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Abstract

This note poinfs to a possible error in Baumol's, and later
Brunner's and Meltzer's formulation of the transactions demand for
cash. The argthnent of the paper is rather simple. After showing
that the optimum lot size of cash withdrawals, C, is independent
of deposits I, one can no longer assume as if I can vary
continuously. In other words, differentiation of a cost function
with respect to I is illegitimate if I can only vary in
multiples of C. On the basis of this argument the transactions
demand for cash is refom\ilated, and the basic result is that the
de_mand function is discontinuous. A method to test the hypothesis

is indicated which suggests that Meltzer's cross-section test of the

Baumol hypothesis is wrong.




A SHORT NOTE ON ECONOMLES OF SCALE
IN TRANSACTIONS DEMAND FOR MONEY®

by

Ricarndo D. Feren

The familiar results of Baumol's analysis of the
transactions demand for cash1 ﬁas been reexamined recent1y2 and, it
appears that some modifiéat;ons of the earlier results seem called
for. However, these reformulations are still inadequate. Consider
the more general case treated by Baumol. The individual has a cash
influx of T dollars at the beginning of the period which is also
éqﬁal to intended expenditures for the period. (The actual influx
may be greatgg\than T, but the difference "will be invested since,
eventually; interest earnings must exceed ("brokerage") cost of

investment."3 Hence attention can be focused on T. I dollars of

*Comments on an earlier draft of this paper by Dean José
Encarnacisn and Prof. Edita Tan are gratefully acknowledged. All
errors that remain are mine.
= Y4411iam J. Baumol, "The Transactions Demand for Cash: An
Inventory Theoretic Approach," Quarterly Journal of Economics, LXVI
(November, 1952).

2Karl Brimner and Allan H. Meltzer, "Economies of Scale in
Cash Balances Reconsidered," Quarterly Journal of‘gponomics LXXXI
(August, 1967); Russell D, Morris, "Transactions Demand for Cash,"
Quarterly Journal of Economics, LXXXV (August, 1971), and Syed Admad,
"iransactions Demand for Money and the Quantity Theory," Quarterly
Journal of Economics, XCI (May, 1977).

3

Baumol, p. 547.




this amount will be invested and the rest, T-I=R will be /
withheld, to finance transactions for R/T of the period. After
this period, the investment I will be withdrawn in lot sizes C.
Let i be the rate of interest, b+ k C be the broker's fee for
withdrawals, and bd + kdI be a broker's fee for deposits.
Rational behavior in this model requires that holding of césh

balances to finance the transaction T for the period be minimum.

Now, the total cost of withholding R dollars is

‘ . T-I, T-1
a) —-i-l-—,lr-‘l'bd'l'kdl,
since disbursements are continuous and average cash balances for the

fraction OF the period —x-= % i 5= TL. sinilarly, the total

cost of obtaining cash for the rest of the period in lot sizes C is

b) Silv o, +x 0%

because the average cash holding for the remainder of the period

,%- is g- and I/C is the number of withdrawals.

i

L

e Minimizing this cost function (equation atb) with respect to

C yields the familiar result that
)  c= VBT '

which does not depend on I. A similar expression for R is obtained

by differentiating the cost function with respect to 1 yielding“

“1bid., p. 5u8.
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d) R=c+'r(-!'-}-9-)

It is at this point where we think the analysis goes astray. If
investment I will be withdrawn in equal lot sizes C which depends
only on T, then I must be equal to integral multiples of C,

i.e., I =NC where N =1, or 2, or 3, or some whole number. Thus,
if we accept the first result (equation c), we must conclude that
differentiation of the cost function with respect to I is illeg ti-
mate: I can no longer vary continuously. More intuitively, suppose
that I is not equal to an integral multiple of C. Then it follows
that the size of withdrawals cannot all be equal to C = vV2b T/T

and hence, if C is thé lot size that minimizes the cost of holding
cash balandes, cash withdrawals in amounts less than C will not be
optimal. Or, if I # NC #N W and I 4s withdrawn in equal
lot sizes C', and C' is a cost minimizing lot size, then it is
not true that the optimum lot size depends only on T because now it
also depends on 1I. Tﬂﬁs, if we accept equation (c), then I must
§g_equa1 to NC where N is a whole number.’ It is for this reason
é;ét we reject the validity of Baumol's equation for R (equation d)

and of Brunner's and Meltzer's reformulation6 of the transactions

SNote that differentiation of the cost function with respect
of C is already an approximation. Since C is the lot size, we can
think of its variation as the variation of I/N as N (a whole
number) decreases from a value, however large, to smaller values, or
vice versa. Thus, C can only vary discretely.

5Bz"unner and Meltzer, op. cit., p. 426,




demand for cash which depends on it. Howeéer, the point raised by the
latter7 is important in our own reformulation. The amount of cash

demanded for transactions will be a weighted average of R and C.

Since we can now set R = NC, where N =1, 2, ... a vhole
number, we must look into the conditions under which each value of N

holds.e Suppose N = 2, since the case where N = 1 seems trivial.

If N =2, then a transactor saves an amount, 82 let us say, given

by

1) S2 = bw + kwc + kdc = bw + C(kw + kd)

This follows from the fact that the individual has one less withdrawal
to make sawing him bw + ka and since he invests C less, he will

spend de less on deposit expenses.

However, if N = 2C, for the period 2C/T his average money

balances would be R/2 = 2C/2 = C, greater than the average balances

he will maintain for the same period equal to g- if R = C. Hence,

~

tégre is an opportunity cost, L,, given by

2
- Cy.2C _C.2C _ .2i
2) L2 = (C"-i-)l—,l-,- --é-l—,r— = C -,i,-

T1bia.

8We are proceeding as if T can be broken up integrally by
C= ¢2bwT7i , So that if this were so, then R must at least be equal
to C. But see the Appendix on this point.




A rational transactor will withhold R = 2C- if savings 3_2 is

larger than income lost, - L2, i.e.

3) S, > Ly »

which upon substitution of (1) and (2) gives
2 i
3a) bw+c(kw+kd) >C 7
But C = v'isw'fh' s, irrespective of the value of R. Hence,
. =2 i -
3b)_- b, + /2bw’f71' (kw + kd) > (/21:“'1'71) T |

This expression, upon rearrangement gives us -

5 kg tk

)2

d

<.~

With the equ;J.ity sign we have a value of T =T, when with

T<T1, R=C, and with T=T2>T1,R=2C.
But under what conditions would the money withheld be equal to
R = 3C? Here we consider savings S, and loss L, and similarly

3 3

c;mpare savings against loss.
§) Sy = 2b + 2C (k_+ ki)

Since two withdrawals are avoided by withholding R = 3C.

However, with R = 3C, the average money holdings for 3C of the

period is %9_ , greater than the -g— money holdings if R = C,
Hence, the loss is
2.
: . ._ 3 1 . 3C _ ..3C _ 3C°i
5) Ly=(3C=50) i =Cig =5




Thus, the condition for R = 3C is that

6) S3 > L3 s
or

. c2i
6a) 2+ 2, (kw + kd) >3 5

and the critical value for T is

—1
k, * kg

7 . T> 2bwi ( 2

Note that this gives us T > uT,, where T1 is the critical value of
T when R changes from R=C to R = 2C, i.e., between T1 and
4T

R =.2C, With T > uT R = 3C,

1° 1’

Moreover, if we consider the condition for withholding

R = 4C we get

b i
1 .2
8) T>9 ¢ )
p] kw + kd

>9 T,

No%ice”that the critical values for T, such that R = (1+N)C, by

induction, is given by

b i
2w 1 2
9) T>N 5 (k e )
w d
b i
. - W 1 2 _
1oeo’ fOI‘ R - C, O < T < T (k——-w * kd) - T1

o
!

=20, T, <T<uT,

x
"

3C, 4T, < T < 9T,

4C, 9'!‘1 < T« 16T1

)
]




N in this case is the integral multiple of C withheld from

investment over and above R = C,

Now consider the transactions demand for cash. If R = C,

we get the familiar result, M= C/2= %— /BT,

But for T, < T <u4T,, R = 2C. Hence,

1 1
. R R € ,T=R
10) H-‘i‘o?i'i(—?—)
.2 2, ¢ T-2
2 *°7T 2 T
2 2
C C 2C
*25t3 - 37
2
C C
Tty
2b
= w o
5 + wT?J.
=2c+BT1/2 i—1/2
wh‘ere azbw/i
- B=+A77

Or, if R = 3C, for NT, < T < 9T,

. b
11) M= s-lﬁ +/G"T‘“"'r 23

In general, if R=mC, m =1, 2, ...

b
12) M=m(m-1) -i‘i + b _T72%

1/2 1-1/2

=z (m)(m-1) a + BT

for 0<T<T1.




It is clear that only within the range 0 < T < ‘1‘1

M= JSWT/Qi will the income elasticity of demand for money for

when

transactions purposes be equal to 1/2. In general, the income

elasticity of demand for money is given by

= 1
13 Eyr * Smida = iy
—===
/25 _T7T

Thus, when m=1, i.e., R=C, EHT =1/2) and if m>1, BHT < 1/2
since A >0, although A approaches zero as T increases. Of
course, this expression is valid for the continuous segnenfs of the

function, and not at the discontinuities.

Similarly, the interest elasticity of demand for money is

given by
(m-1) 2bw 1
—— + A

14) s -
Fur (-1) 2b_ + /51721

(m-1) 2,
which, with m=1 (R=C) equals -1/2., Since 1 > (m-1) 2,

fo’b m>1, then Em. is greater in absolute magnitude than 1/2, i.e,.,

We can appreciate these results better with the aid of a
diagram, With given values of bw and i, the money demand function

will appear as it does in Figure 1.
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“Figure 1
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There arise discontinuities in the money demand function at Ti’ uTi.
9‘1‘1 veses @ R increases from R=C to R=2C; R=2C to
R = 3C; etc. Thus, oross-section studies where the values of T

range between a value lower than T, and a value higher than 4T

1
will exhibit a demand function such as M

1

1 in Fig. 1 with a corres-

pondingly higher income elasticity of demand for money.

For example, suppose that a and b are two points in
Fig. 1 determining a demand curve for money. Let Ma be the true

demand for money at a and Mb that for b,

b
- PR - w
15) M = B T/21 = 5 T+ k) *
upon substituting the value of T, = b“i ( i )2
P g 1° 72 % +x. °
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. b b oo
PP P i w W
) K= e ATRI 6T Y T
upon substituting the value of T = uTl.. Hence,
Mb - Ma kw + kd
17) AM/M = ——= = 12 (———;——-)-+ 1
’ a

In this case, however,

4T, - T
18) AT/T = 1 . 1 .3
i
Therefore, the income elasticity of demand for money, EMT -
: k +k
: _Aum o1 W d
19) 'EMT'AT/T'3 E?( I )+1]

Similarly,“the implied elasticity of demand for a line conmecting
points a and c¢ of Fig., 1 is

1 kw + kd
20) EMT =¥ E.2(—-—i———) + 1]

Thus, with ky + kg = &-i, E from equation 20 is equal to 1, while

-~

MT

eqéatibn 19 gives a value for E of 1,33, It seems evident that

MT

cross-section studies where T ranges from a little below T, to a

1

1 will exhibit elasticities between 1 and 1,33, for

the given relative magnitudes of “w *+"d and i. Now this

little above 9T

E
presentation seems to throw some light on Meltzer's cross-section study.9

gAllan H. Meltzer, "The Demand for Money: A Cross-Section
Study of Business Firms," Quarterly Journal of Economics, LXXVII
(August, 1963), No, 3, pp. 405-22,
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In this study the author concludes that there are no economies of scale
inrthe holding of transactions balances, i.e., he thinks that his study
supports the conclusion that the income elasticity of demand for money
is closer to 1, from the high side, than it is to Baumol.'s figure of
1/2. It is clear from our results that the issue is not settled and,
more importantly, that the hypothesis regarding economies of scale
cammot be tested using Meltzer's procedure, since the Baumol formulation
appears to require a modification similar to what we did. Moreover,
Meltzer's study did not really rule out the existence of economies of

scale.

NeVewtheless, one may argue that if the range of T is large
such that many segments of the discontinuous demand function for
transactions balances are covered, cross-section studies of the demand
for transactions balances will result in an estimated demand for money
function similar to M1 in Fig. 2. Obviously, since previous results
show that the income elasticity of demand for money of segment 4 is
loq;r than 1/2 in general, M1 will tend to approximate the earlier
Baumol result that EMT = 1/2 and, therefore, Meltzer's results still
put a question mark on this current reformulation of the Baumol model.
Note, however, that T cannot range far and wide. Under usual
competitive assumptions regarding the industry and about production
functions, an optimum size firm can be identified, and hence, a limit to

L5l

T such as T in Fig. 2 exists. In the upswing of a business cycle,

even the optimum-size firm will have a volume of transactions greater
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S a, Tl, or T
Figure 2

than T but if the boom persists long enough, the result will not be
an indefinEEE expansién in T but in the emergence of new firms. Or,
given the corporate set-up, the emergence of multi-plant firms with |
each of these plants, in terms of the model, being equivalent to
independent firms. Thus, if only 3 segments of the true demand for
méney function are practi;ally relevant Meltzer's results dre, as

ingicated, consistent with this current reformulation of the model.,

A straightforward test of our refdrmulation is available.
Note that equation 10 implies that the segments of the money demand
function are linear in VT , as shown in Fig. 3. The slope of each
of the segments is vb 757 . Thus, if one has cross-section data, one
can introduce dummy variables.to test the significance of these shifts.

Meltzer'slo procedure of testing economies of scale by estimating the

1

Orpid.
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equation M=

a + bY/T + cT was not appropriate. ~ At any rate,

Melgzer~discovered that 61 of the 126 cross-sections yielded positive

values for b, significantly different from zero.



Appendix

Let 2b,/i = T® and T = nT*® where n > 0. Then

1) Cc= /BT = /T8 =T A4
Therefore, the number of withdrawals N is given by

2) N=T/C=nTt//no T = /n

Note that N is an integral number if and only if n is a
perfect square, while the only requirement of the model is that n be
a positivé real number. This is a paradoxical result since Baumol's
model is premised on N being an integral number. This can be
resolved by the fact that the algorithm of the calculus requires that
the variables in the function be continuous which, in the present case,
is not so (cf. fn. 5, p. 3). Thus, the discussion in the text proceeds
as if N is a whole numbér. But what is the significance of the fact

that this assumption is not true?
. ‘_%“; :

In the text we derived a critical value for T equal to '1'1

19 R=C, and with 'r1<'r<u1‘1,

R is the amount of cash withheld from investment or deposit at time

where, with T < T R =2C, and

zero. Now T1 can be expressed as

b
S i T4 i 2
V MrT 2w KA

Assume for purposes of illustration, that kw + k a°> .01, and
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i = .10, under which assumption T, = 25T#®, Under the "as if"

assumption of the text, R is depicted in Fig. 1 by the solid lines

¢ for T<T1=25T* and 2C for 25T*<T<4T1=100T*. But we

A AT

240

/
~ | ‘Vl/ I i
| fel | -

SR ’4// % ||

a4 ; 1 ; | l :
> L | | |
z 3 4 5 o % 9' 7®
knbw now tha.t only if T = T®, 4T%*, 9T", etc., will N be an integrai

. number or, if T is between 16T* and 25T#, say, T = uC + R', where
0 < R' < C, increasing from zero at T = 16T* and approaching C as
T approaches 25T#, Now what is a transactor supposed to do? One
approach is for the transactor to ap‘proiimate C with C' such that
N'C' =T where N' is a whole number closest to
N = /. For instance between T = T® and T = 4T*, C' can be

constrained to equal T, i.e., N' =1 till midway between T® and
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4T% when N' is made equal to 2. Given this behaviour, with
R = C' for values of T between T# and 25T%, R will be depicted
by the jagged line about C in Fig. 1. A similar line is drawn about

2C when R is set equal to 2C'.

Note, incidentally, that for T < T% <the value of C from
equation (1) is /o T®# for 0 <n < 1. This, obviously is not
possible. Thus, C is simply constrained to be equal to T when

T S T*,

A deeper question to sk at this point is why, if approximation
to the Baumol model is to be made in the real world anyway, cannot
that appro;iﬁation be made theoretically, so that our criticism of
Baumol's equation that R = T(k_ +k,)/i+ C following the
differentiation of the cost function loses its strength. Our reply to
this is that at the thcoretical level, either one approach is wrong or
not and we think that the‘equation for R of Baumol is incorrect.
N;yertheless, Tobin's approach1 to the transactions demand for cash is

%, .

free of the deficiency of Baumol's model, In Tobin's model
Y=T,b = kw = kd and r = i, notationally. For Tobin, the objective
is to maximize net revenue by exchanging cash for bonds at t =0,

where the maximum time available is set equal to 1. Under this

condition, bonds will break even only if » > 2b, Thus, of the initial

1James Tobin, "The Interest Elasticity of the Transactions
Demand for Cash," The Review of Economics and Statistics, XXXVIII
(August, 1956), pp. 241-u47.




Tt =0 équal to T, at least (2 b/r) T must be
‘bonds and the problem is to optimize the scheduling of n
(from cash into bonds and back to cash) for the effective
balance equal to T (1-2 b/r). Note that this amount,
;ticél to Baumol's and yet this is derived from common

conomic reasoning (not with the aid of differentiation as in
8).

“The main result from Tobin's model is that the demand for cash,

My is i.ven by

u) uta kT + C (T)

’*..“.

where k, a constant, depends on b and r, and C'(T) >0, C"(T)< O,
and C ’(T) breaks up the effective balances integrally without any
remainder. There is no specified form for C (T) such as

c(T) = v’fﬁ:ﬁ; . Equatiom (u4) does not show any discbntinuity as in
our. ?eformulation of Baumol's. Moreover, the income-elasticity of

dema;ﬁd'impi’ied by (4), E,ms is

k + C'(T)
'5) EM’I‘ =k + C(T)
T

Given the specification of C (T) above, EHT is always less than

unity since C'(T) < C(T)/T.

Thus, this specification (equation 4) of the transactions

demand for cash cannot provide justification for Brunner's and




f increases,

jon of Meltzer's

elasticity of demand for transac-
y (from the high side), However, as
reformulation of Baumol's model can account for

rical fesult. Now, what is it that we are testing when

theoretical models? It seems to me that what we are testing

ainly is whether the behaviour of economic agents postulated in the

model is true or not. It may be granted that Tobin's model is more

elegant fhan"Baﬁmol's (and Baumol's model modified, as in the text),

but if Meltzer's empirical results indicate anything at all, it is that

the modified model seems to have been confirmed.

2Brunner and Meltzer, loc. cit.

3Meltzer, loc. cit. Note however that this provides the basis
for Meltzer's equation M =a + b /T + cT.




