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INTERTEMPORAL OPTIMIZATION IN AN AGRARIAN MODEL
. WITH Z-ACTIVITIES*

Romeo M. Bautista

I. Introduction

This paper examines the optimal characteristics of an
agrarian growth model in which tw@ production activities are
distinguished, viz., one producing the usual agricultural
(consumption) goods F, and the other cdnsisting of labor
using Z-éctiQities directed toward substitute consumption for
industrial goods and augmentation of agricﬁltural capital.

To quote from Hymer and Resnick, who 6rigina11y developed and
cogently argued for the relevance of such production schema

in developing agrarian economies, Z-activities represent

"a variety'df'processing, manufaéturing, construction, trans-
portation and service activities to sétisfy the needs for food,
clothing, shelter, entertainment and ceremony" /4, p.u93 7

as well as investment activities like "metal working, . . . ,
manufacture and repair of tools and implements, . . . , fence
repairing, . . . , transport .and distribution" /™%, p.u93n_7,
For aﬁalytical convenience, the output of these‘nonagricultura1

activities has been collectively termed Z-goods.

*This paper is based_on_part of the author's unpublished
doctoral dissertation /1 7 written at Yale University; help-
ful discussions with Professors T. Birnberg, J.C.H. Fei and
S. Resnick are gratefully acknowledged. A faculty research
grant by the Rockefeller Foundation has facilitated the pre-
paration of this paper. ‘
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An earlier paper /72 7 has presented,a'descriptive.growth"
model of the small, open economy in which the average saving

propensity is assumed to remain constant over time; the dynamic
implications of Z-goods production are examined, complementing
the static, partial equilibrium- analysis by Hymer andeesnick.»
Here, we drop the assumption of rigid saving pattern and inves-
tigate the problem of intertemporal utility maximization in the

agrarian economy having the same production structure.

Most optimal growth models explicitly or impiicitly assume
that the plaﬁning authority controls directly the allocation
and/or valuation of reésources in the economy.‘ This would not
seem a reaéonable‘assumption for nonsocialiét countries. In
the present model it is in fact possible to choose from a
number of possible instrument variables.‘ Since there is only
one objective (target) variable -- maximum discouhted sum of
per capita utilities over time -- only one policy variable need

be specified. As will be indicated below, one good candidate

is the imposition of import quota on industrial consumption

goods.

II, Statement of the Ppoblem

We seek to maximize the utility functional
: T
T ~8¢ <
ulgp(t), q (1), qult))e™ gt 0< T I

(1)
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- subject to the following conditions:

2) B(E) = p(t) + (utr) o(t) = %, (1) ; q (1),

(3) | qF(t) = xF(t) - pcqc(t),

W ) = a1, (), §F<t> = 1p(0gp(3(1)),
. (5) C1p(t) 4 1(t) = 1 0(t) = (1),

(6) | b(O) = Pgo p(T) > P for T.< ®

where u( ) is per capita utility at time t , § the positive
discount rate, § is gross investment per capita and, following

the notations in /2 7:

4p> Qy> 9= per capita consumption of F-goods;
of Z-goods; of C-goods

Xps Xg% per capita output of F-goods; of Z-goods

|

lF’ lz- ratio to the total labor force of
employment in F-production; in Z-
production

f, p = ratio of the stock of agricultural
capital to labor employment in F-pro- )
duction; to the total labor force 7
Pp = world market (domestic) price of
industrial consumption goods in terms
of F-goods
u = constant rate of depreciation of capital

A = constant growth rate of population
- (labor force).

All variables in (2) to (5) are nonnegative.



The definition of the gross rate of capital accumulation is

given in equatibn (2). Since consumption of industrial consump-
tion goods is itself the amount imported and trade balance is
assumed, consumption of F-goods is equated in (3) to the diffefence
between F-output and the value of C-consumption (in térms of F).
Equations (4) define the production relations in F and Z where,

! < 0. The first

F
relation in (5) states that labor is fully employed; the second

as may be recalled, a > 0, g% >0, and g

is definitional. Finally, (6) sﬁecifies the given initial
endowment and the range of terminal values of the capital-labor

ratio.

Eliminating Xp and Xy the following Hamiltonian expression

may be formed from the above:

H o= ulapsag»ag) - v4l8 - 81y - ap + Gende I w v, lap-dpepced
M 1 (1o + 1. = 1) = v (Fly - o)} e™°F
* peac| - Vil * iy = v (Plp -
where the vis (i=1,2,3,u)’are the auxiliary variables corresponding

) - 3 - b
to the constraints (2), (3) and (5). TFor brevity, the time refer- gy

ence on each variable in (7) has been omitted.

" Ceptain restrictive assumptions on the form of the utility

function have to be introduced to make further analysis possible:

has positive marginal

(1) It is twice continuously differentiable,
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utilities (uF,uZ,uC) and strictly concave; (2) the marginal
utilify in the consumption of each commodity approaches infinity
as the quantity consumed decreases to zero1 and approaches zero

as consumption increases to infinity; and (3) Z- and C-goods are
substitutable to each other in consumption in the Edgeworth-Pareto

sense, but are each independent with respect to F-goods. These

conditions may be written formally as follows:

up = uplqp) > 0, upp < 0, upy,upy = 0,

U, uz(qz,qc) > 0, Uy < 0, Uy < 0, Ugp = 0,

(8) _
Uy = uc(qz,qc) >0, usp < 0, uCZ(-uZC) < 0, uep = 0,

2 . . . _ ..
UgoUnn = Ugpn > 0, lim u.= and lim ui-O (i=F,Z2,C),
q;~0 q e -

where uij is the derivative of the marginal utility of fhe ith
commodity with respect to the consumption of the jth commodity.
Notice that assumpticn (3), represen{ed by the last two relations
in (8), rules out specialization of the agrarian economy in the
production of either F- or Z-goods, as well as specialization in
the consumption of anonf the three commodities, for optimality;
the only boundary condition that is relevant, therefore, is the

nonnegativity of gross investment.

1Thistrepresents a continuous formulation of thefeX1St§2§iies
. of minimum levels of consumption of the three types of comm =S .

. | o '
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II. Derivation of the Optimal Solution Path

Ignoring for the moment the condition that gross investment
has to be nonnegative, the first order conditions necessary and

. . 2 e o . .
sufficient’  for optimality are given by the following Euler

equations:

(93 %%F = 0: v, = uplap)s o (10) %%; 0: v, = u_Z(qZ’qC.):’"
(11) %gc = 0: PCV2 = uc(qz’qc); (12) %%.: 0: v, = gR(B)IV,;
(13) . %ﬂf = 0: v, f = gF(ﬁ)VZr»V3; (14)‘ %%2= 0: vy = avy;

(15) %%_z %¥(%%): 01 - (u+l+5)V1 - vy .

Noting (9) and (10), the variables' v, and v, may be

interpreted as the shadow (accounting) price of F- and Z-goods,

respectively. Also, from (11),

DoV, represents the shadow price
of industrial consumption goods. Substituting from (12) into
(13) gives
- _ Aol
(16) vy = (gF ng)v2 s

] 2gufficiency of the Euler equations may be 3stéb%ishéd’along
the line of reasoning given in Uzawa /7, pPp- 4-5/. Since the
production function gF(ﬁ) and the utility function wu( ) 1in

(7) are strictly concave, the optimum solution (if it exists) is’
also unique. '

!
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‘and hence Vaq stands for the shadow price of labor. Each

price variable must be nonnegative.

<|H<'.

Defining p, = as the price of Z-goods relative to

2 . ,
the price of F, it is seen from (1%) and (16) that

(17) by = gF(ﬁ) - 5gf(5) = wip),

which defines the wage rate (w) in terms of F-goods as the value

of the marginal productivity of labor in each of the two sctivities.

To the original static equations (3) - (5) may therefore’

be added the optimum conditions (17) and

(18)

pch(qF) uc(qz,qc),

which equates the marginal rate of substitution between each
pair of commodities to the price ratio. Together they determine
uniquély the variables 6, 1F’ lz, Xps Xy Qp> Q> and Qo> given

p and Py - Eliminating Xps Xgo lF and 1Z and taking total i

differentials, the following matrix equation may be formed

-5g§ 0 0 0 .} |dap 0 a dp
(19) A | ' T a
e Pupr Yzz Uzc | |99z 0 ug | 9Py
. -
{_0 -PcUpp. Yzc VYec | |99 0 0 ,
— b - . _—



where

o ° 9 - Pgp * Pode which, using (3) and the second
v relation in (4) reduces to
(19a) -

= - 3ot .
Notice that

. . ‘ﬂg"
(20) af . 9f _ F
- % T 0eandgp 5> 0,

as (17) would readily show. It is proved in the Appendix that

oq 9q 9q
F Z C
4 3p_> 0, -—8-;>0, '—-é—p->0 for all o,
(21)
aqP

<0, 29 <o, 9
Z 3pz 3pZ

Q|

P >0 for all Py »

provided that both Z- and C-goods are non-inferior. If Z-goods

g
are assumed inferior as was done in / i 7 then 33§->0 and the

. .9q, ‘
51gn of g—z becomes ambiguous. To simplify the exposition,
non—lnferlorlty of Z-goods will be assumed from hebeon, in which
case uniqueness of the short-run values of the variables is also

assured.

The dynamic equation (15) may be written, noting (16) and

o . gF(p
(22) V= [(u+x+5) - (tﬁ) = FEIT i] 1
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Thus, Vi = 0 if and only if § = 5*‘5 wheré % 1is the

" e . s .3
capital intensity in F-production for which

) _ utAts
gple®) - pgp(p®) = @

(23)

The determination of p* is shown graphically in Figure 1.

Since a one-to-one correspondence exists between j and

_ : 4
Py s 01 = 0 implies Py = pg = constant. Therefore,

dv dv oV 3q 9q o .
1l . M, M 293¢ s
(24) - | o = 55 % Yz, * Yz The using (10),
v1=0 . pzzpz )

< 0, from (8) and (21).

The dynamic equation (2), on the other hand, requires that

for 9 = 0,

(25) alz(p,pz) = qZ(p,pZ) + (u+r) o

Eliminating 1, in (25) by (5) and differentiating with

respect to p , we obtain

de a +§ (u + )+ v B ,’
(26) dp = ; > 0
: r MY °9z
p=0 a - (u+r) p - q,) -0
L | z] 0, ~ °%p,

3Equation (23) states that the rate of change of the shadow
price of Z-goods will be zero when the ratio of factor shares
(capital to labor) is equal to the sum of the gross rate of growth
of capital and the discount rate divided by the average product-
ivity of labor.

. “Notice that if Z-goods were assumed inferior the sign of
dv1 would have been ambiguous.

dp :
?170
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noting that the bracketted expression in the denominator is

zero by (25).

Recalling that vy is uniquely determined by o and

Py » We have

27 dv1 _ vy . vy de
' dop p apz dp|
6=0 ) 6=0
where
v 3(p,u,) 3q
1 _ 2727 _ F
(27a) "Dy = "D, = up + uFPaPZ > 0 by (10),‘(18)
and (21).

‘Therefore, noting (24),

bt I
d dp
=0 01=0
The typical structure of solution paths (trajectories) to ,f

the pair of differential equations (2) and (22) is illustrated
in the phase diagram of Figure 2. The slopes of the curves

p = 0 and 01 = 0 are consistent with the inequalities (2u)

and (28), which together imply that the 5 = 0 curve may either
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be upwéfd or downward sloping at any point but is always less
steep than the 6i=0 curve where it has a negafive slope.
Notice from (223 and»Figure 10 that 01 <0 if and only if

f < p*, .Since 3%; and %%; are both positive, the rate of
change in V4 is greater (less) than zero at points lying
above (beloﬁ)‘the‘ ¥,=0 curve. Likewise, ¢ ’tends to increase
(decrease) if (p,vi) lies above (belcw) the 6v= 0 curve.
Theréfore, the general direction of the tréjectories (indicated

in the figure by arrowheads) remains the same whether the p = 0

curve has a negative or positive slope at any point.

At the stationary point (p*;vi) where the two curves
intersect,

* %
*7 ~ 97

(29) o} = -——m

from (2),

" which in conjunction with (23) and the relevant static equations

may be used to determine p* and vi together with the other

variables.

It is clear from the/phase diagram that (po*, v%) is a
saddle-point. Let the two branéhes of the solution path con-
verging to this point be represented by 01(0). For any arbitrary‘
capital-labor ratio p , there exists a shadow price of Z-goods -

v1(3) for which the trajectory passing through ( p, o, (0))

converges to (p%, vg). The function 01 (p) 1is seen to be a
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monotonically decreasing function of p.

Thus far, the constraint that gross investment must be non-
negative has been ignored. The boundary condition, which is

8(t) = 0 , implies from (2),
(30) xz(t) = qz(t).

Since Xy and g, are uniquely determined by p and Py s
we have

(31) d -
| Py . an/apZ axZ/apZ 0
dp 8xZ/3p - an/ap 3

s=0

using (21) and noting from (4) and (5) that

Ix
X3 .93 4oy . =a

(32)

Q-

X 6“
Pz=3—2 a)>0'

N
QR
©
~
!
]

Q

In analogy to (27), therefore,

33y 3| =

where, by (24), the first term in the RHS is the slope of the

01 = 0 curve.
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Such boundary is repreéehfed in Figure 2 by the curve
labelled vi(p)§ it passes through the origin and may be
positivelj or negatively sloped at any point but is always
less steép than the 01 = 0 curve where the latter case
holds. Gross investment is ﬁositive at points above the
vg(o) curve; If (°’V1) lies below the boundary curve, the

level of investment must be taken to be zero. In such case,
(34) p = =(u+d)
with 01 as given in (22).

Notice from Figure 11 that &(t) 2 0 implies nonnegatively

of v,(t) and that § = 0 if vy = 0. Thus the transversality

condition
| _6T )
(35) v (T)e [p(T) - pT] -

' 5 .. .
in the Pontryagin solution +to the finite horizon problem may

be replaced by the strcmger condition'that
(36) (o) o) - p.a = 0

which means that the inequali%ty p(T) > pp may hold even when
vy = 0 provided the optimum gross investment at the end of the

planning period is zero.

SSee Pontryagin, et al. /7S, pp. 49-50_7; equation (35) has
the 1nterpretatlon that at the end of the plannlng period the
target requirement p(T) - p must either hold with equality
or the present value of the ghadow price of Z-goods be zero.
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‘ Tﬁe stage is now set for the specification of the optimal
solution path.- Consider first the special case where T = «
and the terminal capital-labor ratio is left free. If the
initial capital-labor ratio happené‘to be iess than b{ (at
which Ol(p) .intersects vi (p)), then the unique opfimal
path is some,portion'of 01(9) converging to the stationary
state (p¥*, v%).6 An initial value of p greater than o'
means that the agrarian eéonomy in the optimal path will first
conéume the entire output of Z-goods, gradually lowering ifs
capital-labor ratio along vi(p) until o' is reached, after
thch the economy will approach the stationary state along

01(9).

For finite horizon planning, the turnpike theorem rigorously
proved, by Cass Lf3;7 is applicable in the present case: Optimal
growth takes place within an arbitrarily small neighborhood of
the saddle-point (p%*, v%) ekcept possibly ovér some initial or
terminallphase7. Figures 3 and 4 illustrate the optimal paths
<

associated with pp < P* and pg < p¥ < P respectively.

°0
Two different patterns of optimum capital accumulation and

valuation emerge from the two cases. vIn Figure 3, where the
capital-labor ratio at the end of the planning period is less

than the stationary‘value, the optimal path (represented by

Sce. Uzawa /7 7.

“7See also Samuelson / 6_7.



FIGJRE 3

FIGURE 4

,\.fl =0

Vil p)

¢ '

: !

i

. !

. S
t ; >



?:—18-

the curve a-b) is seen to be characterized by an increasing
capital-labor ratio which reaches a peak beyond pq and then
decreases to the reqﬁired terminal value’at point b; the shadow
price of Z-goods meanwhile decreases continuously. The 6ptimal

- path for the case where pq > p* , as depicted in‘figure 4 by the
sequence of arrows from a to b is characterized by a steadily
increasing capital-labor ratio and a valuation of Z-goods which
first decreases toward the stationary level (until the 01 = 0
curve is reached) aﬁd then increases along the northeast trajec-
tory. As drawn, the thimal growth path in each case does not
entail zero investment at any time during the period of Optimi-

zation.

One important assumption is implicit in the foregoihg
description of the optimal patterns of capital accumﬁlation
and valuation, namely, that it is feasible fér the economy with
initial capital-labor rati§ p(0) = pg to reach pn in the
specified time period T along the optimal path indicated in
Figures 3 and 4. Suppose such path is infeasible. Then the
optimal brogram consists of choosing an initial value of vy o
such that the trajectory just reaches o, at the time T; in
Figure 3, for example, the optimal path may be represented only

by the segment a-b', which indicates a continuously increasing

capital-labor ratio.

~
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IV. The Optimal Prcgbgm_and'Choice\of Instruments

~

Having obtained the optimal program of capital accumulation:
and valuation, the implied pattern of the other variables may
be determined using relevant static equations of the model. From
(10) and the first relation in (18),

which may be differentiated with respect to t to yield

. dp dv
L e , 1
(38). a; 3¢ % ¥ g t & -
where "
3qF aqF
31 = Up * PzUrrap, O and a, = -pyupp 55 > O-

From (38) it is possible to determine the time profile of the
relative price‘of Z-gocds (with respect'to F) corresponding to

the optimum pattern of capital accumulation and valuation.

Labor allocation over time is described by

dl S 3
F _ do ds
L a dv
- F 2.dp a 1 .
= (1 + EE? . 3;)E¥ + Egg . EI . g5~ using (17)

and (38); and the dynamic behavior of the consumption variables

are given by
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dq. 3q . 9q . dp :
i_ _"1 de 1. Z (- . . .
3 ° 3 at * apz I (i=F,Z,C) which, using (38)gives
(40) .
. My, My e, Mg
3% 3y 52)3?+ y © Ay t

| Thus the optimum values of Py 1F’ Qp> Qg ‘and e through
time are determinable. It also follows that optimization in the
agrarian economy can be brought about by appropriately controlling
(at least) one of the variables. In principle it matters little
whether the planning authority makes use of resource allocation
and/or any of the shadow prices and consumption variables as
instruments in pursuing the goal of optimal growth. In practice
regulating the level of importation (consumptioﬁ) of industrial
consumption goods seems both feasible and administratively least

8
burdensome.  -

The correspondence observed above between the number of
target variables and of poiicy instruments conforms to the well-
known proposition in the Tinbergen-Theil theory of econoniégédligy
An intértemporal.optimization problem with a single objective f

(maximum discounted sum of per capita utilities) has been shown

to require only one instrument variable.

87t may be noted that the imposition of import quota on
industrial consumption goods is commonly used in less developed
countries as an ad hoc solution to short-term balance of payments
difficulties.



APPENDIX
Derivation of (21)

Applying Cramer's rule on the matrix equation (19) to

solve for the partial derivatives,

an

. 3 " 2
(1)_Do nggF(uzzuCC - uZC)

op
(1i) D, =575 ° Pgrgpupp(Pyune f»PcuZC)
9
dc
Top

. s s =‘ “~ T _
(iii) Do 5 nggFUFF(PCuZZ PZ“ZC)
3q |
o F -
(1v) D, 3,  ° o (Uzzuec = “zc) * PoupizcPer
(v) D k! z a U (PsU~n = DalU,.) + ubighlu,. + qu )
o ¥p, o Urr'Pzlcc T Pclze r° 8rluce cUFF
3q
. c _
(vi) D, Dy o%Upp(Poliyy = Pyuge) - upflEpus,
where
(vii) D = p2ghi( 2y 4 2 ec(Dalny - Pou )‘
VL © P T PT8p | MzzYce T Yzc PePzUrr'Pcl¥zz ~ PzVzc’{* |

!

Recalling the assumptions concerning signs already made, viz.,
(4a) and (8), the following conditions are seen to be sufficient

for the inequalities in (21) to hold:

(viii) PCuZZv- Pyuze < 0 and pyuce - Pelyze < 0.



Given that C-goods are non-inferior,

if and only if Z-goods are,also»nonbinferior.

in what follows..

Consider the short-run allocation of i
consumption ©

Utility maximization subject to t

(ix)

-22-

qy + quZ + PCqC =y

requires that’

from which the following matrix equation of

(x)

may. be formed:

(xi)

L

| "PzYUrF

0

1

Uz7

(pguz7-Pclcc

)

Usc W
‘(Pz“cc’Pcuzc)

Pc

ncome

‘Application of Cramer's rule gives

(xii)

(xiii) Dy

aqF

an

3y

-ug, (Pzlcc
-p, (u. u - u2
Py \YecYzz 7.C

-pzuppPz¥cc ~ Pchzc’

- Pauge) - UzcPclzz T Pzlcz

)

)

he budget constraint

-%qF/By‘

an/ay

an/ay

L _

(viii) will be true

‘This is proved

y to the

£ the three kinds of commodities F, Z and C.

partial derivatives

)
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an _ '
13y = “Pzurr{Pclzz f'qucz’v

(xiv) D

- where Dl 'is the determinant of the tyansformation matrix

in (xi) given by

(xv) D1 = —-(pcuZZ - PZuCZ) (uZC + prCuFF) -

2
(pyuce = Polge) (ugg + Pzupp)
From (xiii) and (xiv)

(xvi) 292/ _ Pzlcc T Pclzc .
39,73y PclUzz ~ Pzlzc

Since C-goods are non-inferior, ,g;g >0 by definition.
It immediately foliows that, for the inequalities-in (viii)
to hold, it is necessary and sufficient thaf' %;Z in (xvi)
be greater than zero, i.e., Z-goods are also non-inferior

.« + « « Q. E. D.

RMB: abg
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