  such that 27 iz} -= 0%, the alternarive x
i i i
is considersd satisfactory in terms of the ith criterdion. (If atrict
inequality holds, we will say that = is supra-satisfactory.) For

example, in the thecry of the firm, one might speak of a satisfactory

rate of profit, the profit rate being a2 criterion of choice [3].

Writing vi{x} = min {ui{x], u?i, we aszociate with sach. =
the wector wx) = {vz{nl‘ inHJ, ..+l and say thar x Is preferred
to % if and onily if the first nonvanishing difference vi(x] & vi{y}
(i = 1, 2, ...} di= pomitiwe. That is, the preference ordering over
the ='s iz given by the lexicographic ordering of the corresponding
v{x}'s. The u? thus play the role of targets or cbjectives to be
artained, If they are attainable, in accordance with their relative

priorities. We will refer to such a preference ordering a=s an

L#-ordering.

It is to be moted that wix) iz possibly infinite-dimensicnal.
Under L#F-ordering, Tthe coamon statement that wants ave unlimited has
te do with the dimensziomality of wi{x) and not with the unboundedness

of a real-walued wtility Functicn.
o=° The Hodel

Consider twe perzons indexed by kK =1, 2 wholagree to
arbitration over their conflict on the ground that they would do
better throvgh an arbitrated solution than if they were To go their
separate ways. They have L*-orderings over the possible cutcomes
but their objectives and priorities are not identical. That is,

. - =g 14 1
Perzon 1 looks at the alterpatives In terms of his Uy 5 Up v <=vs
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while 2 denkz-at them in termsz of hiz own Uy o U e mens  aBE U

(=

nead not be the sams function as uf {using superscripts on the

notation in Seetion 2 te label the persons). We aszsume That while -
each party may have a general idea of the other party's concerns; he

doss not Know exactly the other's pricorities and targets. The arbiter

neads to Enow, however, szch party's L¥-ordering, and information on

thisz in sommunicoted o Kim as the naed arines., Thif impliez thatr ls

; i K
gan tell, given amr twe alteopatzves . and oo whether o Lx) P
I

R "

helds op not: Ae we-shall segue in dus coupse. thewe wonld Do o Desgon

for eithér party to misrepresent his preferonces’ to The aybiter.

[t El. ke the subser of the feasihble alterparives which, fram

the "":._-'.;l}.n'_.hlt o T O 0 o, R i L (o HIAT eS80k can

e

poalternative In & will Le represented

get himsell with po agfsement. a

-
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5 1 < y ki
as a point in Z2n-dimepsional space, where 6O = min (n”, %Y and =n

ks

ig the mmber of sbjectives thaz ha=. Sinee Sn CONTATSE The

- T - — b2 A R 4|
no-agreensnt point. 5. is ponmull. He assame Theat &, 16 LlnsEd
Lo

. E - H :
and comvex, by appropriate tracsfermations of the o, (1= 1, 2, ...3

Koo k=11, 2} if necéssarvy.
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whizh satisfies both partias’ firct cbhisctives. IF A&y Is nodinuldl . the

by
1Tl

arbiter can then narrow the choizfe further Ly considering néxt

che alteppatives in ':Lil pank with Teipect to The Séooml ohjecTives.

oA = ooulloown would bave one-of the-situatioss typified in FEg. .
4
e - Fomh ; il ; e L3
wivkeh 'il‘.'FIE-\',.."lt'. kN Lol releEvelnT DEaaET i oig ..-t_.,l 15 {'\-i.r- u]_:l 8 L1 -
y i -+
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ot B k,.
B, = {ee 5] ujtx) = m {vitfll y £ Stk

al
Civen the choice, k would want a peint in E:. The problem here is
that 1 and 7 cannot both be accomedated. In Fig. 1(a) for example,
i wants a while 2 wants b. Confining himself to the tuo parties’

first objectives only, there is no way For the arbiter to decide the

izzue without favering one over The other.
In arder to vesclve this issue, we propose 1o proceed as follows.
Let

k k=
c, = Ix e SD1 T ui{H} = M?H {?E{?}l y « 5,1

and define what might be called the undominated set in C1 by

k
D, = {x £ C1| Vv e Cys (3k: uyly) » uJ;{x} + Fhe ut;lfx} » u?‘[].rlﬂ

whose endpoints are a4 and b in Fig. 1. Let us say that = is

I A

v.-inferior to ¥ ot 5 vﬁlx} uE{y} for all k and v?(x} < ?E(F}
for some h. It may then be observed that if Ai iz null, every point

& o L s | (the set of points in 5

0 1 that do not belong to Dl} is

Q
either supra-satisfactory to someone op else v, -inferior to some point
il Dj- We say that the choice must 1ie in Dl gince, so far as first
- - _ 1
abjectives go, there is no warrant for 1 to get meve than uita} noT

for 7 to et more tThan u?{b}. In Fig. 1(b) for example, 1 would be

satisfied with @; there can be no justification then for him to exceed

1 E = i 2 .
uylad, which would give 2 an even smaller u, Tthar is already less

]

22
T
han u1




(a)

Figure 1




The next step, a& in the case whers El iz monnall, iz e

consider second objéctives, To eover both cases, let

(1) E.l,=.ﬂ,il._.-' |:-1. S S SRRl
whers

(2} 4, = {x € Siul[ Bk ui{x} : uiﬁ1

(3 D, o= fxec| Wyer;: (3 ouily) >uilx) = ghsuix) > uiy))
and

(4 c. = {x ¢ Si_1| vk uE{xJ = max {viiy)[ Y& 51—1}}'

¥

Fop' - i-= 2 Sy replaces Sﬂ ag the field of choice, second objectives
replace first objectiwves, and the discussion procesds as in 1 = 1.

Further sealection i34 deme by 4 = 3 and 20 on. We oge
- ¥

G = Slfﬁ Ezfﬁ -»- 8% Tthe solution to owr arhitration problem.

Hote that Di iz always noonull, and if Ai iz nonnull,
D, = {xe G Wk ut.‘(:-;} =u;'} & A Calling §; the ith stage
or selecticon set in the above procedure, clearly 5i+1‘: Si but in
general, 8. . # Si- (1t is possible that Si Sifl as when
Ai F ﬂi+1 and Ai is nonnull. But in this event, the (i + 1)th
objsetives are really superflucus for the preblem at hand, &= they do
not serve to narrow either party's own choices. IFf we vule out such
superfluous criteria, 5541 # 5y in general except where Si is
already A one-element met.] Each succeeding stage thus narrows down
the choice and makes the task of the arbiter that much easier. (Since
there iz no assurance that 5 will be a one-element set, the
procedure could be supplemented by a random device to select a point in

which would be a considerably smaller set than S5.. Diffarences

o
—F o




angng the eleamants of "5 Leing the oth order of magnitudes s 1o
k.

sl

speak, the résult of & reandem device sn S should occasion little

differenee. )

There would seem to be no reason for either party to misvepresent
big preferemces to the arbitver, for this would only work against his
awti interests (except possibly when he has complere knowlédge of the
other party's preferences and the other party does not know hiz),

[ 1 - kﬂ 1
‘bviously he would not understate his u, | say, since he wants to
reach it. On the other hand, if he were to overstate his 4 . he

would be rastricting later stages of selection unnecessarily and

thereby posszibly eliminating a more preferred alternative.

What may appear objectionable about the procedure iz that we are
letting lower priority criteria decide, in effect. the chaice with
respect to higher priority ones. This seems, however, To be precisely
what one does when he does not know how the alternatives rank in rterms
of the more important eriterion. For example, in deciding where to
spend a holiday (aubject to a budget constraint), having a pleasant one
iz presumably more iImportant than where it is spent. It may happen
howaver that one has no knowledge of the ranking of the possibilities
in terms of the more important objective--he alzo wants to go to a place
which he has not visited before--so he may narrow the fisld of choice
by considering only those near the sea if he has a minor preference for
the sga asz against the mountainz. The situation of the arbiter zeems
aimilar, for he has no way of selecting a point in Dj LWith 1'-.1. neldy
o the baziz of the ith chjectives oply without favering gne party over

the other, szo be turnz to the nexr pair of objecrive; in opder to et



The selectinn.

.o Pooperties of the Solutizn

by ElS.), mot pecegsarily dus

Denoting Lhe solution of A

Sy
proposed =aluticon: 5; considen the follewing properties that one
might redguire of g_lf F-inj E

COMDITION 1 (invariance with respect to Utility tranzformaticnz):

The sclution E{EFJ iz unchangsd by arbitrary positive monoTonic

#
b
%

7 k x
transformations of the . 5 ey P S S 0

CONDITION 2 {Pareto optimality): Mo point of g{ﬂﬂ? iz Parers

infoerior To any point in 5 {ag wegal, % ‘iz Fareto inferior To v

e

if someone prefers y to x . and no one prefers = o y.)

CONDITION 3 (Property a): If 5 < 5, then Bﬂngiﬂ_a‘l < gls,).

COMDITION & (symmetry): Suppose that 1.|1 = (0, 6, 0..) and

2 -+-) at the no-agresment point and u:h = uf* (i, i

e® = (0, 0
Wit (5.) = {ut0o, om0 | x e 5] and v.(S,) = fulsd. uix)]
eiting o.05,) = {u (=), uiix & ¥: (3, i . UG

o g{ED}}, suppose further thar (p. gl € uj{Sﬂ} + g, ple ﬂi{SDj

for-all’ i;ps 9+ Them {plq)-E ?E{SD} gy pl Ti{ﬂn},

Theee conditions correspond to the four properties that
characterize the Mash solution (see Luce and Raiffa [7. pp. 226-1771).
Condition 2 iz actuslly the same. 'Ye have followed Sen [10] in using
the term "Property o' for Condition 3. as Luce and Raiffa's use of
arrow's term "independence of irrelevant alternatives” [1, p. 27] tends
to be misleading (cf. J4) and [9] in pegard to the latter), Conditions

1 and 4 are called for in an LE-ordering frameword.




We wish to show that if giﬂﬂ} S5, Conditions 1 to 4 are

L,

satisfied. A= any arbitrary positive monstonie transformation of u,
: ki o ; Zahs S T

carries alomg u. , Condition 1 is clearly satisfied. Condition -

follows from the fact that x  is Pareto inferior to ¥ only if

is vi—{nferiqr o ¥ for some ‘I, Since Si containzs no vihinFurinr

points, 5 contains no Pareto inferior points,

Condition 3 iz falze only if, given Sn &8 there iz a auch

r
D'l
that (i) =z ¢ ﬂuﬂgfsél but {ii}y =z ¢ S — 2(5,). With gls,)

and: g(S:) =87, statement {ii) implies that theye is an

S. AT =3, 2, .o0) when =z geta excluded from the selected =zet

Pecaunse -(z p Ai} with ﬂi notmull and -{z e Bi} with Ai null.
Writing Ei = HELJ Di, we want o show the following twe propositions
to contradict (1).

i3] A [ E S - - o
(311} i 7 = o & ~(w g Ai) + ~({T £ ED [ Ai}

(iv) Ai =8 & =z £ Sy & -~z e Di} + ~(z g S, M ﬂi}.

If ﬁi is nonnull, (iii) evidently holds. If hi iz null while
ZES, and -(z«¢ Di), it must be that z is supra-satisfactory to
Someone oy else vi~inferi¢r to some element of Di. But then, if
ﬂ£ is also null, Di similarly excludes supra-szatisfactory peoints,

and if =z 1= vi—inferinr te an element of O it must alss be

ill

vi*infﬁriam to some element of D' =since ED [ 36. In the case where

i

Al iz nomnull, D£ = A& and therefore z cannot be in BE. Henoe
% &

in aither case, -{z ¢ Sn MY DE} so that (iv) is established. This

suffices 1o show Condition 3.

In view of the symmetry of ﬁiiEqJ with vespect to the lipe

u. =u. €1i=1, 2. ...) under the hypothesis of Condition 4, it (=



tlear that this condition holds under the procadure that deTermines

S. [Conditiens 1 'to Y4 are Thus satisfied if E{sﬂ} =8
Another property may be added.

COHDITION 5 {nenfavoritizm): TFor ali x e g(SDL
Tk

AT h# :
Ak u';{x_l L ¥ h: {u];'l{:-:.'l S s i T T e I

This may be conzidered a minimum requirement For fairness:
we do not permit any party to excead his ith target if another is

short of hiz own. It iz equivalent to the statement that if

% E gisn}, then for any given 1, either (i) uiix} = u?t for all
k, or else (ii) u?fx] < u&ﬁ for some k and u?txl : u?ﬂ for ‘all
h. A¢ecordingly, since (i) 1% the case for h:[ nonnull and (i1} for
A, muil, Condition 5 holds if g{sﬂ} = 5. We have therefore estab-

lished the following lemma, and several theorems can be derived.

LEMMA: If g{ﬂﬂ] = 5, then E{Sﬂ} satisfies Conditions 1 to 5.

THECREM 1: If g{ED} satisfies Conditions 2 and 5, then giS. ) = 5.

PROOF: Supposze it is false that S € g(S;). Then there iz an x
such that x £ S - g(S.). If x ¢ 5, is Pareto inferior, x £S5, - gfﬁﬂ}
by Condition 2. But sinée S contains no Pareto infericr points,

50 S, - glE) =8 - nguJ is null. Hemce 3 < g(5,).

I xr g{SU}. then x E ﬁl if ﬂl iz nonmull since x cannGT

be Pareto infericr by Condition 2. If P-_i ig-mull, = -‘cammot be

supra-sat isfactory to any party--by Condition 5-——and x cannot be

Fareto infericr., 50 X must he in L-i, Therefore X E “-r

¥




Pepetition of the apgument gives X f etc., =0 that gi5,1& &

Z“-EI7

This completes the proof.

THECREM 2: If -g{5,) sarisFies Conditions 2 and 5, it als

patisfien Conditions 1, 3 and 4.

PROOE: This iz direct from Theorem 1 and the Lemma.

THEOREM 3: g(5. 3 = & if apd duly if gi(8,) sevisfies Conditian:

PROOT: From Theorem 1, obwviously EEED} -5 E(EQJ
satisfies Conditions 1 toe 5. Combining this with the leama yields

the theorem.

5. Geperalization to N Persons

A review of Section 3 will show that the procedure for determining
S iz not dependent in any way on the fact that there are only two
parties invelved in the conflict. We can replace K = {1, 2} by
K-= {4, ..., H}, consider each alternative as a point in bn-dimensicnal
space where n = min fnl, SR nH}, and discussion of the arbitraticn
problem for W persons would he the same almost word for word.

Expressions (1)-(4) would be completely unchanged.

A veview of Section 4 will also show that it applies to H

persons after modifying Condition 4%, wnich would mow read as follows.

CONDITION %' (N-person symmetry): Suppose that uk = (8, By anal

ki t
for all k at the no-agreement point and “? = u®

=

L0 Za 1_'_11?5_}

—

1
for all h and k. Writing Ei{ﬂﬂ} = {uifx}, Locs uﬂix}| x €



s [ g

and Ti(ﬂﬂ} B {u;ij, i u?{x}! o g{SGJ}1I suppose further that

i | N L it 1
£ ek ai{aﬂ} A e e BB ﬁiiﬂn} holds for all
i rj. e r and all possible persutations fi, s PY) | of 2
components of {ri, =4 #'). Then Eri, Sk P g $;iﬁul -

{rH, AT ri} & Ti(SDJ alse holds for all possible permutations.

With this revisicn, the symmetry of ui{sﬂ} is with réspect 1o
the hyperline ul B i = uﬁﬁ Section 4 iz then word for word
applicable to N persons with Condition ytin place-of Condition H,

and we have the corvesponding thecrems for the N-person fase.
&. Concluding Remark

Condition 1 {invariance with respect to utility transformations),
2 (Parete optimality) and 4 or 4' {symmetry) are clear requirements
of any solution te the arbitration problem. Condition 5 {nonfavoritism)

seems called for by a zimple concept of fairmess under L#-ordering: B

one should not have move than enough, by his own standards. if another
iz still wanting. Condition 3 (Property o) has been considered by
many authors as "a fundamental consistency requirement of choice"
{see the references cited by Sen [10, p. 67]1. It is interesting then
that if g{Sﬂ} is required to satisfy Conditions 1, 2, 3, L and kT

(where N 2 2), this can only be the solution S.

The case N > 2 falls subject of course to Arrow's theorem
on the impossibility of a social choice function that satizfies
conditions [1]. Suffice it to say that the model of this papen
“uollective rationality™ {which requires a social preferencs

of all possible alternatives) and "independence of irrelew



both of which however seom the least important among the Errow

conditions.

University of the Philippines




= i =
FETERENCES

[1] Avrow, K.J.: Social Choice and Iadividuasl Values: dml ad.

Wew York: Wiley, 1963

[2] Chipman, J:8: "Tha Foumdarices of Utility." Econcmetrica,

28 (1980}, 193-294,
[3] Encarnacisn, J.: “Constraints and the Firm's Utility Punction,’

Feview of Economic Studies, 31 (1964), 113-126,

4] : "On Independence Postulates Concerning Choice,"

International Economic Rewiew, 10 e 6157 R e S T B

[5] Fishburn, P.C.: "Lexicographic Orders, Utilitfes and Decision

Rulez: A Surwvey Management Science, 20 (1974), 1u42-1471,

[5] Georgescu-Roagen, ¥, : "Choice. Expectations and Meazurability ™

Quarterly Jouwrnal of Economics, 68 (1954), 503-534,

fT] Luce, R.D. and H. Rafffa: Cames and Decisions. Mew York:

Wiley, 1857,

[8] MNash, J.F.: "The Bargaining Problem," Econcmetrica, 1% (1950),

155-1682.

a1 Ray, P.: "Independence of Ivrelevant Alternatives " Econometrica.

32 (1973), 987-991.
[10] Sen, a.: "Social Choice Theory: A Re-examination, ™

Econcmetrica, %5 (1977}, 53-89.




