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A NOTE ON DECOMPOSITION OF 1HE
GINI RATIO ACROSS REGIONS*

Mahar Mangahas

In recent approaches to the measurement of the
contriﬁutions of subéectors or regions of the economy to
national income inequality, the .measure used --the index
of decile iné;uality, the variance of the logarithm of
income -- has been linear or quadratic, inasmuch as such
~measures aré relatively simple to decompose [1, 2]. However,
the most common measure of incomevinequality is the Gini
or concentration gitio deriving from the Lorenz curve.
~The purpose of th%s note is to indicate that thg national-
level Gini ratio san be expressed as a weighted average of
begionai Gini rag}os and of certain Gini-type ratios |
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constructed from:pairwise regional comparisons of the size

>
A

-distribution of income.
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Let fk be the cumulative proportion of families

Y %
up to the kth‘ income class, and Yy the cumulative

proportion of income received by those families, for
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kfEaidy ..{,'G; The Gini ratio is defined as
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where fk = fk e fk-l 1s simply the proportion of families .
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within the kth income class. We also define y, = y*- y =,
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where C is the matrix with ones on and below the diagonal,

and zeros elsewhere. Furthermore,
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‘"where I 48 the G x @ identity matrix. ‘In matrix

notation, the Gini ratio is then
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(2) L=.1-€Hy :




where

H = (2 = I)
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a matrix with twos below the diagonal, ones on the diagonal,

and zeros above the diagonal.

In generé&, if r and s ‘are any two G x 1 Vectors
containi;g percefitage distributions,-and if one wishes to
compare equaliti’bgtween.the two distriﬁutions b} cumulating

S *
them, thg Gini-gype measure of inequality is given by
(1 - p'Hs).  In particular, let the vectors f and y
. pefer tb national-level data and let fj and yj be G x 1

vectors similarly defined for the jth region, with

3 =1, .. R. Then the regional-level Gini ratios are
&
(3) Lj = 1" fj' Hyj ') j = 1’ e« s 9 R .

If n 1is the total number of families in the

nation, then nf is the G x 1 vector whose kth element




is the total number of families in the k58 income class.

o

Let X be a G x G diagonal matrix whose kth diagonal

element is mean family income in the kth income class.

Then nXf is the G x 1 <wvector whose kth element is

the total family income earned by families belonging to
th

the k income class. Total family income in the

nation is. then

(4) L G g Vi & ot

where i 288 G;x 1 vector of ones. Then y is given by

(5) y = (n/V)gf

('x6)” Y XF = (1/m)xe

where m is the fnean family income in the nation. Since

f determines y;,a f 4is the basic data vector, and may be
. X

2

considered synonymous with "the size distribution of income'.

The mean income lévels per class, or the diagonals
of X, depend on the distribution of families within each
class's upper and lower bounds. As a simplification, X
may be considered identical for each region and for the
nation as a whole; in principle at least one can always ;
arrive at approximately equai X's by simply constructing

a large enough number of income classes, with very

narrow intervais,
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From (2) and (5) we obtain

(6) 1 - L = (1/m) £'HXf = (1/m) ‘f'Pf\

where P = HX may be viewed és a matrix of constants, on
account of the argument” in the preceding paragraph. With
H triangular, X diagonal, and all elements in H and
X positive, it follows that the matrix P is positive

£7

definite.~ For the regions, we similarly obtain

7 1 - L. = (1/m.)f.'PFf, S S LA ST
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where mj'= \'iji is the mean family income in the jth
region. 2

. The nextj;roblem is to determine how L and the Lj

are related. Dé&iﬁe'
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where ¢j is the proportion of all families in the nation
who live in region 3j3; thus Z¢j = 1. Consolidating the %
X .
1/Thus, strictly speaking, L may get very close

to one, but never quite reaches it.




regional size distributions of income into a G x R

matrix F, where

then we have
f = Fo : .
Therefore (6) becomes

(8) 1 - L = (1/m)¢'F'PF¢ z
5
We now recognize fmat 1 - L is the sum of all the terms

of an R x R matJ&wahbse diagonal elements are

o F = e g
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and whose off—diégonals are

(10) (1/m)¢i¢jfi'Pfj e STt Pl aiei
Note that
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where the last two terms on the right-hand-side are
elements of "Gini cross-ratios" such as those in (10).

Then the sum of the elements in (10) is
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We now focus on the ekpression (fi - fj)'P(fi— fj) %

Consider twec regions which are internally completely equal.
In the first region, let all families be found in income
class k1 ; and in the .second, let all families be in class

k2 , which we set arbitrarily as a higher class than k, .

1
Then
] :
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where the term 1 is in the kiih place, the term -1 in
the k2£— place, and there are zercs elsewhere. In this
case, : ; e o
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where the column vector has xk in the k 1“- place and

2 % - % in the k 13 place (actually. all teprms begmnmg
1 2 :
with the kiEE are non—Zero, but only the two indicated are

essential). Thenj

(f,- f )'P(fl b -'2x + x =T X, - X

1

The result is th same if region one happens to be the

richer region. Thus, if two reglons are internally equal,

then (fi~ fj)'P(fi- £,) 1is the range between their

respective means. This is a maximum when all families in

one region are in the pocrest class, while all families in

the other pegion are in the richest class, in which case the
maximum value is X5 = %,y the range of mean incdomes across
allll classes. We therefore define the Gini différdnce-rﬁtio

between regions i and j as
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(12) oy salie KB = TR, » 209

This symmetric expression is zerc if and only if

‘the percentage distributions of families by income class

are identical for the two regions. The expression is one
e : .

when all families in one region are "equélly very poor"

and all families in the other region are "equally very rich".

Negative,yalues'for Lij _are excluded by the positive-

definiteness of P,

The difference-ratic compares two regions' size

. - . + . h
distributions of income, not merely their means. Two

unééual distribut}ons may have equal means; nevertheless
Lij will be pcs'five. For instance, consider five income
classes: lower,;lqwer—middle, middle, upper-middle, and
upper. Suppose ihree regions had the.same mean income, but
(a) region one had all its families in the middle‘class?
(b) region two had half of its families in tHe upper-middle

class and hdlf in the lower middle class, and (c) regicn

three had half of its families in the lower class and half

/

~in the upper class. Then it can easily be shown that Li?’
L13 and L23‘ are all positive, and furthermore that
L > L s @s we would intuitively desire.
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Lastly, to take an extreme cése, sﬁpposa all regioné in the
country had the séme mean family income, but diffefént

size distributicns. Then the'vaﬁiance—decompositionzf of
income inequality would indicate no between-region
inequality at all, whereas thg various Lij would be

positive. : : a8
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The sum of the elements in (10) may now be written
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5 Combining this sui with the sum of the terms in (9) gives
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2/If the decomposition is taken on the varlance of
‘the logs of income, then the supposition is that geometric
means of family income are the same across regions.
’ 4




